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PLANE   TRIGONOMETRY. 


DEFINITIONS, 

1.  Plane  trigonometry  treats  of  the  rela- 
tions and  calculations  of  the  sides  and  angles  of  plane  tri- 
angles. 

2.  The  circumference  of  every  circle  (as  before  observed 
in  Geom.  Def.  56)  is  supposed  to  be  divided  into  360  equal 
parts,  called  Degrees ;  also  each  degree  into  60  Minutes, 
each  minute  into  60  Seconds,  and  so  on. 

Hence  a  semicircle  contains  180  degrees,  and  a  quadrant 
90  degrees. 

S.  The  Measure  of  any  angle  (Def.  57,  Geom.)  is  an  arc 
of  any  circle  contained  between  the  two  lines  which  form 
that  angle,  the  angular  point  being  the  centre;  and  it  is 
estimated  by  the  number  of  degrees  contained  in  that  arc. 

Hence,  a  right  angle,  being  measured  by  a  quadrant,  or 
quarter  of  the  circle,  is  an  angle  of  90  degrees ;  and  the 
sum  of  the  three  angles  of  every  triangle,  or  two  right 
angles,  is  equal  to  1 80  degrees.  Therefore,  in  a  right-angled 
triangle,  talking  one  of  the  ac-ute  angles  from  90  degrees, 
leaves  the  other  acute  angle ;  and  the  sum  of  two  angles,  in 
any  triangle,  taken  from  1 80  degrees,  leaves  the  third  angle ; 
or  one  angle  being  taken  from  180  degrees,  leaves  the  sum 
of  the  other  two  angles. 

Vol.  IL  B  4.  Degrees 
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4.  Degrees  are  marked  at  the  top  of  the  figure  with  a 
small °,  minutes  with',  seconds  with",  and  so  on.  Thu^, 
57''  30'  12",  denote  57  degrees  30  minutes  and  12  seconds. 

5.  The  Complement  of  ail  arc,  is 
what  it  wants  of  a  quadrant  or  90^ 
Thus,  if  AD  be  a  quadrant,  then  bd  is 
the  complement  of  the  are  ab  ;  and, 
reciprocally,  ab  is  the  complement  of 
BD.  So  thjit,  if  AB  be  an  arc  of  50°, 
then  its  complement  ed  will  be  40". 

6.  The  Supplement  of  an  arc,  is 
what  it  wants  of  a  semicircle,  or  180°. 
Thus,  if  ADE  be  a  semicircle,  then  bde  is  -the  supplement  of 
the  arc  ab  ;  and,  reciprocally,  ab  is  the  supplement  of  the 
arc  BDE.  So  that,  if  ab  be  an  arc  of  50",  then  its  supple- 
ment BDE  will  be  1 30\ 

7.  The  Sine,  or  Right  Sine,  of  an  arc,  is  the  line  drawn 
from  one  extremity  of  the  arc,  perpendicular  to  the  diameter 
which  passes  through  the  other  extremity.  Thus,  bf  is  the 
sine  of  the  arc  ab,  or  of  the  arc  bde. 

CorqL  Hence  the  sine  (bf)  is  half  the  chord  (bg)  of  the 
double  arc  (bag). 

8.  The  Versed  Sine  of  an  arc,  is  the  part  of  the  diameter  in- 
tercepted between  the  arc  and  its  sine.  So,  af  is  the  versed 
sine  of  the  arc  ab,  and  ef  the  versed  sine  of  the  ai-c  edb. 

9.  The  Tangent  of  an  arc,  is  a  line  touching  the  circle  in 
one  extremity  of  that  arc,  continued  from  thence  to  meet  a 
line  drawn  from  the  centre  through  the  other  extremity ; 
which  last  line  is  called  the  Secant  of  the  same  arc.  Thus, 
AH  is  the  tangent,  and  ch  the  secant,  of  the  arc  ab.  Also, 
EI  is  the  tangent,  and  ci  the  secant,  of  the  supplemental  arc 
BDE.  And  this  latter  tangent  and  secant  are  equal  to  the 
former,  but  are  accounted  negative,  as  being  drawn  in  an 
opposite  or  contrary  direction  to  the  former. 

10.  The  Cosine,  Cotangent,  and  Cosecant,  of  an  arc, 
are  the  sine,  tangent,  and  secant  of  the  complement  of  that 
arc,  the  Co  being  only  a  contraction  of  the  word  comple-^ 
mcnt.  Thus,  the  arcs  ab,  bd,  being  the  complements  of 
each  other,  the  sine,  tangent,  or  secant  of  the  one  of  these, 
is  the  cosine,  cotangent,  or  cosecant  of  the  other.  So,  bf, 
the  sine  of  ab,  is  the  cosine  of  bd  •,  and  bk,  the  sine  of 
BD,  is  the  cosine  of  ab  :  in  like  manner,  ah,  the  tangent 
of  AB,  is  the  cotangent  of  bd  *,  and  dl,  the  tangent  of 
JDB,  is  the  cotangent  of  ab  :  also,  ch,  the  secant  of  ab, 
is  the  cosecajit  of  bd  j  and  ct,  the  secant  of  bd,  is  the  co- 
secant of  AB. 

Corol. 
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X^orol.  Hence  several  remarkable  properties  easily  fbllovr 
from  these  definitions  j  as, 

Isty  That  an  arc  and  its  supplement  have  the  same  ^ine^ 
tangent,  and  secant ;  but  the  tv/o  latter,  the  tangent  and 
.  secant,  are  accounted  negative  when  the  arc  is  greater  than 
a  quadrant  or  90  degrees. 

2^,  When  the  arc  is  0,  or  nothing,  the  sine  and  tangent 
are  nothing,  but  the  secant  is  then  the  radius  ca,  the  least  it 
can  be.  As  the  arc  increases  from  0,  the  sines,  tangents, 
and  secants,  all  proceed  increasing  till  the  arc  becomes  a 
whole  quadrant  ad,  and  then  the  sine  is  the  greatest  it 
can  be,  being  the  radius  CD  of  the  circle ;  and  both  the  tan- 
gent and  secant  are  infinite. 

3r/,  Of  any  arc  ab,  the  versed  sine  af,  and  cosine  bk, 
or  CF,  together  make  up  the  radius  ca  of  the  circle. — ^The 
radius  ca,  the  tangent  ah,  and  the  secant  ch,  form  a 
right-angled  triangle  cah.  So  also  do  the  radius,  sine,  and 
cosine,  form  another  right-angled  triangle  gbf  or  cbk.  As 
also  the  radius,  cotangent,  and  cosecant,  another  right-angled 
triangle  cdl.  And  all  these  right-angled  triangles  are  simi- 
lar to  each  other. 


11.  The  sine,  tangent,  or 
secant  of  an  angle,  is  the  sine, 
tangent,  or  secant  of  the  arc 
by  which  the  angle  is  mea- 
sured, or  of  the  degrees,  &c. 
in  the  same  arc  or  angle. 

12.  The  method  of  con- 
structing the  scales  of  chords, 
sines,  tangents,  and  secants, 
usually  engraven  on  instru- 
ments, for  practice,  is  exhi- 
bited in  the  annexed  figure. 

13.  A  Trigonometrical 
Canon,  is  a  table  showing 
the  length  of  the  sine,  tan- 
gent, and  secant,  to  every 
degree  and  minute  of  the 
quadrant,  with  respect  to  the 


radius,  which  is  expressed  by 
unity  or  1,  with  any  number 
of  ciphers.  And  farther, 
the  logarithms  of  these 
sines,  tangents,  and  secants 
are  also  ranged  in  the  tables ; 
B  2  which 
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which  are  most  commonly  used,  as  they  perform  the 
calculations  by  only  addition  and  subtraction,  instead 
of  the  multiplication  and  division  by  the  natural  sines, 
&c,  according  to  the  nature  of  logarithms.  Such  a  table  of 
log.  sine3  and  tangents  as  v/ell  as  the  logs,  of  jcommon  num- 
bers, are  placed  at  the  end  of  this  volume,  and  the  descrip- 
tion and  Lise  of  them  are  as  follow ;  viz.  of  the  sines  and 
tangents;  and  the  other  table,  of  comjnon  logs,  has  been 
already  explained  in  the  first  volume  of  this  Course. 

Description  of  the  Table  of  Log.  Shies  and  Tangents. 

In  the  first  column  of  the  table  are  contained  all  the  arcs, 
or  angles,  for  every  minute  in  the  quadrant,  viz.  from  1'  to 
i'S"",  descending  from  top  to  bottom  by  the  left-hand  side, 
and  then  returning  back  by  the  right-hand  side,  ascending 
from  bottom  to  top,  from  45°  to  90"" ;  the  degrees  being  set 
at  top  or  bottom,  and  the  minutes  in  the  column.  Then 
the  sines,  cosines,  tangents,  cotangents,  of  the  degrees  and 
minutes,  are  placed  on  the  same  lines  with  them,  and  in 
the  annexed  columns,  according  to » their  several  respective 
names  or  titles,  which  are  at  the  top  of  the  columns  for  the 
degrees  at  the  top,  but  at  the  bottom  of  the  columns  for  the 
degrees  at  the  bottom  of  the  leaves.  The  secants  and  cose- 
cants are  omitted  in  this  table,  because  they  are  so  easily 
found  from  the  sines  and  cosines  5  for,  of  every  arc  or  angle, 
the  sine  and  cosecant  together  make  up  20  or  double  the  ra- 
dius, and  the  cosine  and  secant  together  make  up  the  same 
20  also.  Therefore,  if  a  secant  is  wanted,  we  have  only  to 
subtract  the  cosine  from  20 ;  or,  to  find  the  cosecant,  take 
the  sine  from  20.  And  the  best  way  to  perform  these  sub- 
tractions, because  it  may  be  done  at  sight,  is  to  begin  at  the 
left  hand,  and  take  every  figure  from  9,  but  the  last  or  righr 
hand  figure  from  10,  prefixing  1,  for  10,  before  the  first 
figure  of  the  remainder. 

Upon  this  table  depends  the  numeral  solution  of  the  se- 
veral cases  in  trigonometry.  It  will  therefore  be^  proper  to 
begin  with  the  mode  of  constructing  it,  which  may  be  done 
in  the  following  manner : 

PROBLEM   J. 

To  co77iptite  the  Natural  Sine  and  Cosine  of  a  Given  Arc. 

This  problem  is  resolved  after  various  ways.  One  of  these 
is  as  follows,  viz.  by  means  of  the  ratio  between  the  diameter 
and  circumference  of  a  circle,  together  with  the  known  series 

for 


PROBLEMS.  5 

for  the  sine  and  cosine,  hereafter  demonstrated.    Thus,  the 
semicircumference  of  the  circle,  whose  radius  is  1,   being 
3'14'1592653589793  &c,  the  proportion  will  therefore  be, 
as  the  number  of  degrees  or  minues  in  the  semicircle, 
is  to  the  degrees  or  minutes  in  the  proposed  arc, 
so  is  3*14159265  &c.  to  the  length  of  the  said  arc. 
This  lengtlv  of  the  arc  being  denoted  by  the  letter  a  ;  and 
Its  sine  and  cosine  by  /  and  c ;  then  will  these  two 'be  ex-» 
pressed  by  the  two  following  series,  viz. 

3  5  7 

-^  ~  ""  ~  2:3  "^  2.3.4.5        2.3.4.5.6.7  "*"  ^^* 

= '^  ~   6"  +  T20  -  50i5  +  ^"• 

a'  d^  J' 

'  =  ^"-2-^^17^-  2XiZ6  +  ^^• 

^'  ^  ^'  o 

=  ^-2+24.-7^+^^- 

Exam.  1.  If  it  be  required  to  find  the  sine  and  cosine  of 
one  minute.  Then,  the  number  of  minutes  in  180°  being 
10800,  it  wilKbe  fet,  as  10800  :  1  ::  3-14159265  &c.  : 
•000290888208665  =  the  length  of  an  arc  of  one  minute. 
Therefore,  in  this  case, 

a  =  -0002908882 
and  -1^  =  -000000000004  &c. 
the  diff.  is  J-  =  -0002908882  the  sine  of  1  minute. 
Also,  from        1. 
•    take  \a^  =  0*0000000423079  &c, 

leaves  c  =     -9999999577  the  cosine  of  1  minute. 

Exam.  2.  For  the  sine  and  cosine  of  5  degrees. 
Here,  as  180'  :  5\- :  3-14159265  &c.  :  -08726646  =  a  the 
length  of  5  degrees.     Hence  a  =  -08726646 
-  J^d'  =  -  -00011076 
+  -^-^d    =  -00000004 


these  collected  give  s  =  -08715574  the  sine  of  5' 

And,  for  the  cosine,  1  =  1- 

-     Id  =  -  -00380771 
+  ^^^«4  =        -00000241 


these  collected  give  c  =        -996 194-70  the  cosine  of  5^ 

After  the  same  manner,  the  sine  and  cosine  of  any  other 
arc  may  be  computed.   But  tlie  greater  the  arc  is,  the  slower 

the 
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the  series  will  converge,  in  which  case  a  greater  number  of 
terms  must  be  taken  to  bring  out  the  conclusion  to  the  same 
degree  of  exactness. 

Or,  having  found  the  sine,  the  cosine  will  be  found  from 
it,  by  the  property  of  the  right-angled  triangle  cbf,  viz.  the 
cosine  cf  =  v^  cb"  —  bf-^,  ot  c  =  ^/  I  ~  A 

There  are  also  other  methods  of  constructing  the  canon 
of  sines  and  cosines,  which,  for  brevity's  sake,  are  here 
omitted.    . 

PROBLEM   II. 

To  compute  t/je  Tatigefits  and  Seca?its. 

The  sines  and  cosines  being  known,  or  found  by  the 
foregoing  problem ;  the  tangents  and  secants  Vvnll  be  easily 
found,  from  the  principle  of  similar  triangles,  in  the  fol- 
lowing manner  : 

In  the  first  ilgure,  where,  of  the  arc  ab,  bf  Is  the  sine, 
CF  or  BK  the  cosine,  ah  the  tangent,  cpi  the  secant,  dl 
the  cotangent,  and  CL  the  cosecant,  the  radius  being  ca  or 
CB  or  CD;  the  three  similar  triangles  cfb,  cah,  cdl,  give  the 
following  proportions : 

\st)  CF  :  FB  : :  c^  :  ah  ;  whence  the  tangent  is  known, 
being  a  fourth  proportional  to  the  cosine,  sine,  and  radius. 

2d,  CF  :  CB  : :  ca  :  ch  •,  whence  the  secant  is  known, 
being  a  third  proportional  to  the  cosine  and  radius. 

3^,  BF  ;  FC  : :  CD  ;  DL ;  whence  the  cotangent  is  known, 
being  a  fourth  proportional  to  the  sine,  cosine,  and  radius. 

4//6,  BF  :  BC  : :  CD  :  CL ;  whence  the  cosecant  is  known, 
being  a  third  proportional  to  the  sine  and  radius. 


HAVING  given  an  idea  of  the  calculation  and  use  of  sines, 
tangents  and  secants,  we  may  now  proceed  to  resolve  the 
several  cases  of  Trigonometry  ;  previous  to  which,  however, 
it  may  be  proper  to  add  a  few  preparatory  notes  and  obser- 
vations, as  below. 

Note'  1 .  There  are  usually  three  methods  of  resolving  tri- 
angles, or  the  cases  of  trigonometry;  namely.  Geometrical 
Construction,  Arithmetical  Computation,  and  Instrumental 
Operation. 

In  the  First  Method,  The  triangle  is  constructed,  by  making 
the  parts  of  the  given  magnitudes,  namely,  the  sides  from  a 
scale  of  equal  parts,  and  the  angles  from  a  scale  of  chords, 
9r  by  some  other  instrument.  Then  measuring  the  un- 
known 
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known  parts,  hj  the  same  scales  or  instruments,  the  solution 
will  be  obtained  near  the  truth. 

In  the  Second  Alethod,  Having  stated  the  terms  of  the  pro^ 
portion  according  to  the  proper  rule  or  theorem,  resolve  it 
like  any  other  proportion,  in  which  a  fourth  term  is  to  be 
found  from  three  given  terms,  by  multiplying  the  second 
and  third  together,  and  dividing  the  product  by  the  first,  in 
working  with  the  natural  numbers ;  or,  in  working  with  the 
logarithms,  add  the  logs,  of  the  second  and  third  terms  to- 
gether, and  from  the  sum  take  the  log.  of  the  first  term ; 
then  the  natural  number  answering  to  the  remainder  is  the 
fourth  term  sought. 

Jn  the  Third  Method-^  Or  Instrumentally,  as  suppose  by  the 
log.  lines  on  one  side  of  the  common  two-foot  scales ;  Ex- 
tend the  Compasses  from  the  first  term,  to  the  second  or 
third,  which  happens  to  be  of  the  same  kind  with  it ;  then 
that  extent  will  reach  from  the  other  term  to  the  fourth 
term,  as  required,  taking  both  .extents  towards  the  same  end 
of  the  scale. 

Note  2.  Every  triangle  has  six  parts,  viz.  three  sides  and 
three  angles.  And  in  every  triangle,  or  case  in  trigonometry, 
there  must  be  given  three  parts,  to  find  the  other  three. 
Also,  of  the  three  parts  that  are  given,  one  of  them  at  least 
must  be  a  side ;  because,  with  the  same  angles  the  sides  may 
be  greater  or  less  in  any  proportion. 

Note  3.  All  the  cases  In  trigonometry,  may  be  comprised 
in  three  varieties  onlyj  viz. 

\sty  When  a  side  and  its  opposite  angle  are  given. 

2r/,  "When  two  sides  and  the  contained  angle  are  given.. 

2>dy  When  the  three  5ldes  are  given. 

Eor  there  cannot  possibly  be  more  than  these  three  varieties 
of  cases ;  for  each  of  vrhich  it  will  therefore  be  proper  to 
give  a  separate  theorem,  as  follows : 

THEOREM  f. 

When  a  Side  ami  its  Opposite  Jngle  are  two  of  the  Given  Pcfrts^ 

Then  the  unknown  parts  will  be  found  by  this  theorem ; 
viz.  The  sides  of  the  triangle  have  the  same  proportion  to. 
each  other,  as  the  sines  of  their  opposite  angles  have^ 
That  is,  As  any  one  side. 

Is  to  the  sine  of  its  opposite  angle ;  ' 

So  is  any  other  side. 

To  the  sine  of  its  opposite  angle. 

Demonstr 
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Demonstr,  For,  let  ABC  be  the  pro- 
posed triangle,  having  ab  the  greatest 
side,  and  Bc  the  least.  Take  ad  = 
BC,  considering  it  as  a  radius  ;  and  let 
fall  the  perpendiculars  de,  cf.  which  -^^^        ^        -^    -^ 

will  evidently  be  the  sines  of  the  an- 
gles A  and  b,  to  the  radius  ad  or  bc. 

Now  the  triangles  ade,  acf,  are  equiangular;  they  therefore 
have  their  like  sides  proportional,  namely,  ac  :  cf  : ;  ad 
or  bc  .*  DE  J  that  is,  the  side  ac  is  to  the  sine  of  its  opposite 
angle  b,  as  the  side  bc  is  to  the  sine  of  its  opposite  angle  A. 

Note  1. ,  In  practice,  to  find  an  angle,  begin  the  proportion 
with  a  side  opposite  a  given  angle.  And  to  find  a  side,  begin 
with  an  angle  opposite  a  given  side.    * 

Note  2.  An  angle  found  by  this  rule  Is  ambiguous,  or  un- 
certain whether  it  be  acute  or  obtuse,  unless  it  be  a  right 
angle,  or  unless  its  magnitude  be  such  as  to  prevent  the 
ambiguity ;  because  the  sine  answers  to  two  angles,  which 
are  supplements  to  each  other ;  and  accordingly  the  geome- 
trical construction  forms  two  triangles  with  the  same  parts 
that  are  given,  as  in  the  example  below ;  and  when  there  is 
no  restriction  or  limitation  included  in  the  question,  either  of 
them  may  be  taken.  The  degrees  in  the  table,  answering 
to  the  sine,  is  the  acute  angle ;  but  if  the  angle  be  obtuse, 
subtract  those  degrees  from  180°,  and  the  remainder  will  be 
the  obtuse  angle.  When  a  given  angle  is  obtuse,  or  a  right 
one,  there  can  be  no  ambiguity ;  for  then  neither  of  the 
other  angles  can  be  obtuse,  and  the  geometrical  construction 
will  form  only  one  triangle. 


EXAMPLE  I, 


In   the   plane   triangle   abc, 
r  ab  345  yards 
Given -J  bc  232  yards 

Required  the  other  parts. 


1.  Geomeiricallyf 

Draw  an  indefinite,  line,  upon  which  set  oiF  ab  =  345, 
from  some  convenient  scale  of  equal  parts. — Make  the  angle 
A  =  37°4. — ^AVIth  a  radius  of  232,  taken  from  the  same 
scale  of  equal  parts,  and  centre  b,  cross  ac  in  the  two 
points  Ca  c. — Lastly,  join  bc,  bc,  and  the  figure  is  con- 
structed, 
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structed,  which  gives  two  triangles,  and  shewing  that  the' 
case  is  ambiguous. 

Then,  the  sides  ac  measured  by  the  scale  of  equal  parts, 
and  the  angles  b  and  c  measured  by  the  line  of  chords,  or 
other  instrument,  will  be  found  to  be  nearly  as  below  j  viz. 


AC  174                ^  B  2T 

Z.  c   115°4. 

^    or   374i              or     78^ 

or         64  ^ 

2.  Arithmetically. 

^ 

First,  to  find  the  angles  at  c. 

As  side             EC  232 

. 

log.  2-365488 

To  sin.  op.     ^A  37°  20'  - 

- 

9-7827S6 

So  side             AB  345 

- 

2-537819 

To  sin.  op.      ^c  115"  36'  or 

64^ 

24'      9-955127 

Md              Z.A37      20 

37 

20 

the  sum              152    56  or 

101 

44 

taken  from         180    00 

180 

00 

leaves          ^b    27    04  or 

78 

16 

Then,  to  find  the  side  AC. 

As  sine          jL  a  37°  20'  <     - 

-      log-.  9-782796 

To  op.  side  bc           232 

2-365488 

^       .        ,       S    27°  04' 

So  sm.    ^  B   ^    ^g    jg         ^ 

9-658037 
9-990829 

To  op.  side  AC      174*07 

2-240729 

or     374-56 

2-573521 

3.  Instrument  ally. 

In  the  first  proportion. — Extend  the  compasses  from  232 
to  345  upon  the  line  of  numbers  *,  then  that  extent  will 
reach,  on  the  sines,  from  37°-^  to  64°^,  the  angle  c. 

In  the  second  proportion.— Extend  the  compasses  from 
37°4.  to  27°  or 


78  x>  on  the  sines ;  then  that  extent  will 


reach,  on  the  line  of  numbers,  from  232  to  174  or  374:^, 
the  two  values  of  the  side  ac. 


EXAMPLE    II. 


In  the  plane  triangle  abc, 
r  AB  365  poles 
Given  ^  za    57°  12' 
(.  >.b    24    45 

Required  the  other  parts. 


Ans.  <   A 

(.   2 


Z.C 

AC 
C 


98°  8 

154-33 
309-86 


EXAMPLE 
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EXAMPLE    III. 

In  tke  plane  triangle  abc, 

^B  64'  35' 

AC    120  feet  i    or  115    25 

Given^    bc    112  feet  Ans.  )  2lc  57    57 


U 


A   5T  28'  J    or      7      7 

AB  112-6      feet 
Rei^uired  the  other  parts.  ^  or     16*l7  feet. 

THEOREM   II. 
Wken  two  Sides  atid  their  Cc/itaificd  Angle  are  givefr. 

First  subtract  the  given  angle  from  180",  or  two  right 
angles,  and  the  remainder  will  be  the  sum  of  the  two  other 
angles  j  then  divide  that  by  2,  which  will  give  the  half  sum 
of  the  said  unknown  angles.     Then  say, 

As  the  sum  of  thfe  two  given  sides^ 

Is  to  the  difference  of  the  same  sides ; 

So  is  the  tang,  of  half  the  sum  of  their  op.  angles. 

To  the  tang,  of  half  the  diff.  of  the  same  angles. 

Hence,  because  it  has  been  shewn  (Alg.  p.  239),  that  the 
half  sum  cf  any  two  quantities,  increased  by  their  half  dif- 
ference, gives  the  greater,  and  diminished  by  it  gives  the 
less,  if  the  half  difference  of  the  angles,  so  found,  be  added 
to  their  half  sum,  it  will  give  the  greater  angl^,  and  subtract- 
ing it  will  leave  the  less  angle. 

Then  all  the  angles  being  now  known,  the  unknown  side 
will  be  found  by  the  form2r  theorem. 

'Demonst.  Let  abc  be  the  proposed 
triangle,  having  the  two  given  sides 

AC,  BC,  including  the  given  angle  C. 
With  the  centre  c,  and  radius  ca, 
the  less  of  these  two  sides,  describe 
a  semicircle,  meeting  the  other  side 
BC  produced  in  d,  e,  and  the  un- 
known side  AB  in  a,  g.     Join  ae, 

AD,  CG,  and  draw  df  parallel  to  ae. 

Then  be  is  the  sum  of  the  two  given  sides  AC,  cb,  or  of 
EC,  CB  j  and  ed  is  the  difference  of  the  same  two  given  sides 
AC,  CB,  or  of  CD,  CB.  Also,  the  external  ar^gle  ace,  is  equal 
to  the  sum  of  the  two  internal  or  given  angles  cab,  cba  ; 
but  the  angle  ade,  at  the, circumference,  is  equal  to  half  the 
angle  ace  at  the  centre ;  therefore  the  same  angle  ade  is 
equal  to  Ualf  the  sum  of  the  given  angles  cab,  cba.     Also, 

th^ 
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the  external  angle  AGc,  of  the  triangle  bcg,  is  equal  to  the 
sum  of  the  two  internal  angles  gcb,  gbc,  or  the  angle  gcb 
is  equal  to  the  difference  of  the  two  angles  agc,  gbc  ;  but 
the  angle  cab  is  equal  to  'the  said  angle  agc,  these  being  ojv 
posite  to  the  equal  sides  AC,  CG ;  and  the  angle  dab,  at  the 
circumference,  is  equal  to  half  the  angle  dgg  at  the  centre ; 
therefore  the  angle  dab  is  equal  to  half  the  dijfference  of  the 
two  given  angles  cab,  cba  ;  of  which  it  has  been  shewn  that 
ADE  or  CDA  is  the  half  sum. 

Now  the  angle  dae,  in  a  semicircle,  is  a  right  angle,  or  ae 
is  perpendicular  to  ad  ;  and  df,  parallel  to  ae,  is  also  perpen- 
dicular to  ad  :  consequently  ae  is  the  tangent  of  CD  A  the 
half  sum,  and  df  the  tangent  of  dab  the  half  difference  of 
the  angles,  to  the  same  radius  ad,  by  the  definition  of  a  tan- 
gent. But  the  tanglents  ae,  df,  being  parallel,  it  will  be  as 
BE  :  bd  : :  ae  :  df  ;  that  is,  as  the  sum  of  the  sides  is  to 
the  difference  of  the  sides,  so  is  the  tangent  of  half  the 
sum  of  the  opposite  angles,  to  the  tangent  of  half  their 
difference. 

Note.  Instead  of  the  tangent  of  the  half  sum  of  the  un- 
known angles,  in  the  third  term  of  the  proportion,  may  be 
used  the  cotangent  of  half  the  given  angle,  which  is  the 
same  thing. 


example  I. 

In  the  plane  triangle  abc, 

C  ab  345  yards 
Given-?   AC   174*07  yards 

Required  the  other  parts. 

1.  Geometrically, 

Draw  ab  —  345  from  a  scale  of  equal  parts.  Make  the 
angle  a  =  37°  20'.  Set  off  ac  =  174  by  the  scale  of  equal 
parts.     Join  bc,  and  it  is  done. 

Then  the  other  parts  being  measured,  they  are  found  to 
be  nearly  as  follow ;  viz.  the  side  BC  232  yards,  the  angles 
B  27°,  and  the  angle  c  115°-^. 


2.  Arithmetically, 

The  side  ab 

345 

From            180' 

00' 

the  side  ac 

174-07 

take  jLk       37 

20 

their   sum 

519-07 

sum  of  c  and  B  142 

40 

their  differ.. 

170-93 

half  sum  of  do.  71 

20 

As 
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As  sum  of  sides  ab,  ac,  -  -  519*07  log.  2*7 15226 
To  diff.  of  sides  AB,  AC,  -  -  170*93  -  2*232818 
So  tang,  half  sum  ^s  c  and  b  71°  20'  -  10-471298 
Totang.  half  difF.  Z.S  c  and  B  44  16  -  9*988890 
.  these  added  give  z,c  115  36 
andsubtr.     give  Z.B     27     4 

Then,  by  the  former  theorem. 

As  sin.  ^c  UB""  36'  or  64"^  24'  -  log.  9*955126 

To  its  op.  side  ab  345      -         -  -  2*537819 

So  sin.  of  Z.  A  37°  20'       -         -  -  9*782796 

To  its  op.  side  ec  232      -         -  -  2*365489 

3.  Instrumentally. 

In  the  first  proportion.— Extend  the  compasses  from  519 
to  171,  on  the  line  of  numbers  ;  then  that  extent  will  reach, 
on  the  tangents,  from  1V\  (the  contrary  way,  because  the 
tangents  are  set  back  again  from  45°)  a  little  beyond  45, 
which  being  set  so  far  back  from  45,  falls  upon  44"^,  the 
fourth  term. 

In  the  second  proportion. — Extend  from  64°4-  to  37°^,  on 
the  sines ;  then  that  extent  will  reach,  on  the  numbers^  from 
345  to  232,  the  fourth  term  sought. 

EXAMPLE    II. 

In  the  plane  triangle  abc, 

r  AB  365  poles  r  BC  309  86 

Given-!    AC   154*33  Ans. -{  ^b  24°  45' 

[za57°12'  (.Z.C98      3- 


EXAMPLE    III. 

In  the  plane  triangle  abc. 


r  AC   120  yards 
<  BC  112  yards 


2*6^ 
Given^  bc  112  yards  Ans.  ^  -Z a  57°  28' 

(2LC  57°  57'  [  Zb64   35 

Required  the  other  parts. 


r  ab  IV. 
\  ^.A  5T 
i  Zb  64 


THEOREM  III. 

When  tJje  Three  Sides  of  the  Triangle  are  given. 

Then,  having  let  'fall  a  perpendicular  from  the  greatest 
angle  on  the  opposite  side,  or'  bas6,  dividing  it  into  two  seg- 
ments, and  the  whole  triangle  into  two  right-angled  tri- 
angles j  the  proportion  will  be^ 

As 
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As  the  base,  or  sum  of  the  segments. 
Is  to  the  sum  of  the  other  two  sides ; 
80  is  the  difference  of  those  sides, 
To  the  diff.  of  the  segments  of  the  base. 

Then  take  half  this  difference  of  the  segments,. and  add  it 
to  the  half  sum,  or  the  half  base,  for  the  greater  segment  j 
and  subtract  the  same  for  the  less  segment. 

Hence,  in  each  of  the  two  right-angled  triangles,  there 
will  be  known  two  sides,  and  the  angle  opposite  to  one  of 
them ;  consequently  the  other  angles  will  be  found  by  th« 
first  theorem. 

Demonstr,  By  cor.  to  theor.  35,  Geom.  the  rectangle  under 
the  sum  and  difference  of  the  two  sides,  is  equal  to  the 
rectangle  under  the  sum  and  difference  of  the  two  segments. 
Therefore,  by  forming  the  sides  of  these  rectangles  into  a 
proportion  by  theor.  76,  Geometry,  it  will  appear  that  the 
sums  and  differences  are  proportional  as  in  this  theorem. 

EXAMPLE   I. 

---    In  the  plane  triangle,  abc, 
f^*  Tab  34<5  yards 


1 


.       . ,     ^  AC  232 
thesidesl^^  174-07  _^„^ 

To  find  the  angles.  ^  ^'     -'' 

1.  Geometrically^  ' 

Draw  the  base  ab  =  345  by  a  scale  of  equal  parts. 
With  radius  232,  and  centre  a,  describe  an  arc ;  and  with 
radius  174,  and  centre  b,  describe  another  arc,  cutting  the 
former  in  c.     Join  ac,  bc,  and  it  is' done. 

Then,  by  measuring  the  angles,  they  will  be  found  Xo  be 
nearly  as  follows,  viz. 

^a27',   21  b  37'4,  and  .ic  115'4. 

2,  Arithmetically. 

Having  let  fall  the  perpendicular  cp,  it  will  be. 
As  the  base  ab  :  ac  -j-  bc  : :  ac  —  bc  :  ap  —  bp, 
that  is,  as  345  :  406*07  : :  57*93  :   6848  =  ap  -  bp,. 
its  half  is         -  34*09 

the  half  base  is  172*50 

the  sum  of  these  is  206*59  =  AP 

and  their  diff.  \%  138*41  =  bp 

Thei^ 
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Then,  In  the  triangle  apc,  right-angled  at  p, 


As  the  side  AC     - 

232 

log.     2-36548S 

To  sin.  op.  Z.F 

90*       - 

-       10*000000 

So  is  the  side  ap 

206-59  - 

2-315109 

To  sin.  op.  Z.ACP 

62*56'  - 

^•949621 

which  taken  from     - 

90  00 

leaves  the  Z.  a  27  04? 


Again,  in  the  triangle  bpc,  right-angled  at  p. 


As  the  side  bc     - 

174-07 

-     log.    2-^40724 

To  sin.  op.  ^  p 

90* 

-  10-000000 

So  is  side  bp 

138-41 

-    2-141168 

To  sin.  op.  i^BCP 

52"  40' 

-    9-900444 

which  taken  from    - 

90   00 

leaves  the  z,  b 

37   20 

Also,  the  -    21 ACP  62*  56' 

added  to  -    Z.bcp    52  40 

gives  the  whole     /.acb  115   36 

So  that  all  the  three  angles  are  as  follow,  viz. 
the  ^A  27°  4';  the  /.b  37*  20';  the  Z.C  115*  36'. 

3.  Instrumcfitally* 

.  In  the  first  proportion. — Extend  the  compasses  from  345 
to  406,  on  the  line  of  numbers ;  then  that  extent  will  reach, 
on  the  same  line,  from  58  to  68*2  nearly,  which  is  the  dif- 
ference of  the  segments  of  the  base. 

In  the  second  proportion. — Extend  from  232  to  206  J,  on 
the  line  of  numbers ;  then  that  extent  will  reach,  on  the 
sines,  from  90""  to  63*. 

In  the  third  proportion. — Extend  from  174  to  138  J  ;  then 
that  extent  will  reach  from  90*  to  52''-|'On  the  sines. 


EXAMPLE   ir. 
In  the  plane  triangle  ABC, 

ab  365  poles  C  ^.  x 

AC  154-33.  Ans.-]^/i  b 

^  BC  309-86  (.  ^  c 
To  find  the  angles. 


Given 
the  sides 


{ 


57' 
24 
98 


12' 

45 

3 


H 


tHEOREM  IV.  is 

In  the  plane  triangle  abc, 

Tab  120  ("21 A  57''  ^8' 

^^?!^    \  AC  112-6  AnsJ  Z.B  57    57 

^^^^^(.BC   112  I  Z.C  64<    35 
To  find  the  angles. 


Given 
the 


The  three  foregoing  theorems  indude  all  the  cases  of 
plane  triangles,  both  right-angled  and  oblique.  But  there 
are  other  theorems  suited  to  some  particular  forms  of  tri- 
angles, which  are  sometimes  more  expeditious  In  their  use 
than  the  general  ones ;  one  of  which,  as  the  case  for  which 
it  serves  so  frequently  occurs,  may  be  here  taken,  as  fol- 
lows : 

/  THEOREM    IV. 

IVhen  a  Triangle  is  Kight-angled ;  any  of  the  unknown  parts  may 
he  found  by  the  folloiuing  proportions :  viz. 

As  radius 

Is  to  either  leg  of  the  triangle  ; 

So  is  tang,  of  its  adjacent  angle. 

To  the  other  leg ; 

And  so  is  secant  of  the  same  angle. 

To  the  hypothenuse. 

Demonstr.  ab  being  the  given  leg,  in  the 
right-angled  triangle  abc  j  with  the  centre 
A,  and  any  assumed  radius  ad,  describe  an 
arc  DE,  and  draw  df  perpendicular  to  ab, 
or  parallel  to  bc.  Then  it  is  evident,  from 
the  definitions,  that  df  is  the  tangent,  and  ^      ^>    J  J 

AF  the    secant  of  the  arc  df.,   or  of  the 
angle  A  which  is  measured  by  that  arc,  to  the  radius  ad. 
Then,  because  of  the  parallels  ec,  df,  it  will  be,   -     -     -     - 
as  AD  :  ab  : :  df  :  bc  and  ; :  af  :  ac, -which  is  the  same 
as  the  theorem  is  in  words. 

Note.'  The  radius  is  equal,  either  to  the  sine  of  90%  or  the 
tangent  of  45°;  and  is  expressed  by  1,  in  a  table  of  natural 
sines,  or  by  10  in  the  log.  sines.    ' 

EXAMPLE  I. 

In  the  right-angled  triangle  abc, 
Given  \  ^  ^^  o  ^,  ^^„  i  To  find^c  and  bc. 

1.  Geometrically, 


/ 
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r.  Geometrically. 

Make  Ab  =  162  equal  parts,  and  the  angle  A  =  53°  7'  48"; 
then  raise  the  perpendicular  bc,  meeting  Ac-in  c.  So  shall 
AC  measure  270,  and  bc  216. 


As  radius 
To  leg.  AB    - 
So  tang.  Z.  A 
To  leg  BC      - 
So  secant  Z.  a 
To  hyp.  AC 


2.  Arkhmetically. 

tang.  45^* 
162 

53°  r  48" 
216 

53°  r  48'' 
270 


log. 


10-000000 
2-209515 

10-124937 
2-334452 

10-221848 
2-43136S 


3.  Instrumentally. 

Extend  the  compasses  from  45°  to  53°^,  on  the  tangents. 
Then  that  extent  will  reach  from  162  to  216  on  the  line  of 
numbers. 


EXAMPLE  II. 

In  the  riglit-angled  triangle  abc, 

AC  392-0146 
^Bc  348-2464 
To  find  the  other  two  sides. 


/^.        C  the  les:  ab  180 
Given  <   ,       ^^,  „„o  .^A 
/  the  Z.  A  62   40 


Ans. 


Note.  There  is  sometimes  given  another  method  for  right- 
angled  triangles,  which  is  this  : 

ABC  being  such  a  triangle,  make  one 
leg  AB  radius;  that  is,  with  centre  A, 
and  distance  ab,  describe  an  arc  bf. 
Then  it  is  evident  that  the  other  leg  bc 
represents  the  tangent,  and  the  hypo-  ' 
thenuse  AC  the  secant,  of  the  arc  ef,  or 
of  the  angle  A, 

In  like  manner,  if  the  leg  EC  be  made 
radius  ;  then  the  other  leg  ae  will  re- 
present the  tangent,  and  the  hypothenuse  AC  tlie  secant,  of 
tlie  arc  BG  or  angle  c. 

But  if  the  hypothenuse  be  made  radius ;  then  each  leg 
will  represent  the  sine  of  its  opposite  angle ;  namely,  the  leg 
AB  the  sine  of  the  arc  AE  or  angle  c,  and  the  leg  BC  the  sine 
of  the  arc  cd  or  angle  A. 

Then  the  general  rule  for  all  these  cases  is  this,  namely, 
that  the  sides  of  the  triangle  bear  to  each  other  the  same  pro- 
portion as  the  parts  which  they  represent. 

And  this  is  called,  Making  every  side  radius. 

Note 
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Note  2.  When  there  are  given  tw  sides  of  a  right-angled 
triangle,  to  find  the  third  side  j  this  is  to  be  found  by  the 
property  of  the  squares  of  the  sides,  in  theorem  34,  Geom. 
viz.  that  the  square  of  the  hypothenuse,  or  longest  side,  is 
.equal  to  both  the  squares  of  the  two  other  sides  together. 
Therefore,  to  find  the  longest  side,  add  the  squares  of  the 
two  shorter  sides  together,  and  extract  the  square  root  of 
that  sum  ;  but  to  find  one  of  the  shorter  sides,  subtract  the 
one  square  from  tlie  other,  and  extract  the  root  of  the  re- 
mainder. 


Of  heights  and  DISTANCES,  &c. 

BY  the  mensuration  and  protraction  of  lines  and  angles, 
are  determined  the  lengths,  heights,  depths,  and  distances  of 
bodies  or  objects. 

Accessible  lines  are  measured  by  applying  to  them  some 
certain  measure  a  number  of  times,  as  an  inch,  or  foot,  or 
yard.  But  inaccessible  lines  must  be  njieasured  by  taking 
angles,  or  by  such-libe  method,  drawn  from  the  principles 
of  geometry. 

When  instruments  are  used  for  taking  the  magnitude  of 
the  angles  in  degrees,  the  lines  are  then  calculated  by  trigo- 
nometry: in  the  other  methods,  the  lines  are  calculated 
from  the  principle  of  similar  triangles,  without  regard  to  the 
measure  of  the  angles.     ♦  .  ■  . 

Angles  of  elevation,  or  of  depression,  are  usually  taken 
either  with  a  theodolite,  or  with  a  quadrant,  divided  into 
degrees  and  minutes,  and  furnished  with  a  plummet  suspend- 
ed from  the  centre,  and  two  sights  fixed  on  one  of  the  radii, 
or  else  with  telescopic  sights. 

To  take  an  Angle  of  Altitude  and  Depression  with  the  Quadrant, 

Let  A  be  any  object,  as  the  sun, 
moon,  or  a  star,  or  the  top  of  a 
tower,  or  hill,  or  other  eminence  : 
and  let  it  be  required  to  find  the 
measure  of  the  angle  abc,  which  a 
line  drawn  from  the  object  makes 
above  the  horizontal  line  Bc. 

Place  the  centre  of  the  quadrant 
in  the  angular  poijit,  and  move  it 
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round  tliere  as  a  centre,  till,  with  one  eye  at  d,  the  other 
being  shut,  you  perceive  the  object  A  through  the  sights  j 
then  will  the  arc  gh  of  the  quadrant,  cut  off  by  the  plumb- 
line  BH,  be  the  measure  of  the  angle  abc  as  required. 

The  angle  abc  of  depression  of 
any  object  a,  below  the  horizontal 
line  BC,  is  taken  in  the  same  man- 
ner ;  except  that  here  the  eye  is  ap-  C-^ 
plied  to  the  centre,  and  the  measure 
of  the  angle  is  the  arc  gh,  on  the  *  ''••.A. 

other  side  of  the  plumb-line. 

The  following  examples  are  to  be  constructed  and  calcu- 
lated by  the  foregoing  methods,  treated  of  in  Trigonometry. 

EXAMPLE  I. 

Having  measured  a  distance  of  200  feet,  in  a  direct  ho- 
rizontal line,  from  the  bottom  of  a  steeple,  the  angle  of 
elevation  of  its  top,  taken  at  that  distance,  was  found  to  be 
47^  30'  J  from  hence  it  is  required  to  find  the  height  of  the 
jtceple. 

Construction, 

Draw  an  indefinite  line,  upon  which  set  off  Ac  =  200 
equal  parts,  for  the  measured  distance.  Erect  the  indefinite 
perpendicular  ab  ;  and  draw  CB  so  as  to  make  the  angle 
c  =  47°  so',  the  angle  of  elevation  ;  and  it  is  done.  Then 
AB,  measured  on  the  scale  of  equal  parts,  is  nearly  218^. 

Calculation, 


As  radius         -         -  10*000000 

To  AC  200      -         -  2-301030 

So  tang.  jLc  A^T  30'  10-037948 

To  AB  218-26  required  2-338978 


A 


EXAMPLE  ir. 

"WJiat  was  the  perpendicular  height  of  a  cloud,  or  of  a 
balloon,  when  its  angles  of  elevation  were  SS**  and  64%  as 
taken  by  two  observers,  at  the  same  time,  both  on  the  same 
side  of  it,  and  in  the  same  vertical  plane ;  the  distance  be- 
tween them  being  half  a  mile  or  880  yards*  And  what  was 
hs  distance  from  the  said  two  observers  ? 

Consiruetim^ 
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Construction. 

Craw  an  indefinite  ground  line,  upon  which  s^  off  the 
given  distance  ab  =  880  •,  then  A  and  B  are  the  places  o£ 
the  observers.  Make  the  angle  a  =  35^,  and  the  angle 
B  =  64°  j  then  the  intersection  of  the  lines  at  c  will  be  the 
place  of  the  balloon ;  from  whence  the  perpendicular  CD, 
being  let  fall,  will  be  it»  perpendicular  height.  Then,  by 
measurement,  are  found  the  distances  and  height  nearly  as 
follows,  viz.  AC  1631,  BC  1041,  DC  936. 


Calculation. 

First,  from  /.  B  -  64° 

take     Z.  A  35 

leaves  ^Lacb  29 


% 


IT 


D 


Then,  in  the  triangle  ABC, 

As  sin.  Z.  ACB  29"* 

To  op.  side  AB  880 

So  sin.  Z.  A  35" 

To  op.  side  BC  104M25  - 

As  sin.  Z.  ACB  29° 
To  op.  side  AB  880 
So  sin.  Z.B  116°  or  64° 
To  op.  side  AC    1631*442  - 


And,  in  the  triangle 

BCD, 

As 

sin. 

Z.D 

90° 

„ 

_ 

To 

op. 

side  BC 

104M25 

*. 

•• 

So 

sin. 

Z.B 

64° 

• 

» 

To 

op. 

side  CD 

935-757 

^PLE  ] 

m 

EXAJ 

[II. 

9-685571 
2-944483 
9*758591 
3-017503 

9-685571 
2-944483 
9*953660 
3-212572 


10-oooooa 

3-017503 
9-953660 
2-971163 


Having  to  find  the  height  of  an  obelisk  standing  on  the 
top  of  a  declivity,  I  first  measured  from  its  bottom  a  distance 
of  40  feet,  and  there  found  the  angle,  formed  by  the  obhque 
plane  and  a  line  imagined  to  go  to  the  top  of  the  obelisk, 
41°  j  but,  after  measuring  on  in  thfe  same  direction  60  feet 
further,  the  like  angle  was  only  23"  45'.  What  then  was 
the  height  of  the  obelisk  ? 

Q2  CQmtructi9^' 
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Construction. 

Draw  an  indefinite  line  for  the  sloping  plane  or  declivitr, 
in  which  assume  any  point  A  for  the  bottom  of  the  obelisk, 
from  whence  set  off  the  distance  Ac  =  40,  and  agahi 
CD  =  60  equal  parts.  Then  make  the  angle  c  =  4r,  and 
the  angle  d  =  23°  45' ;  and  the  point  B  where  the  two  lines 
meet  will  be  the  top  of  the  obelisk.  Therefore  AB,  joined, 
will  be  its  height. 


CalctilatioJU 

From  the  Z.  c 

4r  00' 

take  the     Z-  D 

23    45 

leaves  the  ilDBC   17    15 

Then,  in 

the  triangle 

DBC, 

As  sin.  ^  DBC 

\r  15' 

« 

To  op.  side  DC 

60       - 

- 

So  sin.  ^  D 

23    45 

.. 

To  op.  side  CB 

81-488 

- 

And,  in  the  triangle  AEC, 
As  sum  of  sides  CB,  CA       121*488 
To  diff.  of  sides  cB,  CA         41-488 
So  tang,  half  sum  -Zs  A,  B    69°  SO' 
Totang.half  diil'.  /!«  A,  B    42    24^ 


the  diff.  of  these  is  Z-CBA  27      51 


Lastly,  as  sin.  Z.cba27°  5'^ 
To  op.  side  CA  '40 

So  sin.  Zc         -         4r  0' 
To  pp.  side  AB  57-6'53 


9-472086 
1-778151 
9-605032 
1-911097 


2-084533 

1-617923 

10-427262 

9-960652 


9-658284 
1-602060 
9-816943 
1-760719 


EXAIN^PLE  IV. 

Wanting  to  know  the  distance  between  two  inaccessible 
.trees,  or  other  objects,  from  the  top  of  a  tower  120  feet 
high,  which  lay  in  the  same  right  line  with  the  two  objects, 
I  took  the  angles  formed  by  the  perpendicular  wall  and  lines 
conceived  to  be  drawn  from  the  top  of  the  tower  to  the 
bottom  of  each  tree,  and  found  them  to  be  33°  and  64°^. 
What  then  may  be  the  distance  between  the  two  objects  ? 

Con  tructicn. 
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Con'stntction, 

Draw  the  indefinite  ground  line 
JBD,  and  perpendicular  to  it  B A  =: 
120  equal  parts.  Then  draw  the 
two  lines  AC,  AD,  making  the  two 
angles  bac,  bad,  equal  to  the 
given  angles  3S°  and  64"^:^.  So 
shall  c  and  D  be  tlie  places  of  the 
two  objects. 

Calcnlatkfi. 


First,  in  the  right-angled  triangle  abc. 

As  radius lO'OOOOOO 

Toab          -         120         -         -         -  2-079181 

8otang.  ilBAC       33^        -         -         -  9-812517 

Tqbc         -     77-929         .         .         ^  1-891698 

Then,  in  the  right-angled  triangle  abd, 

As  radius          ^         -         -         -         -  10-000000 

To  AB         -         -         120          -         -  2-079181 

Sotang.  Z.BAD  -           64° -i       -         -  10*321504 

To  BD         -         -  251-585         -         -  2-400685 
from  which  take  BC  77-929 
leaves  the  dist.  CD  173-656  ^s  required. 


EXAMPLE    V. 

Being  on  the  side  of  a  river,  and  wanting  to  know  the 
distance  to  a  house  which  was  seen  on  the  other  side,  I  mea- 
sured 200  yards  in  a  straight  line  by  the  side  of  the  river ; 
and  then  at  each  end  of  this  line  of  distance  took  the  hori- 
zontal angle  formed  between  the  house  and  the  other  end  of 
the  line  j  which  angles  were,  the  one  of  them  68°  2',  and 
the  other  73°  15'.  What  then  were  the  distances  from  each 
end  to  the  house  ? 

Construction. 

Draw  the  line  ab  =  200  equal  parts.  Then  draw  Ac  so 
as  to  make  the  angle  a  ac  68"  2',  and  BC  to  make  the  angle 
^  =  73''  15'.  So  shall  the  point  c  be  the  place  of  the  house 
icquircd. 


Calculation, 
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Calculation. 


To  the  given  Z.A         68"     2' 

add  the  given  Z.  B  73    15 

then  their  sum  141     17 

being  taken  from  180      0 

leaves  the  third  Z.  c  38    43  ^ 

Hence,  As  sin.  ^c  38'  43'  -  9*796206 

To  op.  side  AB  200  -  2*301030 

So  sin.  Z.  A  68'     2'  -  '     9*967268 

To  op.  side  BC  296*54  -  2*472092 

And,    Assin.  Z.C  38' 43'  -  9*796206 

To  op.  side  AB  200  -  2*301030 

So  sin.  jLb  73'  15'  -  9*981171 

To  op.  side  AC  306*19  -  2*485995 

Exam.  VI.  From  the  edge  o£  a  ditch,  of  36  feet  wide, 
surrounding  a  fort,  having  taken  the  angle  of  elevation  of 
the  top  of  the  wall,  it  was  found  to  be  62  40' :  required  the 
height  of  the  wall,  and  the  length  of  a  ladder  to  reach  from  my 
Station  to  the  top  of  it  ?  An     S  l^^ight  of  wall  69*64, 

^^^^'  I  ladder  78*4  feet. 

Exam.  vii.  Required  the  length  of  a  shoar,  which,  being 
to  strut  1 1  feet  from  the  upright  of  a  building,  will  support  a 
jamb  23  feet  10  inches  from  the  ground  ? 

An  .  26  feet  3  inches. 

Exam.  viii.  A  ladder,  40  feet  long,  can  be  so  planted, 
that  it  shall  reach  a  window  33  feet  from  the  ground,  on  one 
side  of  the  street ;  and  by  turning  it  over,  without  moving 
the  foot  out  of  its  place,  it  will  do  the  same  by  a  window 
21  feet  high,  pn  the  other  side :  require^  the  breadth  of  the 
street  ?  Ans.  56*649  feet. 

Exam,  ix.  A  maypole,  whose  top  was  broken  off  by  a 
blast  of  wind,  struck  the  ground  at  15  feet  distance  from  the 
foot  of  the  pole :  what  was  the  height  of  the  whole  maypole, 
supposing  the  broken  piece  to  measure  39  feet  in  length? 

Ans.  75  feet. 

Exam.  X.  At  170  feet  distance  from  the  bottom  of  a 
tower,  the  angle  of  its  elevation  was  found  to  be  52°  30' : 
required  the  altitude  of  the  tower?  Ans.  221*^5  feet. 

Exam.  xi.  From  the  top  of  a  tower,  hyjthe  sea-side,  of 
143  feet  high,  it  was  observed  that  the  angle  of  depression 
of  a  ship's  bottom,  then  at  anchor,  measured  35° ;  what  then 
was  the  ship's  distance  from  the  bottom  of  the  wall  ? 

Ans.  204*22  feet. 
Exam. 
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Exam.  pen.  What  is  the  perpendicular  height  of  a  hill'j 
its  angle  of  elevation,  taken  at  the  bottom  of  it,  being  46% 
and  200  yards  farther  oit\  on  a  level  with  the  bottom  of  it, 
the  angle  was  SV  ?  Ans.  286*28  yards. 

Exam.  xiii.  Wanting  to  know  the  height  of  an  inacces- 
sible tower  *,  at  the  least  distance  from  it,  on  the  same  hori- 
'zontal  plane,  I  took  its  angle  of  elevation  equal  to  58^  5 
then  going  300  feet  directly  from  it,  found  the  angle  there 
to  be  only  32° :  required  its  height,  and  my  distance  from  it 
at  the  first  station  ?  a«c  S  ^^eight     307*53 

-^^^- i  distance  192-15 

Exam.  xiv.  Being  on  a  horizontal  plane,  and  wanting  to 
know  the  height  of  a  tov,^er  placed  on  the  top  of  an  inac- 
cessible hill ;  I  took  the  angle  of  elevation  of  the  top  of  the 
hill  equal  40°,  and  of  the  top  of  the  tower  equal  51^ ;  then 
measuring  in  a  line  directly  from  it  to  the  distance  of  200 
feet  farther,  I  found  the  angle  to  the  top  of  the  tower  to  be 
33*"  45'.     What  then  is  the  height  of  the  tower  ? 

Ans.  93-33148  feet. 

Exam.  xv.  From  a  window  near  the  bottom  of  a  house, 
which  seemed  to  be  on  a  level  with  the  bottom  of  a  steeple, 
I  took  the  angle  of  elevation  of  the  top  of  the  steeple  equal 
40'';  then  from  another  window,  18  feet  directly  above  the 
former,  the  like  angle  -was  37"  30' :  what  then  is  the  height 
and  distance  of  the  steeple?  a       J  height       210*44 

^'  I  distance     250*79 

Exam.  xvi.  Wanting  to  know  the  height  of,  and  my 
distance  from,  an  object  on  the  other  side  of  a  river,  which 
seemed  to  be  on  a  level  with  the  place  where  I  stood,  close 
by  the  side  of  the  river ;  and  not  having  room  to  measure 
backward,  on  the  same  plane,  because  of  the  immediate  rise 
of  the  bank,  I  placed  a  mark  where  I  stood,  and  measured 
in  a  direction  from  the  object,  up  th^  ascending  ground  to 
,  the  distance  of  264  feet,  where  it  was  evident  that  I  was 
above  the  level  of  the  top  of  the  object ;  there  the  angie^ 
of  depression  were  found  to  be,  viz.  of  the  mark  left  at  the 
river's  side  42°,  of  the  bottom  of  the  object  27°,  and  of  its 
top  19°.  Required  then  the  height  of  the  object,  and  the 
distance  of  the  mark  from,  its  bottom  ? 

.        J  height       57*26 
^'^^'i  distance  150*50 

Exam.  xvii.   If  the  height  of  the  mountain  called  tlie 
Peak  of  Teneriffe  be  2^  miles,  as  it  is  nearly,  and  the  angle 

taken 
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taken  at  the  top  of  it,  as  formed  between  a  plumb  line  and  a 
line  conceived  to  touch  the  earth  in  the  horizon,  or  farthest 
.visible  point,  be  87"  58';  it  is  required  from  hence  to  deter- 
mine the  magnitude  of  the  whole  earth,  and  the  utmost 
distance  that  can  be  seen  on  its  surface  from  the  top  of  the 
mountain,  supposing  the  form  of  the  earth  to  be  perfectly 
round?  .        C  dist.  140-876  7     ., 

^^^'idiam.  7936 1^^^^^^- 

Exam,  xviii.  Two  ships  of  war,  inten4ing  to  cannonade 
a  fort,  are,  by  the  shallowness  of  the  water,  kept  so  far 
from  it,  that  they  suspect  their  guns  cannot  reach  it  with  ef- 
fect. In  order,  therefore,  to  measurd  the  distance,  they  se- 
parate from  each  other  a  quarter  of  a  mile,  or  440  yards ; 
then  each  ship  observes  and  measures  the  angle  which  the 
other  ship  and  the  fort  subtends,  which  angles  are  83^  45' 
and  85°  15'.  What  then  is  the  distance  between  each  ship 
and  thp  fort .?  A       S  2292*26  yards. 

/Uis.  I  2298-05 

Exam,  xix.  Being  on  the  side  of  a  river,  and  wanting  to 
know  the  distance  to  a  house  which  was  seen  at  a  distance  on 
the  othfr  side ;  I  measured  out  for  a  base  400  yards  in  a 
right  line  by  the  side  of  the  river,  and  found  that  the  two 
angles,  one  at  each  end  of  this  line,  subtended  by  the  other 
end  and  the  house,  were  68^2'  and  73°' 15'.  What  theft 
was  the  distance  between  each  station  and  the  house  ? 


A       J  593-08  yards. 
■^"^-  ^612-38 


Exam.  xx.  Wanting  to  know  the  breadth  of  a  river,  I 
measured  a  base  of  500  yards  in  a  straight  line  close  by  one 
side  of  it ;  and  at  each  end  of  this  line  I  found  the  angles 
subtended  by  the  other  end  and  a  tree  close  to  the  bank  on 
the  other  side  of  the  river,  to  be  53'  and  79°  12'.  What 
then  *fas  the  perpendicular  breadth  of  the  river  ?  ^ 

Ans.  529-48  yards. 

Exam.  xxi.  Wanting  to  know  the  extent  of  a  piece  of 
water,  or  distance  between  two  headlands ;  I  measured  from 
each  of  them  to  a  certain  point  inland,  and  found  the  two 
distances  to  be  735  yards  and  840  yards ;  also,  the  horizon- 
tal angle  subtended  between  these  two  lines  was  55°  40'. 
What  then  was  the  distance  required  ?        Ans.  741-2  yards. 

Exam.  xxii.  A  point  of  land  was  observed,  by  a  ship  at 
jjea,  to  bear  easl4'>y-south ;  and  aftel:  sailing  porth-east  12 
miles,  it  was  found  to  bear  south-cast-by-east.     It  is  require^ 

"  ■     to 
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to  determine  the  place  of  that  headland,  and  the  ship's  di- 
stance from  it  at  the  last  observation  ?  Ans.  26*0728  miles. 
Exam,  xxiii.'  Wanting  to  know  the  distance  between  a 
house  and  a  mijj,  which  were  seen  at  a  distance  on  the  other 
side  of  a  river,  I  measured  a  base  line  along  the  side  where 
I  was,  of  600  yards,  and  at  each  end  of  it  took  the  angles 
subtended  by  the  other  end  and  the  house  and  mill,  which 
were  as  follow,  viz.  at  one  end  the  angles  were  58°  20'  and 
95°  20',  and  at  the  other  end  the  like  angles  were  53''  30'  and 
98°  45',  What  then  was  the  distance  between  the  house  and 
mill  ?  Ans.  959'5866  yards. 

Exam.  xxiv.  Wanting  to  know  my  distance  from  an  in- 
accessible object  o,  on  the  other  side  of  a  river ;  and  having 
no  instrument  for  taking  angles,  but  only  a  chain  or  cord 
foi"  measuring  distances  •,  from  each  of  two  stations,  A  and  B, 
which  were  taken  at  500  yards  asunder,  I  measured  in  a  di- 
rect line  from  the  object  o  100  yards,  viz.  AC  and  BD  each 
equal  to  100  yards  ;  also  the  diagonal  AD  measured  550 
yards,  and  the  diagonal  BC  560.  What  then  was  the  di- 
stance of  the  object  o  from  each  station  a  and  B  ? 

A       J  AG  536-25 
I  BO  500-09 

Exam.  x^v.  In  a  garrison  besieged  are  three  remarkable 
objects,  a,  B,  c,  the  distances  of  which  from  each  other  are 
discovered  by  means  of  a  map  of  the  place,  and  are  as  fol- 
low, viz.  AB  266 i,  AC  530,  BC  3274  yards.  Now  having  to 
erect  a  battery  against  it,  at  a  certain  spot  without  the  place, 
and  being  desirous  to  know  whether  my  distances  from  the 
tliree  objects  be  such,  as  that  they  may  from  thence  be  bat- 
tered with  effect^,  I  took,  with  ah  instrument,  the  horizontal 
angles  subtended  by  these  objects  from  my  station  s,  and 
found  them  to  be  as  follow,  viz.  the  angle  ASB  13°  30',  and 
the  angle  Bsc29^50';  required  the  three  distances^  SA,  sb,  sc; 
the  object  B  being  situated  nearest  to  in^y  and  between  the 
two  others  A  and  e  ?  fsA  757'li 

Ans.  4  SB  537-10 
tsc   655-30 

Exam.  xxvi.  Required  the  same  as  in  the  last  example, 
when  the  object  B  is  the  farthest  from  my  station,  but  still 
seen  between  the  two  others  as  to  angular  position,-  and  those 
angles  being  thus,  the  angle  A^B  Sf^  45',  and  Bsc  22"  30', 
^ho  the  tlixee  distances,  AB  600,  ac  800,  BC  400  yards  ? 

fsA     709| 
-•  Ans. -JsB   1042| 

tsc     934 

.MENSUIl.\TIO^f 
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MENSURATION  OF  PLANES. 


THE  Area  of  any  plane  figure,  is  the  measure  of  the 
space  contained  within  its  extremes  or  bounds ;  without  any 
regard  to  thickness. 

This  area,  or  the  Content  of  the  plane  figure,  is  estimated 
by  the  number  of  little  squares  that  may  be  contained  in  it ; 
the  side  of  those  little  measuring  squares  being  an  inch,  a 
foot,  a  yard,  or  any  other  fixed  quantity.  And  hence,  the 
area  or  content  is  said  to  be  so  many  square  inches,  or  square 
feet,  or  square  yards,  &c. 

Thus,  if  the  figure  to  be  measured  be 
the  rectangle  abcd,  and  the  little  square 
E,  whose  side  is  one  inch,  be  the  mea- 
suring unit  proposed :  then,  as  often  as 
the  said  little  square  is  contained  in  the 
rectangle,  so  many  square  inches  the 
rectangle  is  said  to  contain,  which  in 
the  present  case  is  12. 

PROBLEM     I. 

To  find  the  jirea  of  any  Parallelogram^  whether  it  be  a  l^quafty  a 
Rectangky  a  Rhombus^  or  a  Rhomboid, 

Multiply  the  length  by  the  perpendicular  breadth,  or 
height,  and  the  product  will  be  the  area*. 

EXAMPLES. 


*  The  truth  of  this  rule  is  proved  in  the  Geom.  theor.  81, 
cor.  2. 

The  same  is  otherwise  proved  thus :  Let  the  foregoing  rect- 
angle be  the  figure  proposed ;  and  let  the  length  and  breadth  be 
divided  into  equal  parts,  each  equal  to  the  hnear  measuring 
unit,  being  liere  4  for  the  length,  and  3  for  the  breadth  ; '  and  let 
the  opposite  points  of  division  be  connected  by  right  lines. — 
Then,  it  is  evident  that  these  lines  divide  the  rectangle  into 
a  number  of  little  squares,  each  equal  to  the  square  measuring 
unit  E  ;  and  fiirther,  that  the  number  of  these  little  squares,  or 
the  area  cf  tlie  figure,  is  ffqual  to  the  number  of  linear  mea- 
suring units  in  the  length,  repeated  as  often  as  there  are  linear 

measuring 
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EXAMPLES, 


Ex.  1.  To  find  the  area  of  a  parallelogram,  whose  length 
Is  12*25,  and  height  8-5. 

12-25  length 
8*5  breadth 


6125 
9800 


104-125  area 


Ex.  2y  To  find  the  area  of  a  square,  whose  side  is  35-25 
chains.  Ans.  124?  acres,  1  rood,  1  perch. 

Ex.  3.  To  find  the  area  of  a  rectangular  board,  whose 
length  is  12^  feet,  and  breadth  9  inches.  Ans.  9-  feet. 

Ex.  4.  To  find  the  content  of  a  piece  of  land,  in  form  of 
a  rhombus,  its  length  being  6*20  chains,  and  perpendicular 
height  5*45.  Ans.  3  acres,  1  rood,  20  perches. 

Ex.  5.  To  find  the  number  of  square  yards  of  painting  in 
a  rhomboid,  whose  length  is  37  feet,  and  breadth  5  feet  3 
inches.  Ans.  21/y  square  yards. 


PROBLEM     II. 
'  To  find  the  Area  of  a  Triangle. 

Rule  I.  Multiply  the  base  by  the  perpendlcukr  height, 
and  take  half  the  product  for  the  area*.  Or,  multiply  the 
one  of  these  dimensions  by  half  the  other. 


measuring  units  in  the  breaddi,  or  height ;  that  is,  equal  to  the 
length  drawn  into  the  height ;  which  here  is  4  x  3  or  12. 

And  it  is  proved  (Geom.  theor.  25,  cor.  2),  that  any  oblique 
parallelogram  is  equal  to  a  rectangle,  of  equal  length  and  perV 
pendicular  breadth.     Therefore  the  rule  is  general  lor  all  paral- 
lelograms whatever. 

*  The  truth  of  this  rule  is  evident,  because  any  triangle  is 
the  half  of  a  parallelogram  of  equal  base  and  altitude,  by  Geom. 
theor.  26. 

EXAMPLES. 


2S  MENSURATIOxN 


EXAMPLES. 

Ex.  1.  To  find  the  area  of  a  triangle,  whose  base  is  625^ 
and  perpendicular  height  520  links  ? 

Here  6'25  x  260  =  162500  square  links, 

or  equal  1  acre,  2  roods,  20  perches,  the  answer. 

Ex.  2.  How  many  square  yards  contains  the  triangle, 
"^^hose  base  is  40,  and  perpendicular  30  feet  ? 

Ans.  66^  square  yards. 

Ex.  3.  To  find  the  number  of  "sqiiai-'e*  yards  in  a  triangle, 
-whose  base  is  49  feet,  and  height  25  i  feet  ? 

Ans.  68||,  or  68'7361. 

Ex.  4.  To  find  the  area  of  a  triangle,  whose  base  is  18  feet 
4  inches,  and  height  11  feet  10  inches  ? 

Ans.  108  feet,  o^-  inches. 

Rule  II.  When  two  sides  and  their  contained  angle  are 
given :  Multiply  the  two  given  sides  together,  and  take  half 
their  product :  Then  say,  as  radius  is  to  the  sine  of  the  given 
angle,  so  is  that  half  product,  to  the  area  of  the  triangle. 

Or,  multiply  that  half  product  by  the  natural  sine  of  the 
said  angle,  for  the  area  *. 

Ex.  1.  What  is  the  area  of  a  triangle,  whose  two  sidqs  are 
SO  and  40,  and  their  contained  an^e  28°  57'^ 

By  Natural  Ntanbers.  By  Logarithms, 
First,  i  X  40  X  30  =  600, 

then,  1  :  600  : :  -484046  sin.  28'  5*7'  log.  9-684887 

600  2-778151 


Answer     290*4276  theor.       aHSwerIng  2-463038 


*  For,  let  AB,  AC,  be  the  two  given  sides, 
including  the  y).\^ri  angle  a.  Now  |.ab  x 
tp  is  the  area,  by  the  first  rule,  cp  being 
the  perpendicular.  But,  by  trigonometry, 
as  sin.  .Ip,  or  radius  :  ac  :  :  sin.  /Ia  :  cp, 
which  is  tlierefore  =  Ac  x  sin.  /.a^  taking 
radius  =  1.  Therefore  the  area  -Jab  x  cp 
is  =  |ab  X  AC  X  sin.  Z:a,  to  radius  1  ; 
pr,  as  radius  ;  sin.  /.  a  : ;  iAB  x  ac  :  die  area. 


fc?. 


OF  PLANES.  ^ 

Ex.  2.  How  many  square  yards  contains  the  triangle,  of 
which  one  angle  is  45",  and  its  containing  sides  25  and  21 1 
feet?  Ans.  20-8094.7, 

Rule  III.  When  the  three  sides  are  given  :  Add  all  the 
three  sides  together,  and  take  half  that  sum.  Next,  subtract 
each  side  severally  from  the  said  half  sum,  obtaining  three 
remainder's.  Then  multiply  the  said  half  sum  and  those 
three  remainders  all  together,  and  extract  the  square  root  of 
the  last  product,  for  the  area  of  the  triangle  *. 

*  For,  let  ABC  be  the  given  (■ 

triangle.     Draw  the  parallels  ..•••■ j^ 

AE,  BD,  meeting  the  two  sides         .•'"  / 

AC,  CB,  produced,  in  d  and  e,       /  V^  ..: 

and   making   cd  =  cb,    and      j  \{/--'' 

CE  =  CA.     Also  draw  cfg  bi-       \  ,..■■•''' A---''''^^^ 

secting  db  and  ae  perpendicu-      1\ '^  ..(^'* ~""t 

larly  in  p  and  g  ;  and  fhi  pa-  ' / 

rallel  to  the  side  ab,  meeting  "■ " 

AC  in  H,  and  ae  produced  in  i. 

JLastly,  witli  centre  h,  and  radius  hf,  describe  a  circle  meetv 
ing  AC  produced  in  k  ;  which  will  pass  through  g,  because  g  is 
a  right  angle,  and  through  i,  because,  by  means  of  the  parallels, 
Ai  =  FB  =  DF,  therefore  hd  ==  ha,  and  hf'=  hi  =  |ab. 

Hence  ha  or  hd  is  half  the  difference  of  the  sides  ac,  cb,  and 
iHC  =  half  their  sum  or  =  ^ac  4*  i^B;  also  hk  =:  hi  =:  |if 
or  f  ab  ;  conseq.  ck  =  Jac  -\-  |cb  -{-  |ab  half  the  sum  of  all 
tlie  three  sides  of  the  triangle  abc,  or  ck  ==  is,  calling  s  the  sum 
of  those  three  sides.  Again  hk  =  hi  =  \\y  =  ^ab,  or  kl  =  ab; 
theref.  cl  =  ck  —  kl  =  ^s  ■—  ab,  and  ak  =  ck  '-  cA  =  |-s  —  ac, 
and  AL  =1  DK  =  CK  —  CD  =  |s  ~  cb. 

Now,  by  the  first  rule,  ag  .  cg  =  the  A  ace,  and  ag  .  fg  =r 
the  A  ABE,  theref.  ag  .  cf  =  Aacb.  Also,  by  the  parallels, 
AG  :  CG  ::  DF  or  ia  :  cf,  theref.  ag  .  cf  =  (  Aacb  ==)  cg  ,  ia  = 
CG  .  DF,  conseq.  ag  .  cf  .  cg  ,  df  =  A'ACB. 

But  CG  .  CF   =  CK  .  CL  =:  |s  .  Js  —  AB,  and  AG  ♦  DF  =  AK  .  AL 

2=  f s  —  AC  .  fs  —  BC  ;  theref,  ag  .  cf  .  cg  .  df  =  A*acb  sz 
|s .  |s  —  AB  .  js  —  AC  .  f  s  --  Bc  is  the  square  of  the  area  of  the 
triangle  abc.         q.  e.  d. 

Otherwise. 
Because  the  rectangle  ag  .  cf  =  the  A  abc,  and  sin«;e 
CG  :  AG  ::  cf  :  df,  drawing  the  first  and  second  terms  into  cf, 
and  the  third  and  fourth  into  ag,  the  propor.  becomes 
ca  »  CF  :  AG  .  CF  ::  ag  ,  cf  :  ag  .  df,  or  cg  .  cf  ;  A  abc  ::  A  abc  ; 
BG  .  df,  that  is  die  A  abc  is  a  mean  proportional  between  cg  .  cif 
.and  AG  •  x>r,  or  between  |s .  ^s  —  ab  and ^s  -^  ac. ^$  —  bc. 

^  Ex.  I. 


3(T*  MENSURATION 

Ex.  1.  To  find  the  area  of  the  triangle  whose  three  slde3 
arc  20,  30,  iO. 

20  45  45  45 

30  20  30  '  40 

40  —  —  — 

2.5  1st  rem.  15  2d  rem.         5  3d  rem. 

2)90  —  —  — 

45  half  sum 

Then  45  X  25  X   15  X  5  =  84375. 
The  root  of  which  is  290*4737,  the  area. 

Ex.  2.   How  many  square   yards  of  plastering   are  in  a 
triangle,  whose  sides  are  30,  40,  50  feet  ?  Ans.  66^, 

Ex.  3.  How  many  acres,  &c.  contains  the  triangle,  whose 
sides  are  2569,  4900,  5025  links  ? 

Ans.  61  acres,  1  rood,  39  perches. 


PROBLEM  III. 

To  ji7id  the  Area  of  a  Trapezoid* 

Add  together  the  two  parallel  sides ;  then  multiply  theii? 
sum  by  the  perpendicular  breadth,  or  the  distance  between 
them ;  and  take  half  the  product  for  the  area.  By  Geom. 
theor.  29. 

Ex.  1.  In  a  trapezoid,  the  parallel  sides  are  750  and  1225, 
and  the  perpendicular  distance  between  them  1540  links :  to 
find  the  area. 

1225 
750 

1975  X  770  =  152075  square:  links  =  15  acr.  33  perc, 

Ex.  2.  How  many  square  feet  are  contained  in  the  plank, 
whose  length  is  12  feet  6  inches,  the  breadth  at  the  greater 
end  15  inches,  and  at  the  less  end  11  inches  } 

Ans.  IS^l  feet. 

Ex.  8.  In  measuring  along  one  side  ab  of  a  quadrangular 
\^eld,  that  ^ide,  and  the  two  perpendiculars  let  fall  on  it  from 
the  two  opposite  comers,  measured  .as  below :  required  the^ 
content. 

AF 


Ans. 


OF  P 

LANES. 

AP 

-- 

llOlinks* 

AQ 

= 

745 

AB 

=: 

1110 

CP 

= 

352 

DQ 

■ — 

595 

4  acres,  1  rood, 

5*792 

perches. 

PROBLEM  IT. 

Si 


To  Jind  the  Area' of  any  Trapezium* 

#)lVTDE  the  trapezium  Into  two  triangles  by  a  diagonal  j 
then  find  the  areas  of  these  triangles,  and  add  them  to- 
gether. 

Note.  If  two  perpendiculars  be  let  fall  on  .the  diagonal  from 
the  other  two  opposite  angles ;  then  add  these  two  perpen- 
diculars together,  and  multiply  that  sum  by  the  diagonal, 
taking  half  the  product  for  the  area  of  the  trapezium. 

Ex.  1.  To  find  the  area  of  the  trapezium,  whose  diagonal 
is  42,  and  the  two  perpendiculars  on  it  16  and  18. 

Here  16  +  18  =    34,  its  half  is  17. 
Then  42  x   17  ==  714  the  area. 

Ex.  2.  How  many  square  yards  of  paving  are  irt  the  tra- 
pezium, whose  diagonal  is  65  feet,  and  the  two  perpendicu- 
lars let  fall  on  it  28  and  33i^  feet  ?  Ans.  222-^^  yards. 

Ex.  3.  In  the  quadrangular  field  ABCd,  on  account  of  ob- 
structions there  could  only  be  taken  the  following  measures, 
viz.  the  two  sides  EC  265  and  ad  220  yards,  the  diagonal 
AC  378,  and  the  two  distances  of  the  perpendiculars  from  the 
ends  of  the  diagonal,  namely,  ae  100,  and  CF  70  yards. 
Required  the  area  in  acres,  when  4840  square  yards  make 
an  acre  ?  Ans,  17  acres,  2  roods,  21  perches. 


PROBLEM  Y. 

To  find  the  Area  of  an  Irregular  Polygon. 

Draw  diagonals  dividing  the  proposed  polygon  into  tra- 
peziums and  triangles.  Then  find  the  areas  of  all  these 
separately^  and  add  them  togethex'  for  the  coatent  of  the 
whole  polygon. 

Example* 


99  MENSURATION 

Example^  To  find  the  content  of  the  irregular  figure 
ABCDEFGA,  in  whicli  are  given  the  following  diagonals  and 
perpendiculars:  namely. 


AC 

55 

FD 

52 

GC 

4i 

Gm 

13 

Bn 

18 

GO 

12 

Ep 

8 

Dq 

23 

Ans.  18781 

PROBLEM    VI. 

Tojind  the  Area  of  a  Regular  Polygon, 

Rule  I,  Multiply  the  perimeter  of  the  polygon,  or  sun> 
of  its  sides,  by  the  perpendicular  drawn  from  its  centre  on 
one  of  its  sides,  and  take  half  the  product  for  the  area  *. 

Ex.  I.  To  find  the  area  of  the  regular  pentagon,  each  side 
being  25  feet,  and  the  perpendicular  from  the  centre  on  each 
side  is  17*204.7737. 

Here  25  x  5  =  125  is  the  perimeter. 
And  17-2047737  X    125  =  2150-5967125. 
Its  half  1075-298356  is  the  area  sought. 

Rule  II.  Square  the  side  of  the  polygon ;  then  multiply 
that  square  by  the  tabular  area,  or  multiplier  set  against  its 
name  in  the  following  tabic,  and  the  product  will  be  the 
area  f . 

No. 


*  This  is  only  in  effect  resolving  the  polygon  into  as  many  equal 
triangles  as  it  has  sides,  by  drawing  lines  from  the  centre  to  all  the 
angles ;  then  finding  dieir  areas,  and  adding  them  all  together. 

•|-  This  rule  is  founded  on  the  property,  that  like  polygons,  being 
similar  figures,  are  to  one  another  as  the  squares  of  their  like  sides ; 
v.'hich  is  proved  in  the  Geom.  theor.  89.  Now,  the  multipliers  in 
the  table,  are  the  areas  of  tlie  respective  polygons  to  the  side  1. 
"Wljence  the  rule  is  manifest. 

Note, 
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33 


No.  of 
Sides. 

Names. 

Areas,  or 
Multipliers. 

3 

Trigon,  or  triangle 

0-43301 2*7 

4 

Tetragon,  or  square 

1-0000000 

5 

Pentagon 

1-7204774 

6 

Hexagon 

2-5980762 

7 

Heptagon 

3-6339124 

8 

Octagon 

4-8284271 

9 

Nonagon 

6-1818242 

10 

Decagon 

7-6942088 

11 

Undecagon 

9-3656399 

12 

Dodecagon 

11-1961524 

Exam.  Taking  here  the  same  exai;nple  as  before,  namelyj 
a  pentagon,  whose  side  is  25  feet. 

Then  25'-'  being  =  625, 

And  the  tabular  area  1-7204774  ; 

Theref.  1*7204774  X  6^5  =  1075-298375,  as  before. 

Ex.  2.  To  find  the  area  of  the  trigon,  or  equilateral  tri- 
angle, whose  side  is  20.  Ans.  173-20508. 

Ex.  3.  To  find  the  area  of  the  hexagon  whose  side  is  20. 

Ans.  1039-23048. 

Ex.  4.  To  find  the  area  of  an  octagon  whose  side  Is  20. 

Ans.  1931-37084. 

Ex.  5.  To  find  the  area  of  a  decagon  whose  side  is  20. 

Ans.  3077-68352. 


Nofe.  The  areas  in  the  table,  to  e^ch  jside  I, 
may  be  computed  in  the  following  manner : 
From  the  centre  c  of  the  polygon  draw  lines 
to  every  angle,  dividing  the  whole  figure  into 
as  many  equal  triangles  as  the  polygon  has 
sides ;  and  let  abc  be  one  of  those  triangb,^, 
the  perpendicular  of  wliich  is  cd.  Divide 
360  degrees  by  tlie  number  of  sides  in  the  po- 
lygon, the  quotient  gives  the  angle  at  the  centre  acb.  The  half 
of  this  gives  the  angle  acd  ;  and  this  taken  from  90°,  leaves  the 
angle  cad.  Then,  as  radius  is  to  ad,  so  is  tang,  angle  cad,  to 
the  perpendicular  cd.  This,  multiplied  by  ad,  gives  the  area  of 
the  triangle  abc  ;  which  being  multiplied  by  the  number  of  the 
triangles,  or  of  the  sides  of  tne  polygon,  gives  its  whole  area,  as 
in  the  table. 
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PROBLEM   VII. 

To  find  the  Diameter  and  Ctvciimfeyence  of  any  Circle^  the  one 
from  the  other. 

This  may  be  done  pearly  by  either  of  the  two  following 
proportions, 

viz.  As  7  is  to  22,  so  is  the  diameter  to  the  circumference. 
Or,  As  1  is  to  3*  14 16,  so  is  the  diameter  to  the  circum- 
ference *. 

Ex.  1.  To  find  the  circumference  of  the  circle  whose  dia- 
meter is  20. 

By  the  first  rule,  as  7  :  22  : :  20  :  62^,  the  answer. 

Ex.2. 


*  For,  let  A  BCD  be  any  circle,  whose  centre 
IS  E,  and  let  AB,  bc,  be  any  two  equal  arcs. 
Draw  the  several  chords  as  in  the  figure,  and 
joiii  be;  also  draw  the  diameter  da,  which 
produce  to  f,  till  bf  be  equal  to  the  chord  bd. 

Then  tlie  two  isosceles  triangles  deb,  dbf, 
are  eqiangular,  because  they  have  the  angle  at 
D  common ;  consequently  de  :  db  : :  db  :  df. 
But  the  two  triangles  afb,  dcb,  are  identical, 
or  equal  in  all  respects,  because  they  have  the 
aogle  F  =  the  angle  bdc,  being  each  equal  to 
the  angle  adb,  these  being  subtended  by  the 
<*,qual  arcs  ab,  bc  ;  also  the  exterior  angle  fab  of  die  quadrangle 
abcd,  is  equal  to  the  opposite  interior  angle  at  c  ;  and  the  two 
triangles  have  also  tlie  side  bf  =  the  side  bd  ;  therefore  tl;e  side. 
af  is  also  equal  to  the  side  dc^  Hence  the  proportion  a^DOve,  viz. 
PE  :  DB  : :  db  :  df  :^  DA  -}-  af,  becomes  i)E  :  db  : :  db  :  2de  -f-  PC« 
Then,  by  taking  the  rectangles  of  the  extremes  and  means,  it  is 

DB^  =  2dE'  -f-  de  .  DC. 

Now,  if  the  radius  de  be  taken  =  1,  this  expression  becomes 
DB*  =  2  -f-  v^c,  and  hence  the  root  t>]^  =  *J^l  +  dc.  That 
is.  If  the  measure  of  the  supplemental  chord  of  any  arc  he  in- 
creased by  the  number  2,  the  square  root  of  the  sum  will  be  tha 
supplemental  chord  of  half  that  arc. 

Now,  to  apply  tliis  to  the  calculation  of  tlie  circumference  of 
the  circle,  let  the  arc  ac  be  taken  equal  to  \  of  the  circum- 
ference, and  be  successively  bisected  by  the  above  theorem:  thus, 
the  chord  AC  of  ^  of  the  circumference,  is  the  side  of  the  in- 
scribed i-egular  hexagon,  and  is  therefore  equal  to  the  radius  ae 
or  1 :  hence,  in  the  right-angled  triangle  acd,  it  will  he  dc  = 

V^AD"^  —.  AC^ 
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Ei.  2.  If  the  circumference  of  the  earth  be  25000  miles, 
what  is  its  diameter  ? 

By  the  2d  rule,  as  3*1416  :  1  ::  25000  :  7957J  nearly 
the  diameter* 

PROBLEM 


-v/ad^  -  AC-  r=  ^2"  -  1-  =r  v^3  =  1-7320508076,  the  supple- 
mental chord  of  -^  of  the  periphery .- 

Then,  by  the  foregoing  theorem,  by  always  bisecting  the  arcs, 
and  adding  2  to  the  last  square  roOt,  there  will  ^  found  tlie 
supplemental  chords  of  the  12th,  the  24th,  the  48th,  the  96th,  &c. 
parts  of  the  periphery  ;  thus. 


V'3-7320508076  =  l-93i8516525" 

V^3'9318516525  =  1-9828897227 

^3-9828897227  =  1-9957178465 

v/3-9957178465  =  1-9989291743  I     ^  §    j    ^    I   "n" 

V3-9989291743  =  1-9997332757  •     ^-^     •  rk  f     ^ 


Si  \       1       \      >' 

^^  1  A  I  4 


^3-999732275?  =  P9999330678  I     ^-     I  tIt 
<v/3-9999330678  =  1-9999832669      '^  ^        tif  ' 
a/3-9999832669  =   -    -    ^    -    J    ,p         I^WJ 


1+:;  *-TTJF 


Since  then  it  is  found  that  3-9999832669  is  the  square  of  the 
supplemental  chord  of  the  1536th  part  of  the  periphery,  let  this 
number  be  taken  from  4,  wliich  is  the  square  of  the  diameter,  and 
the  remainder  0-0000167331  will  be  the  square  of  the  chord  of 
the  said  1536th  part  of  the  periphery,  and  consequently  the  root 
^70-0000167331  =  0-0040906112  is  the  length  of  that  chord; 
this  number  then  being  multiplied  by  15v%,  gives  6*283 1788  for 
the  perimeter  of  a  regular  polygon  of  1536  sides  inscribed  in  the 
circle ;  which,  as  the  sides  of  the  polygon  nearly  coincide  with 
the  circumference  of  the  circle,  must  also  express  the  length  of 
the  circumference  itself,  very  nearly.  , 

But  now,  to  shew  how  near  this  determination  .s  ^  k.  ^t 


is  to  the  truth,  let  aqp  =0-00409061 12  represent         ^^f-Q 
one  side  of  such  a  regular  polygon  of  1536  sides,  \ 

and  SRT  a  side  of  another  similar  polygon  de-  \ 

scribed  about  the  circle ;  and  from  the  centre  e  \  i   / 

let  the  perpendicular  eqr  be  drawn,  bisecting  ap  \  *'  '     * 

and  ST  in  q  and  r.     Then,  since  aq  is  =  -^ap  =  \'  i 

0'0020453056,  and  ea  =1,  therefore  eq'^=:  ea~  ^y 

—  aq"  =  -9999958167,  and  consequently  its  root  ^jr 

gives  eq  =  -9999979084 ;  then,  because  of  the 
parallels  ap,  st,  it  Is  eq  :  er  : :  ap  :  st  : :  as  the  whole  inscribed 
perime^ter  :  to  the  circumscribed  one,  that  is,  as  -9999979084  : 1 : : 
6-2831788  :  6-2831920  the  perimeter  of  the  circumscribed  poly- 
gon.    Now,  the  circumference  of  the  circle  being  greater  than 

D  2  thj 
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PROBLEM    VIII. 

To  find  the  Length  of  any  Arc  of  a  Circle. 

MuLTiPi.Y  the  decimal  '01745  by  the  degrees  in  the  given 
arc,  and  that  by  the  radius  of  the  circle  j  then  the  last  pro- 
duct will  be  the  length  of  the  arc  *. 

Ex.  1 .  To  find  the  length  of  an  arc  of  30  degrees,  the 
radius  being  9  feet.  Ans.  4*71I5. 

Ex.  2.  To  find  the  length  of  an  arc  of  12'  10',  or  12°^, 
the  radius  being  10  feet.  Ans.  2*1231. 

PROBLEM    IX. 

To  find  the  Area  of  a  Circle  \, 

Rule  I.  MuLTirLY  half  the  circumference  by  half  the 
diameter.  Or  multiply  the  whole  circumference  by  the 
whole  diameter,  and  take  ^  of  the  product. 

Rule 


the  perimeter  of  the  inner  polygon,  but  less  than  that  of  the 
outer,  it  must  consequently  be  greater  than  6*2831788, 

but  less  than  6-2831920, 
ani  must  tlierefore  be  nearly  equal  ^  their  sum,  or  6*2831854, 
which  in  fact  is  true  to  the  last  figure,  which  should  be  a  3  in- 
stead of  the  4. 

Hence,  the  circumference  being  6'283I854  when  the  diameter 
IS  2,  it  will  be  the  half  of  that,  or  3*1415927,  when  the  diameter 
is  1,  to  which  the  ratio  in  the  rule,  viz.  1  to  3*1416  is  very  near. 
Also,  the  other  ratio  in  the  rule,  7  to  22  or  1  to  3f  =  3*1428  &c. 
is  another  near  approximation. 

*  It  having  been  found,  in  the  demonstration  of  the  foregoing 
j)roblem,  that  when  the  radius  of  a  circle  is  1,  the  length  of  the 
whole  circumference  is  6*2831854,  which  consists  of  360  degrees; 
therefore  as  360°  :  6*2831854  : :  1°  :  *01745  &c.  the  length  of 
the  arc  of  1  degree.  Hence,  the  decimal  -01745  multiplied  by 
any  number  of  degrees,  will  give  the  length  of  the  arc  of  those 
degrees.  And,  because  the  circumferences,  and  arcs,  are  in 
proportion  as  the  diameters,  or  as  the  radii  of  the  circles,  there- 
fore as  the  radius  1  is  to  any  other  radius  r,  so  is  the  length  of 
the  arc  above  mentioned,  to  *01745  x  dogrees  in  the  arc  x  /', 
.which  is  the  length  of  that  arc,  as  in  the  rule. 

\  The  first  rule  is  proved  in  the  Geom.  tlieor.  9'i. 
And  the  2d  and  6d  rules  are  deduced  from  the  first  rule,  in 
this  manner. — By  that  rule,  t/^  —  4  is  the  area,  when  d  denotes 

the 
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Rule  II.  Square  the  diameter,  and  multiply  that  square 

by  the  decimal  '7854,  for  the  area.  • 

*■ .      *  ■ 

Rule  III.  Square  the  circumference,  and  multiply  that 
squa^-e  by  the  decimal  '07958, 

Ex.  1.  To  find  the  area  of  a  circle  who^e  diameter  is  10, 
and  its  circumference  31*416. 

By  Rule  1.  By  Rule  2.  By  Rule  3. 

»     '31-416  -7854  31*416 

10  10'^=      100  31*416 


4)314*16  .  986*965 

78*54  '    ^  •0795'8 


78*54 


So  that  the  area  is  78*54  by  all  the  three  rules, 

Ex.  2.  To  find  the  area  of  a  circle,  whose  diameter  is  7, 
and  circumference  22.  Ans.  38[. 

Ex.  3.  How  many  square  yards  are  in  a  circle  whose  dia- 
meter is  S^  feet .?  Ans.  1*069. 

Ex.  4.  To  find  the  area  of  a  circle  whose  circumference  Is 
12  feet.  Ans.  11*4555. 

PROBLEM  X. 

To  find  the  Area  of  a  Circular  Ringi  or  of  the  Space  included 
between  the  Circmnferences  of  two  Circles  ,•  the  one  being  con- 
tained within  the  other. 

Take  the  difference  between  the  areas  of  the  two  circles 
as  found  by  the  last  problem,  for  the  area  of  the  ring.— Or' 


the  diameter,  and  c  the  circumference.  But,  by  prob.  7j  -f  is  ==• 
3*1416^/;  therefore  the  said  area  dc  -^  4,  becomes  d  x  3*1416^/ 
-4-  4  =  •7854i/%  which  gives  the  2d  rUle. — Also,  by  the  same 
prob.  7,  d  IS  =  ^  -T-  3*1416 ;  therefore  again  the  same  first  area 
dc  -j-  4,  becomes  c  —  3*1416  x  ^  -7-  4  =r  <:' -^  12*5664,  which  is 
=  ^-  X  -07958,  by  taking  the  reciprocal  of  12*5664,  or  changing 
that  divisor  into  the  multiplier  *07958  ;  which  gives  the  3d  rule. 
Coral,  Hence,  the  areas  of  different  circles  are  in  proportion 
to  one  another,  as  the  square  of  their  diameters,  or  as  the  square 
of  their  circumferences  ;  as  before  proved  in  the  Geom.  theor.  93. 

which 
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which  is  the  same  thing,  subtract  the  square  of  the  less  dia- 
meter from  the  square  of  the  greater,  and  mukiply  their  dif- 
ference by  '7854. — Or  lastly,  multiply  the  sum  of  the  dia- 
meters by  the  difference  of  the  same,  and  that  product  by 
•7854 ;  which  is  still  the  same  thing,  because  the  product  of 
ihe  sum  and  difference  of  any  two  quantities,  is  equal  to  the 
difference  of  their  squares. 

Ex.  1.  The  diameters  of  two  concentric  circles  being  10 
and  6,  required  the  area  of  the.  ring  contained  between  their 
circumferences. 

Here  10  4-  6  =?  16  the  sum,  and  10  -  6  =;  4  the  diff. 
Therefore  '7854  x  16  X  4  ==  "7854  X  64.=  50-2656, 
the  area. 

Ex.  2,  What  is  the  area  of  the  ring,  the  diameters  of 
whose  bounding  circles  are  10  and  20  ?  Ans.  235*62. 


FROBLEM  XI, 

To  find  the  Area  of  the  Sector  of  a  Circle, 

Rule  I.  Multiply  the  radius,  or  half  the  diameter,  by 
half  the  arc  of  the  sector,  for  the  area.  Or,  multiply  thq 
whole  diameter  by  the  whole  arc  of  the  sector,  and  take  -*- 
of  the  product.  The  reason  of  which  is  the  same  as  for  the 
Urst  rule  to  problem  9,  for  the  whole  circle. 

Rule  II.  As  360  is  to  the  degrees  in  the  arc  of  the  sector, 
so  is  the  area  of  the  whole  circle,  to  the  area  of  the  sector. 

This  is  evident,  because  the  sector  is  proportional  to  the 
length  of  the  arc,  or  to  the  degrees  contained  in  ;t. 

Ex.  1.  To  find  the  area  of  a  circular  sector,  whose  arc 
contains  18  degrees ;  the  diameter  being  3  feet  ? 

1.  By  the  1st  Rule. 

First,  3-1416  X  3  =  9-4248,  the  circumference. 

And  360  :  18  : :  9-4248  :  '47124,  the  length  of  the  arc. 

Then  -47124  x  3  -^  4  =  1-41372  ~  4  =  -35343,  the  area, 

2.  By  the  2d  Rule. 

First,  :7854  x  3^  =  7*0686,  the  area  of  the  whole  circle. 
Then,  as  360  :  18  ;:  7*0686  ;  -35343,  the  area  of  the 
sector. 

Ex.2. 
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Ex.  2.  To  find  the  area  of  a  sector,  whose  radius  Is  10, 
and  arc  20.  Ahs.  100. 

Ex.  3.  Required  the  area  of  a  sector,  whose  radius  is  25, 
and  its  arc  containing  I'^T  29'.  Ans.  604r-3980\ 


PROBLEM  XII. 
2o  -/ind  the  Afea  of  a  Seginent  of  a  Circle. 

Rule  I.  Find  the  area  oi^  the  sector  having  the  iim^  arc 
with  the  segment,  by  the  last  problem. 

Find  also  the  area  of  the  triangle,  formed  hy  the  choM  of 
the  segment  and  the  two  radii  of  the  sector. 

Then  take  the  sum  of  these  two  for  the  answer,  when  the 
segment  is  greater  than  a  semicircle  :  or  take  their  difference 
for  the  answer,  when  it  is  less  than  a  semicircle.-^-As  is  evi- 
dent by  inspection. 

Ex.  1.  To  find  the  area  of  the  segment  acbda,  it5  chord 
AB  being  12,  and  the  radius  ae  or  c?e  10. 

First,  As  ae  :  sin.  z.  d  90°  : :  ad  :  sin.  (; 

36^  52'-}  =  36*87  degrees,  the  degrees  in  the  Ajr::C4^B 

^AEC  or  arc  ac.     Their  double,  73*74,  ii     '-■ 

are  the  degrees  iji  the  whole  arc  acb.  •,       .;'-    / 

Now  -7854  X  400  =  314*16,  the  area  of  '  ■^'"' 

the  whole  circle. 
Therefore  360'  :  73^74  ::  314*16  :  64*3504,  area  of  the 

sector  ACBE. 

Again,  -v/ae'^  -  ad"  =  a/ im  -  36  =  -v/64  =  8  =x  de. 

Theref.  ad  x  DE  =  6  x  8  =  48,  the  area  of  the  trian- 
gle AEB.  , 

Hence,  sector  acbe  —  triangle  AEB  =  16*3504,  are^  of 
seg.  ACBDA.  -: 

Rule  II.  Divide  the  height  of  the  s.egment  by  the  diameter, 
and  find  the  quotient  in  the  column  of  heights  in  tlie  follow^ 
ing  tablet :  Take  out  the  corresponding  area  in  the  next 
column  on  the  right  hand ;  and  multiply  it  by  the  square  of 
the  circle's  diameter,  for  the  area  of  the  segment  *. 

Nofc. 


*  The  truth  of  this  rule  depends  on  the  principle  of  similar 
plane  figures,  which  are  to  one  another  as  the  square  of  their 
like  linear  dimensions.    The  segmeiits  in  the  table  are  those  of  a 

circle 
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.  Note,  When  the  quotient  is  not  found  exactly  in  the  tablc^ 
proportion  may  be  made  between  the  next  less  and  greater 
area,  in  the  same  manner  as  is  done  for  logaritluns,  or  any 
^other  t?ble. 

Table  of  the  Areas  of  Circular  Segments, 


7^ 

^  So 

u 

4 

•9, 

<u  CO 

•5| 

1 

"^1 

CTJ.     <U 

Area  of 
the  Segm. 

•01 

•00138 

•11 

-04701 

•21 

•11990 

•31 

•20738 

•41 

•30319 

•02 

•00375 

•12 

•05339 

•2^ 

•12811 

•32 

•21667 

•42 

•31304 

•03 

•00687 

•13 

•06000 

'•2L- 

•13646 

•33 

•22603 

•43 

•32293 

•04 

•01054 

•14 

•06683 

•24 

•14494 

•34 

•23547 

•44 

•33284 

•05 

•01468 

•15 

•07387 

•25 

•15354 

•35 

•24498 

•45 

•34278 

•06 

•019^4 

•16 

•08111 

•26 

•16226 

•36 

•25455 

•46 

•35274 

•07 

•02417 

•17 

•08853 

,•27 

•17109 

•37 

•26418 

•47 

•36272 

•08 

'02944 

•18 

•09613 

:-2h 

•18002 

•38 

-.27386 

•48 

•37270 

•09 

•03501^' 

•19 

•10390 

;-2f 

•18905 

•39 

•28S5fi 

•49 

•38270 

•10 

•04088 

•20 

•11182 

•3(. 

•19817 

•40l^29337l 

^ 

•50 

•39270 

Ex.  2.  Taking  the  same  example  as  before,  in  which  arc 
given  the  chord  AB  12,  and  the  radius  10,  or  diameter  20. 

And  having  found,  as  above,  de  =  8  ;  then  CE  ~  de 
=  CD  =  10  —  8  =  2.  Hence,  by  the  rule,  cd  ~-  cf  =  2 
•—  20  =  •!  the  tabular  height.  This  being  found  in  the  first 
column  of  the  table,  the  corresponding  tabular  area  is 
•04088.  Then  ^04088  x  20'^  =  •04088  x  400  =  16^352, 
the  area>  nearly  the  same  as  before. 

Ex.  3.  What  is  the  area  of  the  segment,  whose  height  is 
18,  and  diameter  of  the  circle  50  ?  Ans.  636*375. 

Ex.  4.  Required  the  area  of  the  segment  whose  chord  is 
16,  the  diameter  being  20  ?  ^  Ans.  44-728. 


^jrcle  whose  diameter  is  1  ;  and  the  first  column  contains  the 
corresponding  heights  or  versed  sii;ies  divided  by.  the  diameter. 
Thus  then,  the  area  of  the  similar  segment,  taken  from  the  table, 
and  multiplied  hj  the  square  of  the  diameter,  gives  the  area  of 
the  segment  to  this  diameter. 


?ROBLEA| 
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PROBLEM   XIII. 
To  measure  long  Irregular  Figures. 

Take  or  measure  the  breadth  at  both  ends^  and  at  se- 
veral places,  at  equal  distances.  Then  add  together  all  these 
intermediate  breadths  and  half  the  Iwo  extremes,  which 
sum  multiply  by  the  length,  and  divide  by  the  number  of 
parts  for  the  area  *. 

Note.  If  the  perpendiculars  or  breadths  be  not  at  equal 
distances,  compute  all  the  parts  separately,  as  so  many  trape- 
zoids, and  add  them  all  together  for  the  whole  area. 

Or  else,  add  all  the  perpendicular  breadths  together,  and 
divide  their  sum  by  the  number  of  them  for  the  mean  breadth, 
to  multiply  by  the  length ;  which  will  give  the  whole  area, 
not  far  from  the  truth. 

Ex.  1.  The  breadths  of  an  irregular  figure,  at  five  equi- 
distant places,  being  8*2,  7-4',  9'2^  iO'2,  8-6;  and  the  whole 
length  39  ;  required  the  area  ? 

8-2  35-2  sum. 

8-6  39 

2)   16-8  3168 

1056 

8'4«  mean  of  the  'extremes.      — 

4)1372-8 


7-4. 

9-2 

10-2 

35-2 

sum 

343-2  the  area. 


Ex. 


*  This  rule  is  made  out  as  follows ;  jy 

— Let  ABCD  be  the  irregular  piece ;  """'--JL^H^.Jf — sC 

having  the  several  breadths  ad,  ef,  a      i\      ^:'     ^\       \r 

GH,  IK,  Bc,  at  the  equal  distances  ae,  g^ — 1 .i i — J 

EG,  Gi,  IB.    Let  the  several  breadths  '       i.      is 

|n  order  he   denoted   by  the  corre- 
sponding letters  a,  b,  c,  d,  e,  and  the  whole  length  ab  by  /;  then 
compute  the  areas  of  the  parts  into  which  the  figure  is  divided 
by  the  perpendiculars,  as  so  many  trapezoids,  by  prob.  3,  and 
add  them  all  together.     Thus,  the  sum  of  the  parts  is, 
a  J^b  ,    b  -\-c  ,    c  -\-d  ,    d  -\-e 

_X_  X  AE  +  -y-  X  EG  +  ----  X  Gi  -f  — —  X  IB 

a  4-  b        ,,    .    b  4-  c        ^,    ,    c  +  d        ri    ,    ^  -h  ^        Tj 

=:  (x^  _j.  ^  4-  ,  4.  ^  +  i,)  X  t/  =  (m  +  3  -f  r  -f  ^)  ^/, 

v>-hich 
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Ex.  2".  The  length  of  an  irregular  figure  being  84,  and  the 
breadths  at  six  equidistant  places  17*4, 20*6, 14-2,  16'Oy  20*1, 
24*4;  what  is  the  area  ?  Ans.  i550'()4. 


PROBLEM    XIV. 

To  find  the  Area  of  an  Ellisis  or  OvaL 

Multiply  the  longest  diameter,  or  axis,  by  the  shortest ; 
then  multiply  the  product  by  the  decimal  '7854,  for  th^ 
area.  As  appears  from  cor.  2,  theor.  3,  of  the  Ellipse,  iti 
the  Conic  Sections. 

Ex.  1.  Required  the  area  of  an  ellipse  whose  two  axes 
are  70  and  50.  Ans.  2748*9 

Ex.  2.  To  find  the  area  of  the  oval  whose  two  axes  are 
24  and  18.  Ans.  S39'2928. 


PROBLEM     XV. 

To  fitid  the  Area  of  any  Elliptic  Segment. 

Find  the  area  of  a  corresponding  circular  segment,  having 
the  sam.e  height  and  the  same  vertical  axis  or  diameter  •,  then 
say,  as  the  said  vertical  axis  Is  to  the  other  axis,  parallel  to 
the  segment's  base,  so  is  the  area  of  the  circular  segment 
before  found,  to  the  area  of  the  elliptic  "segment  sought. 
This  rule  also  comes  from  cor.  2,  theor.  3  of  the  Ellipse. 

Othemvise  thus.  Divide  the  height  of  the  segment  by  the 
vertical  axis  of  the  ellipse  *,  and  find,  in  the  table  of  circular 
segments  to  prob.  12,  the  circular  segment  having  the  above 
quotient  for  its  versed  sine  ;  then  multiply  all  together,. this 
segment  and  the  two  axes  of  the  ellipse,  for  the  area. 

Ex.  1.  To  find  the  area  of  the  elliptic  segment,  whose 
height  is  20,  the  vertical  axis  being  70,  and  the  parallel 
axis  50, 


which  is  the  whole  area,  agreeing  with  the  rule ;  m  being  the 
arithmetical  mean  between  the  extremes,  or  half  the  sum  of  them 
both,  and  4  the  number  of  the  parts.  And  the  same  for  any 
Other  number  of  parts  whatever. 

Here 
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Here  20  ~  70  gives  '28-*-  the  quotient  or  verspd  sine ;  tp 
which  in  the  table  answers  the  seg.   '185 18 

then  70 


12-96260 
50 


648-13000  the  area.      , 

Ex.  Q.  Required  the  area  of  an  elliptic  segment,  cut  oiF 
parallel  to  the  shorter  axis ;  the  height  being  10,  and  the 
two  axes  25  ai>d35.  Ans.  162-03. 

Ex.  3.  To  find  the  area  of  the  elliptic  segment,  cut  off 
parallel  to'the  longer  axis  j  the  height  being  5,  and  the  axes 
25  and  35.  Ans.  97-8425, 


PROBLEM    XVI. 

To  find  the  Area  of  a  Parabola y  or  its  Segment, 

Multiply  the  base  by  the  perpendicular  height;  tlien 
take  two-thirds  bf  the  product  for  the  area.  As  is  proved 
in  theorem  17  of  the  Parabola,  in  the  Conic  Sections. 

Ex.  1.  To  find  the  area  of  a  parabola  j  the  height  being  2, 
and  the  base  12. 

Here  2  x  12  =  24.     Then  |  of  24  =  16,  is  the  area. 

Ex.  2.  Required  the  area  of  the  parabola,  whose  height 
is  JO,  and  its  base  16.  Ans.  106 J. 


MENSURATION  of  SOLIDS. 

BY  the  Mensuration  of  Solids  are  determined  the  spaces 
included  by  contiguous  surfaces ;  and  the  sum  of  the  measures 
of  these  including  surfaces,  is  the  whole  surface  or  superficies 
of  the  body. 

The  measure  of  a  solid,  is  called  its  solidity,  capacity,  or 
content.  ..^jj 

Solids  are  measured  by  cubes,  whose  sides  are  inches,  or 
feet,  or  yards,  &c.  And  hence  the  solidity  of  a  body  is  said 
to  be  so  many  cubic  inches,  feet,  yards,  &c.  as  will  fill  Its 
capacity  or  space,  or  another  of  equal  magnitude. 

Tie 
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The  least  solid  measure  is  the  cubic  inch,  other  cubca 
being  taken  from  it  according  to  the  proportion  in  the  fol- 
lowing table,  which  is  formed  by  cubing  the  linear  pro- 
portions. 

Table  of  Cubic  or  Solid  Mensuycs, 

J72S     cubic  inches  make  1  cubic  foot 

21     cubic^feet  -  1  cubic  yard 

166-g-  cubTc  yards        -  1  cubic  pole 

64OQO     cubic  poles         -  1  cubic  furlong 

5,12     ciibic  furlongs   -  1  cubic  nyle. 


PROBLEM   I. 
To  find  the  Superficies  of  a  Prisnu 

Multiply  the  perimeter  of  one  end  of  the  prism  by  the 
length  or  height  of  the  solid,  and  the  product  will  be  the 
surface  of  all  its  sides.  To  which  add  also  the  area  of  the 
two  ends  of  the  prism,  when  required  *. 

Or,  compute  the  areas  of  all  the  sides  and  ends  separately^ 
and  add  them  all  together. 

Ex.  1,  To  find  the  surface  of  a  cube,  the  length  of  each 
side  being  20  feet.  Ans.  2400  feet. 

Ex.  2.  To  find  the  whol^  surface  of  a  triangular  prism> 
whose  length  is  20  feet,  and  each  side  of  its  end  or  base 
18  inches.  ,  Ans.  91*948  feet. 

Ex.  3.  To  find  the  convex  surface  of  a  round  prism,  or 
cylinder,  vrhose  length  is  20  feet,  and  diameter  of  its  base 
is  2  feet..  /  Ans.  125*664. 

Ex.  4.  What  must  be  paid  for  lining  a  rectangular  cistern 
with  lead,  at  2d.  a  pound  weight,  the  thickness  of  the  lead 
bting  such  as  to  weigh  71b.  for  each  square  foot  of  surface ; 
the  inside  dimensions  of  the  cistern  being  as  follow,  viz.  the 
length  3  feet  2  inches,  the  breadth  2  feet  8  inches,  and  depth 
2  feet  6  inches.  Ans.  2/.  3s.  I0{d. 


*  The  truth  of  this  will  easily  appear,  by  considering  that  tJie 
sides  of  any  prism  are  parallelograms,  whose  common  length  is 
the  same  as  the  length  of  -he  soiid,  and  their  breadths  taken  all 
together  make  up  the  perimeter  of  tlie  ends  of  the  same. 

And  the  rule  is  evidently  the  same  for  the  surface  of  a  cylinder. 
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PROBLEM    II, 

To  find  the  Surface  of  a  Pyramid  or  Ccne, 

Multiply  the  perimeter  of  the  base  by  the  slant  height, 
or  length  of  the  side,  and  half  the  product  will  evidently  be 
the  surface  of  the  sides,  or  the  sum  of  the  areas  of  all  the 
triangles  which  form  it.  To  which  add  the  area  of  the  end 
or  base,  if  requisite.  •         " 

Ex.  1.  Wliat  is  the  upright  surface  of  a  triangular  pyra- 
mid, the  slant  height  being  20  feet,  and  each  side  ,of  the  base 
3  feet  .?  Ans.  90  feet. 

Ex.  2:  Required  the  convex  surface  of  a  cone,  or  circular 
pyramid,  the  slant  height  being  50  feet,  and  the  diameter  of 
its  base  8-^  feet.  Ans.  667-59. 

PROBLEM  III. 

To  find  the  Surface  of  'the  Frustum  of  a  Pyramid  or  Ccne ;  being 
the  lower  pai'ty  ivhen  the  top  is  cut  off  by  a  plane  parallel  to  the 

base. 

Add  together  the  perimeters  of  the  two  ends,  and  multi- 
ply their  sum  by  the  slant  height,  taking  half  the  product  for 
the  answer. — As  is  evident,  because  the  sides  of  the  solid  are 
trapezoids,  having  the  opposite  sides  parallel. 

Ex.  1.  How  many  square  feet  are  in  the  surface  of  the 
frustum  of  a  square  pyramid,  whose  slant  height  is  1 0  £QQi ; 
also,  each  side  of  the  base  or  greater  end  being  3  feet  4  inches, 
and  each  side  of  the  less  end  2  feet  2  inches  ^    Ans.  110  feet. 

Ex.  2.  To  find  the  convex  surfiice  of  the  frustum  of  a  Cone, 
the  slant  height  of  the  frustum  being  12^  feet,  and  the  cir- 
cumferences of  the  two  ends  6  and  8-4  feet.       Ans.  90  feet. 

PROBLEM   IV. 

To  find  the  Solid  Content  of  any  Prison  or  Cylinder. 

Find  the  area  of  the  base,  or  end,  whatever  the  figure 
of  it  may  be ;  and  multiply  It  by  the  length  of  the  prism  or 
cylinder,  JFor  the  solid  content  *. 

Note. 


*  This  lyle  appears  from  the  Geom.  theor.  110,  cor.  2.     The 
same  is  mwe  particularly  shev.n  as  follows:  Let  the  annexed 

rectangular 
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Note.  For  a  cube,  take  the  cube  of  its  side  ;  and  for  a  pa- 
rallelopipedon,  multiply  the  length,  breadth,  and  depth  all 
together,  for  the  content. 

Ex.  1  .•  To  find  the  solid  content  of  a  cube,  whose  side  is 
21-  inches.  Ans.  13821. 

Ex.  2.  How  many  cubic  feet  are  in  a  block  of  marble,  its 
length  being  3  feet  2  inches,  breadth  2  feet  8  inches,  and 
thickness  2  feet  6  inches  I  Ans.  21-J. 

Ex.  3.  How  many  gallons  of  water  will  the  cistern  con- 
tain, whose  dimensions  are  the  same  as  in  the  last  example, 
when  282  cubic  inches  are  contained  in  one  gallon  ? 


Ans- 


129if. 


Ex.  4.  Required  the  solidity  of  a  triangular  prism,  whose 
length  is  10  feet,  and  the  three  sides  of  its  triangular  end  or 
base  are  3,  4,  5  feet.  Ans.  60. 

Ex.  5.  Required  the  content  of  a  round  pillar,  or  cylinder, 
whose  length  is  20  feet,  and  circumference  5  feet  6  inches. 

Ans.  48-1459  feet. 


rectangular  parallelopipedon  be  the 
solid  to  be  measured,  and  the  cube 
p  the  solid  measuring  unit,  its  side 
being  1  inch,  or  1  foot,  Sec  ;  also,  let 
the  length  and  breadth  of  the  base 
A  BCD,  and  also  the  height  ah,  be  di- 
vided into  spaces  equal  to  the  length 
of  the  base  of  the  cube  p,  namely, 
here  3  in  the  length  and  2  in  the 
breadth,  making  3  times  2  or  6 
squares  in  the  base  ac,  each  equal 
to  the  base  of  the  cube  p.  Hence 
it  is  manifest  that  the  parallelopipedon  will  contain  the 
cube  p,  as  many  times  at  the  base  Ac  contains  the  base  of  the 
cube,  repeated  as  often  as  the  height  ah  contains  the  height  of 
the  cube.  That  is,  the  content  of  any  parallelopipedon  is  found, 
by  multiplying  the  area  of  the  base  by  the  altitude  of  tliat  solid* 
And,  because  all  prisms  and  cylinders  are  equal  to  parnilelopipe* 
dons  of  equal  bases  and  altitudes,  by  Geom.  theor.  108,  it  fol- 
lows that  the  rule  is  general  for  all  such  solids,  whatever  the 
figure  of  the  base  may  be. 
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PROBLEM    V. 

To  find  the  Content  of  any  Pyramid  or  Cone, 

Find  the  area  of  the  base,  and  multiply  that  area  by  the 
perpendicular  height ;  then  take  -}  of  the  product  for  the 
content  *'. 

Ex.  1 .  Required  the  solidity  of  the  square  pyramid,  each 
side  of  its  base  being  30,  and  its  perpendicular  height  25. 

Ans.  7500. 

Ex.  2.  To  find  the  content  of  a  triangular  pyramid,  whose 
perpendicular  height  is  30,  and  each  side  of  the  base  3. 

Ans.  38-97117. 

Ex.  3.  To  find  the  content .  of-  a  triangular  pyramid.  Its 
height  being  1 4<  feet  6  inches,  and  the  three  sides  of  its  base 
5,  6,  7  feet .  Ans.  7 1  -0352. 

Ex.  4.  What  Is  the  content  of  a  pentagonal  pyramid,  its 
height  being  12  feet,  and  each  side  of  its  base  2  feet  ? 

Ans.  27-5276. 

Ex.  5.  What  Is  the  content  t)f  the  hexagonal  pyramid, 
whose  height  is  6*4  feet,  and  each  side  of  its  base  6  inches  ? 

Ans.  1-38564  feet. 

Ex.  6^  Required  the  content  of  a  cone,  its  height  being 
10  J  feet,  and  the  circumference  of  its  base  9  feet. 

Ans.  22-56093. 


PROBLEM     TI. 

To  find  the  Solidity  of  the  Frustum  of  a  Cone  or  Pyramid, 

Add  Into  one  sum,  the  areas  of  the  two  ends,  and  the 
inean  proportional  between  them :  and  take  \  of  that  sum 
for  a  mean  area ;  which  being  multiplied  by  the  perpendicu- 
lar height  or  length  of  the  frustum,  will  give  its  content  f. 

Note. 


*  This  rule  follows  from  that  of  the  prism,  because  any  py- 
ramid Is  f  of  a  prism  of  equal  base  and  altitude;  by  Geom. 
theor.  115,  cor.  1  and  2. 

f  Let  ABCD  be  any  pyramid,  of  which  bcdgfe  is  a  frustum. 
And  put  a^  for  the  area  of  the  base  bcd,^  h"^  the  area  of  the  top 

EFG, 
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Note,  This  general  rule  may  be  otherwise  express(5d,  as 
follows,  when  the  ends  of  the  frustum  are  circles  or  regular 
polygons.  In  this  latter  case,  square  one  side  of  each  poly- 
gon, and  also  multiply  the  one  side  by  the  other ;  add  all 
these  three  products  together ;  then  multiply  their  sum  by 
the  tabular  area  proper  to  the  polygon,  and  take  one-third  of 
the  product  for  the  mean  area,  to  be  multiplied  by  the  length, 
to  give  the  solid  content.  And  in  the  case  of  the  frustum 
of  a  cone,  the  ends  being  circles,  squahe  the  diameter  or  the 
circumference  of  each  end,  and  also  multiply  the  same  two 
dimensions  together ;  then  take  the  sum  of  the  three  pro- 
ducts, and  multiply  it  by  the  proper  tabular  munber,  viz.  by 
•7854  when  tlae  diameters  are  used,  or  by  '07958  in  using 
the  circumferences ;  then  taking  one-third  of  the  product, 
to  multiply  by  the  lengthy  for  the  content. 

Ex.  1.  To  find  the  number  of  solid  feet  in  a  piece  of 
timber,  whose  bases  are  squares,  each  side  of  the  greater  end 
being  15  inches,  and  each  side  of  the  less  end  6  inches ;  also, 
the  length  or  perpendicular  altitude  24  feet  ^  Ans.  19 1. 

Ex.  2.  Required  the  content  of  a  pentagonal  frustum, 
w^hose  heidit  is  5  feet,  each  side  of  the  base  18  inches,  and 
each  side  of  the  top  or  less  end  6  inches.  Ans.  9*31925  feet., 


EFG,  h  the  height  ih  o£  the  frustum,  and  c  the 
height  A I  of  the   top    part    above  it.     Then 
r  -}-  Zr  =  AH  is  the  height  of  the  whole  pyra-    • 
mid. 

Hence,  by  the  last  prob.  ^cr  {c  -\-  h)  is  the 
content  of  the  whole  pyramid  abcd,  and  Wc 
the  content  of  the  top  part  aefg  ;  therefore 
the  difference  -j^r  [c  -{^h)  —  -j^'V  is  the  content 
of  the  frustum  bcdgfe.      But  the  quantity  c 
being 'no  dimension  of  the  frustum,  it  must  be  expelled  from 
this  formula,  by  substituting  its  value,  found  in  the  following 
manner.     By  Geom.    theor.   IJ'2,  a^  :  Ir  i:   [c -{- h)-  :  r,  or 
a  ih  w  c  ■\-  h  \  c^  hence  (Geom.  th.  69)   a  —  b  :  b  : :  h  i  c,  and 

hi 

a  "^  h  \  a  '.'.  h  ',  c  -\-  h  ;  hence  therefore  c  = ,  and  c  -{-  /j  = 

a  —  b 

~'  i  then  these  values  ofcand^  -}- ^  being  substituted  for 
a  —  b 
them  in  the  expression  for  the  content  of  the  frustum,  gives  that 

content  =  ^a'  x  ——-  -  W'X ^  —  i^J  X  T—V^'^ 

n  —  b       ^         a  —  b  a^  o 

(^*  -\-  ab  -\-  />'-') ;  which  is  the  rule  above  given. 

Ex.  3. 
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Ex.  3.  To  find  the  content  of  a  conic  frustum,  the  alti- 
tude being  18,  the  greatest  diameter  8,  and  the  least  dia- 
meter 4.  Ans.  527-7888. 

Ex.  4.  What  is  the  solidity  of  the  frustum  of  a  cone,  th# 
altitude  being  25,  also  the  circumference  at  the  greater  end 
being  20,  and  at  the  less  end  10  ?  Ans.  464*205. 

Ex.  5.  If  a  ca^k,  which  is  two  equal  conic  frustmns  joined 
together  at  the  bases,  have  its  bung  diameter  28  inches,  the 
head  diameter  20  inches,  and  length  40  inches  ♦,  how  many 
gallons  of  wine  will  it  hold  ?  Ans.  79-0613. 

PROBLEM  VII. 

To  find  the  Surface  of  a  Sphere^  or  any  Segment, 

PluLE  I.  Multiply  the  circumference  of  the  sphere 
by  its  diameter,  and  the  product  will  be  the  whole  surface 
of  it  *e 

Rule  II. 


*  These  rules  come  from  the  following  theorems  for  the  sur- 
face of  a  sphere,  viz.  That  the  said  surface  is  equal  to  the  curve 
surface  of  its  circumscribing  cylinder  ;  or  that  it  is  equal  to  4 
great  circles  of  the  same  sphere,  or  of  the  sajne  diameter,  which 
are  thus  proved. 

Let  A  BCD  be  a  cylinder,  circumscribing 
the  sphere  efgh,  the  former  generated 
by  the  rotation  of  the  rectangle  fbch 
about  the  axis  or  diameter  fh;  and  the 
latter  by  the  rotation  of  the  semicircle 
FGH  about  the  same  diameter  fh^  Draw 
two  lines  kl,  mn,  perpendicular  to  the 
axis,  intercepting"  the  parts  ln,  op,  of  the 
cylinder  and  sphere ;  then  will  the  ring 
or  cylindric  surface  generated  by  the  ro- 
tation of  LN,  be  equal  to  the  ring  or  spherical  surface  generated 
by  the  ftrc  op.  li'or,  first,  suppose  the  parallels  kl  and  mn  to 
be  indefinitely  near  together;  drawing  lo,  and  also  oq  parallel 
to  LN.  Then,  the  two  triangles  iko,  oop,  bein^:  equiangular,  it 
IS,  as  OP  r  ocj  or  LN  .-  *  lo  or  kl  ;  ko  \\  circumference  described 
by  KL  :  circumf.  described  by  ko  ;  therefore  the  rectangle  op  X 
circumf.  of  ko  is  equal  to  the  rectangle  ln  x  circumf.  of  kl^ 
that  is,  the  ring  described  by  op  on  the  sphere,  is  equal  to  the 
ring  described  by  ln  on  the  cylinder. 

Vol.  IL  '     F.  And 
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Rule  II.  Square  the  diameter,  and  multiply  that  square 
by  3*  14?  16,  for  the  surface. 

*  Rule  III.  Square  the  circumference;  then  either  multi- 
ply that  square  by  the  decimal  '3183,  or  divide  it  by  3' 141 6, 
for  the  surface. 

Note.  For  the  surface  of  a  segment  or  frustum,  multiply 
the  whole  circumference  of  the  sphere  by  the  height  of  the 
part  required. 

Ex.  1.  Required  the  convex  superficies  of  a  sphere,  whose 
■diameter  is  7,  and  circumference  22.  *Ans.  154. 

Ex,  2.  Required  the  superficies  of  a  globe,  whose  diameter 
is24iftches.  Ans.  1809-5616. 

Ex.  3.  Required  the  area  of  the  whole  surface  of  the 
earth,  its  diameter  being  7957|:  miles,  and  its  circumference 
25000  miles.  Ans.  198943750  sq.  mile?. 

Ex.  4.  The  axis  of  a  sphere  being  42  Inches,  what  is  the 
convex  superficies  of  the  segment  whose  height  is  9  inches  ? 

Ans.  1187-5248  inches. 

Ex.  5.  Required  the  convex  surface  of  a  spherical  zone, 
whose  breadth  or  height  is  2  feet,  and  cut  from  a  sphere  of 
124  feet  diameter.  Ans.  78*54  feetw 


'  And  as  this  is  every  where  the  case,  therefore  the  sums  of  any 
corresponding  number  of  these  are  also  equal;  that  is,  the  whole 
surface  of  the  sphere,  described  by  the  whole  semicircle  fgh,  is 
equal  to  the  whole  curve  surface  of  the  cylinder,  described  by 
the  height  bc  ;  as  well  as  the  surface  of  any  segment  described 
by  Fo,  equal  to  the  surface  of  the  corresponding  segment  de- 
scribed by  BL. 

Corol.  1.  Hence  the  surface  of  the  sphere  is  equal  to  4  of  its 
great  circles,  or  equal  to  the  circumference  efgh,  or  of  dc,  mul- 
tiplied by  the  height  bc,  or  by  the  diameter  fh. 

Corol.  2.  Henc€  also,  the  surface  of  any  such  part  as  a  seg- 
ment or  frustum,  or  zone,  is  equal  to  the  same  circumference 
of  the  sphere,  multiplied  by  the  height  of  the  said  part.  And? 
consequently,  such  spherical  curve  surfaces  are  to  one  another 
in  the  same  proportion  as  their  altitudes. 
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PROBLEM     Vllt. 

To  find  the  Solidity  of  a  Sphere  or  Glohe. 

kuLE  I.    Multiply  the   surface  by  the  diameter,    and 
take  -i-  cf  the  product  for  the  content  *. 

Rule  II.  Take  the  cube  of  the  diameter,  and  multiply  it 
by  the  decimal  '5236,  for  tl\e  content. 

Ex.  1.  To  find  the  content  of  a  sphere  whose  axis  is  12. 

Ans.  904-7808. 

Ex*  2.  To  find  the  solid  contend  of  the  globe  of  the  earth, 
supposing  its  circumference  to  be  2^1,000  miles. 

Ans.  263858149120  miles. 

PROBLEM    IX. 

To  find  the  Solid  Content  of  a  Spherical  Segment. 

f  Rule  I.  From,  three  times  the  diameter  of  the  sphere, 
take  double  the  height  of  the  segment ;  then  multiply  the 

remainder 


*  For,  put  d  —  the  diameter,  c  ==  the  circumference,  and  s  = 
the  surface  of  the  sphere,  or  of  its  ciifcumscribing  cylinder ;  also, 
a  =±  the  number  3*1416. 

Then,  -Jj  is  :i=  the  base  of  the  cylinder,  or  one  great  circle  of 
the  sphere  ;  and  d  is  the  height  of  the  cylinder ;  therefore  ^ds  is 
the  content  of  the  cylinder.  But  -J  of  the  cylinder  is  the  sphere, 
by  th.  117,  Geom.  that  is,  |-  of-^ds,  or  -^ds  is  the  sphere  ;  which 
is  the  first  rule. 

Again,  because  the  surface  j  is  =r  ad^ ;  therefore  ^ds  =  ^ad^ 
^  '52366^^  is  the  content,  as  in  the  2d  rule. 

f  By  corol.  3,  of  theor.  117,  Geom.  it 
appears  that  the  spheric  segment  pfn,  is 
equal  to  the  difference  between  the  cylinder 
ABLO,  and  the  conic  frustum  abmq. 

But,  putting  J  =  AB  or  FH  the  diameter 
of  the  sphere  or  cylinder,  /^  =  fk  the  height 
of  the  segment,  r  =  pk  the  radius  of  its 
base,  and  a  =.-  3*1416 ;  then  the  content  of 
the  cone  abi  is  =  ^ad^  x  -Jfi  =  -i^ad^y 
and  by  the  similar  cones  abi,  qmi,  as 
E2 
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remainder  by.  the  square  of  the  height,  and  the  product  bj 
the  decimal  '5236,  for  the  content. 

Rul£  II.  To  three  times  the  square  of  the  radius  of  the 
Segment's  base,  add  the  square  of  its  height ;  then  multiply 
the  sum  by  the  height,  and  the  product  by  '52S6y  for  the 
content. 

Ex.  1.  To  find  the  content  of  a  spherical  segment,  of  2 
feet  in  height,  cut  from  a  sphere-  of  S  feet  diameter. 

Ans.  41-888. 

Ex.  2.  What  is  the  solidity  of  the  segment  of  a  sphere^, 
its  height  being  9,  and  the  diameter  of  its  base  20  ? 

Ans.  1795-4244. 


Note.  The  general  rules  for  measuring  all  sorts  of  figures 
having  been  now  delivered,  we  may  next  proceed  to  apply 
them  to  the  several  practical  uses  in  life,  as  follows. 


-V/ ^ 

ri"  :   Ki^   ::  -^a^P  :  ^^ad^    x    (■— i-?— )^  =  th©  cone  q,m\; 

a" 

therefore  the  cone  abi  —  the  cone  qvii  =  -^^ad-^  —  -^^acP  x 
(^  J        y  =  ^ad'h  —  ^aJh"-  4"  W^^  is  =  the  conic  frustum  abmq. 

And  -^ad^h  is  =  the  cylinder  ablo. 

Then  the  difference  of  tJiese  two  is  ladLi^  —  f^^  =  ^al)'  x 
(3d  —  2^),  for  the  spheric  segment  pfn  ;  which  is  the  first  rule. 

Again,  because  pk'  =■  fk  x  kh  (cor.  to  theor.  87,  Geom.) 
Cr  r^  =  h  {d  —  h),  therefore  d  =  —  -^  h,  and  3d  —2/^3= 


8r'  3r*  -\-  f}^ 

-J--  -{-  h  '=. -. ;  which  being  substituted  in  the  former    , 

3r'^  4-  }p- 
rule,  it  becomes  ifly^^  x  v =  \ah  x  (3r^  4-  A^),  which 

is  the  2d  rule. 

Note,  By  subtracting  a  segment  from  a  half  sphere,  or  froinc 
another  segment,  the  content  of  any  frustum  or  zone  may  be 
found. 
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SECTION  I. 

DESCRIPTION  AND  USE  of  the,  INSTRUMENTS. 

I.   OF  THE  CHAIN. 

LAND  is  measured  with  a  chain,  called  Gimter's  Chain, 
from  its  inventor,  of  4  poles,  or  22  yards,  or  66  feet,  in  length. 
It  consists  of  M)0  equal  links ;  and  the  length  of  each  link  is 
therefore  xVo-  of  a  yard,  or  -fSu  of  ^  foot,  or  7*92  inches. 

Land  is  estimated  in  acres,  roods,  and  perches.  An  acr^ 
is  equal  to  10  square  chains,  or  as  much  as  10  chains  in  length 
and  1  chain  in  breadth.  Or,  in  yards,  it  is  220  x  22  =  4840 
square  yards.  Or,  in  poles,  it  is  40  x  4  =  1 60  square  poles. 
Or,  in  links,  it  is  1000  x  100  =  100000  square  links:  these 
being  all  the  same  quantity. 

Also,  an  acre  is  divided  into  4  parts  called  roods,  and  a 
rood  into  40  parts  called  perches,  which  are  square  poles,  or 
the  square  of  a  pole  of  5~  yards  long,  or  the  square  of  ^  of  a 
chain,  or  of  25  links,  which  is  625  square  links.  So  that  the 
divisions  of  land  measure,  will  be  thus : 

625  sq.  links  =  1  pole  or  perch 
40  perches    =  1  rood 
4  roods       =  1  acre. 

The  length  of  lines,  measured  with  a  chain,  are  best  set 
down  in  links  as  integers,  every  chain  in  length  being  100 
links ;  and  not  in  chains  and  decimals.  Therefore,  after  the 
content  is  found,  it  will  be  in  square  links ;  then  cut  off  five 
of  the  figures  on  the  right-hand  for  decimals,  and  the  rest 
will  be  acres^  These  decimals  are  then  multiplied  by  4  for 
roods,  and  the  decimals  of  these  again  by  40  for  perches. 

Exam.  Suppose  the  length  of  a  rectangular  piece  of  ground 
be  792  links,  and  its  breadth  385  ;  to  find  the  area  in  acres, 
rQods,  and  perches, 

792  S'04920 

385  4 

3960  -19680 

6336  40 

^376  7-87200 

3-04920  

Ans.  3  acres,  0  roods,  7  perches.  2.  ot 
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2.    OF  THE  PLAIN  TABLE. 

This  instrument  consists  of  a  plain  rectangular  board,  of 
any  convenient  size :  the  centre  of  which,  when  used,  is  fixed 
by  means  of  screws  to  a  three-legged  stand,  having  a  ball 
and  socket,  or  other  joint,  at  the  top,  by  means  of  which, 
when  the  legs  are  fixed  on  the  ground,  the  table  is  inclined 
in  any  direction. 

To  the  table  belong  various  parts,  as  follow. 

1.  A  frame  of  wood,  made  to  fit  round  its  edges,  and  to 
be  taken  off,  for  the  convenience  of  putting  a  sheet  of  paper 
on  the  table.  The  one  side  of  this  frame  is  usually  divided 
into  equal  parts,  for  drawing  lines  across  the  table,  parallel 
or  perpendicular  to  the  sides  ;  and  the  other  side  of  the  frame 
is  divided  into  360  degrees,  to  a  centre  which  is  in  the 
i-piddle  of  the  table ;  by  means  of  which  the  table  is  to  be 
used  as  a  theodolite,  &c. 

^,  A  magnetic  needle  and  compass,  either  screwed  into 
the  side  of  the  table,  or  fixed  beneath  its  centre,  to  point  out 
the  directions,  and  to  be  a  check  on  the  sights. 

3.  An  index,  which  is  a  brass  two-foot  scale,  with  either  a 
small  telescope,  or  open  sights  set  perpendicularly  on  the 
ends.  These  sights  and  one  edge  of  the  index  are  in  the  same 
plane,  and  that  is  called  the  fiducial  edge  of  the  index. 

To  use  this  instrument,  take  a  sheet  of  paper  which  will 
cover  it,  and  wet  it  to  make  it  expand ;  then  spread  it  flat  on 
the  table,  pressing  down  the  fi-ame  on  the  edges,  to  stretch 
it  and  keep  it  fixed  there  ;  and  when  the  paper  is  become 
clry,  it  will,  by  contracting  again,  stretch  itself  smooth  and 
flat  from  any  cramps  and  unevenness.  On  this  paper  is  to 
be  drawn  the  plan  or  form  of  the  thing  measured. 

Thus,  begin  at  any  part  of  the  ground  the  most  proper, 
aid  make  a  point  on  a  convenient  part  of  the  paper  or  table, 
to  represent  that  place  on  the  ground ;  then  fix  in  that  point 
one  leg  of  the  compasses,  or  a  fine  steel  pin,  and  apply  to 
it  the  fiducial  edge  of  the  index,  moving  it  round  till  through 
the  sights  you  perceive  some  remarkable  object,  as  the  corner 
of  a  field,  &c  ;  and  from  the  statioivpoint  draw  a  line  with 
the  point  of  the  cornpasses  along  the  fiducial  edge  of  the  in- 
dex, which  is  called  setting  or  taking  the  object :  then  set 
another  object  or  corner,  and  draw  its  line ;  do  the  same^y 
anotherj  and  so  on,  till  as  many  objects  are  taken  as  may  be 
thought  fit.  Then  measure  from  the  station  towards  as  many 
of  the  objects  as  may  be  necessary,  but  not  more,  taking  the 
requisite  oflsets  to  corners  or  crooks  in  the  hedges,  laying 
the  rpeasures  down  on  their  respective  fines  on  the  table. 

Th?n, 
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Then,  at  any  convenient  place  measured  to,  fix  the  table  in 
the  same  position,  and  set  the  objects  which  appear  from 
thence,  and  so  on,  as  before.  And  thus  continue  till  the 
work  is  finished,  measuring  such  lines  only  as  are  necessary, 
and  determining  as  many  as  may  be  by  intersecting  lines  of 
direction  drawn  from  different  stations. 

Of  shifting  the  Paper  on  the  Plain  Table. 

When  one  paper  is  full,  and  there  is  occasion  for  more ; 
draw  a  line  in  any  manner  through  the  farthest  point  of  the 
last  station  line,  to  which  the  work  can  be  conveniently  laid 
down  ;  thei:i  take  the  sheet  off  the  table,  and  fix  anotlier  on, 
drawing  a  line  over  it.  In  a  part  the  most  convenient  for  the 
rest  of  the  work ;  then  fold  or  cut  the  old  sheet  by  the  line 
drawn  on  it,  applying  the  edge  to  the  line  on  the  new  sheet, 
and,  as  they  lie  in  that  position,  continue  the  last  station  line 
on  the  new  paper,  placing  on  it  the  rest  of  the  measure,  be- 
ginning at  where  the  old  sheet  left  off.  And  so  on  from 
sheet  to  sheet. 

When  the  work  is  done,  and  you  would  fasten  all  the 
sheets  together  into  one  piece,  or  rough  plan,  the  aforesaid 
lines  are  to  be  accurately  joined  together,  in  the  same  man- 
ner as  when  the  lines  were  transferred  from  the  old  sheets  to 
the  new  ones.  But  it  is  to  be  noted,  that  if  the  said  joining 
lines,  on  the  old  aijjd  new  sheets,  have  not  the  same  incli- 
nation to  the  side  of  the  table,  the  needle  will  not  point  to 
the  original  degree  when  the  table  is  rectified ;  and  if  the 
needle  be  required 'to  respect  still  the  same  degree  of  the 
compass,  the  easiest  way  of  drawing  the  lines  in  the  same  po- 
sition, is  to  draw  them  both  parallel  to  the  same  sides  of  the 
table,  by  means  of  the  equal  divisions  marked  on  the  other 
two  sides. 

3.    OF  THE  THEODOLITE. 

The  theodolite  Is  a  brazen  circular  ring,  divided  into  360 
degrees,  &c.  and  having  an  index  with  sights,  or  a  telescope, 
placed  on  the  centre,  about  which  the  index  is  moveable ; 
also  a  compass  fixed  to  the  centre,  to  point  out  courses  and 
check  the  sights  ;  the  whole  being  fixed  by  the  centre  on  a 
stand  of  a  convenient  height  for  use. 

In  using  this  instrum.ent,  an  exact  account,  or  field-book, 
of  all  measures  and  things  necessary  to  be  remarked  in  the 
plan,  must  be  kept,  from  which  to'  make  out  the  plan  on  re- 
turning home  from  the  ground. 

Begin  at  such  part  of  the  ground,  and  measure  In  such 
directions  as  you  judge'  most  convenient  j  taking  angles  or 
directions  to  objects,  and  measuring  such  distances  as  appear 

necessary. 
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necessary,  under  the  same  restrictions  as  in  the  use  of  the 
plaih  table.  And  it  is  safest  to  fix  the  theodoHte  in  the  ori- 
ginal position  at  every  station,  by  means  of  fore  and  back 
objects,  and  the  compass,  exactly  as  in  using  the  plain  table  ; 
registering  the  number  of  degrees  cut  oil' by  the  index  when 
directed  to  each  object  •,  and,  at  any  station,  placing  the 
index  at  the  same  degree  as  when  the  direction  towards  that 
station  was  taken  from  the  last  preceding  one,  to  fix  the 
theodolite  there  in  the  original  position. 

The  best  method  .of  laying  down  the  aforesaid  lines  of 
direction,  is  to  describe  a  pretty  large  circle ;  then  quarter 
it,  and  lay  on  it  the  several  numbers  of  degrees  cut  off  by 
the  index  in  each  direction,  and  drawing  lines  from  the 
centre  to  all  these  marked  points  in  the  circle.  Then,  by 
means  of  a  parallel  ruler,  draw,  from  station  to  station,  lines 
parallel  to  the  aforesaid  lines  dra^\^l  from  the  centre  to  the 
j'espective  points  in  the  circumference. 

4.    OF  THE  CROSS. 

The  cross  consists  of  two  pair  of  sights,  set  at  right  angles 
to  each  other,  upon  a  staff  having  a  sharp  point  at  the  bottom, 
to  fix  in  the  gaoound. 

The  cross  is  very  useful  to  measure  small  and  crooked  pieces 
of  ground.  The  method  is,  to  measure  a  base  or  chief  line, 
usually  in  the  longest  direction  of  the4)iece,  from  corner  to 
corner;  and  while  measuring  it,  finding  the  places  where 
■  perpendiculars  would  fall  on  this  line,  from  the  several  cor- 
hers  and  bends  in  the  boundary  of  the  "piece,  with  the  cross, 
by  fixing  it,  hy  trials,  on  such  parts  of  the  line,  as  that 
tlirough  one  pair  of  the  sights  both  ends  of  tlie  Hne  may 
appear,  and  through  the  other  pair  the  corresponding  bends 
or  comers  ;  and  then  measuring  the  lengths  of  the  said  per- 
pendiculars. 

REMARKS. 

Besides  the  fore-mentioned  instruments,  which  are  most 
commonly  used,  there  are  some  others  ;  as  the  circumfe- 
rentor,  which  resembles  the  theodolite  in  shape  and  use;  and 
the  semicircle,  for  taking  angles,  &c. 

The  perambulator  is  used  for  measuring  roads,  and  other 
great  distances  on  level  ground,  and  by  the  sides  of  rivers. 
It  has  a  wheel  cf  8^  feet,  or  half  a  pole,  in  circumference, 
by  the  turning  of  which  the  machine  goes  forward  •,  and  the 
distance  measured  is  pointed  out  by  an  index,  which  is  moved 
round  by  clock  work. 

Levels,  with  telescopic  or  other  sights,  are  used  to  find  t|ie 
level  between  place  and  place,  or  how  much  one  place  is 

higher' 
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higher  or  lower  than  another.  And  In  measuring  any  sloping 
or  oblique  line,  either  ascending  or  descending,  a  small 
pocket  level  is  useful  for  showing  how  many  links  for  each 
chain  are  to  be  deducted,  to  reduce -the  line  to  the  horizon- 
tal length. 

An  offset-stafF  is  a  very  useful  instrument,  for  measuring 
,the  offsets  and  other  short  distances.  It  is  10  links  in  length, 
being  divided  and  marked  at  each  of  the  10  links. 

Ten  small  arrows,  or  rods  of  iron  or  wood,  are  used  to 
mark  the  end  of  every  chain  length,  in  measuring  lines. 
And  sometimes  pickets,  or  staves  with  flags,  are  set  up  as 
marks  or  objects  of  direction. 

Various  scales  are  also  used  in  protracting  and  measuring 
on  the  plan  or  paper ,  such  as  plane  scales,  line  of  chords, 
protractor,  compasses,  reducing  scale,  parallel  and  perpen- 
dicular rules,  &c.  Of  plane  scales,  there  should  be  several 
sizes,  as  a  chain  in  1  inch,  a  chain  in  ^  of  an  inch,  a  chain 
in  ~  an  inch,  &c.  And  of  these,,  the  best  for  use  are  those 
that  are  laid  on  the  very  edges  of  the  ivory  scale,  to  mark  oW 
distances,  without  compasses. 

5.    OF  THE  FIELD-BOOK. 

In  surveying  with  the  plain  table,  ^  field-book  Is  not  used, 
as  every  thing  is  drawn  on  the  table  immediately  when  it  is 
measured.  But  in  surveying  with  the  theodolite,  or  any 
other  instrument,  some  kind  of  a  field-book  must  be  used,  to 
write  down  in  it  a  register  or  account  of  all  that  is  done  and 
occurs  relative  to  the  survey  in  hand. 

This  book  every  one  contrives  and  rules  as  he  thinks  fittest 
for  himself.  The  following  is  a  specimen  of  a  form  which 
has  been  formerly  used.  It  is  ruled  into  three  c6lumns  :  thfe 
middle,  or  principal  column,  is  for  the  statiqns,  angles, 
bearings,  distances  measured,  &c;  and  those  on  the  right 
and  left  are  for  the  offsets  on  the  right  and  left,  which  are 
set  against  their  corresponding  distances  in  the  middle  co- 
lumn ;  as  also  for  such  remarks  as  may  occur,  and  may  be 
proper  to  note  in  drawing  the  plan,  &c. 

Here  0  1  is  the  first  station,  where  the  angle  or  bearing  is 
105"  25'.  On  the  left,  at  73  links  in  the  distance  or  prin- 
cipal line,  is  an  offset  of  92  j  and  at  610  an  offset  of  24-  to  a 
cross  hedge.  On  the  right,  at  0,  or  the  beginning,  an  offset 
*2d  to  the  corner  of  the  field;  at  248  Brawn's  boundary 
hedge  commences ;  at  610  an  offset  35;  and  at  954,  the  end 
of  the  first  line,  the  0  denotes  its  terminating  in  the  hedge. 
And  so  on  for  the  other  stations. 

A  line  is  drawn  under  the  work,  it  the  end  of  every  sta- 
tion line,  to  prevent  confusion. 

Form 
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Fortn  of  this  Field-Booh, 


Stations, 

Offsets  and  Remarks 

Bearings, 

Offsets  and  Remarks 

on  the  left, 

and 
Distances. 

on  the  right. 

O    1 

105'  25' 

00 

25  cornof 

92 

73 

248 

Brown's  hedge 

eross  a  hedge  24- 

610 

35 

954. 

00 

G   2 

53°  10' 

house  corner  51 

25 

21 

120 

29  a  tree 

u 

734. 

40  a  stile 

.      O   3 

67°  20' 

61 

35 

a  brook         30 

248 

639 

16  a  spring 

foot-path        16 

810 

cross  hedge    18 

973 

20  a  pond 

[Then  let  the  pupil  make  here  a  plan  from  the  above 
field-book.] 

But  some  skilful  surveyors  now  make  use  of  a  different 
method  for  the  field-book,  namely,  beginning  at  the  bottom 
of  the  page  and  writing  upwards  j  by  which  they  sketch  a 
neat  boundary  on  either  hzyid,  as  they  pass  along ;  an  ex- 
ample of  which  will  be  given  further  on,  in  the  method  of 
surveying  a  large  estate. 

In  smaller  surveys  an4  measurements,  a  good  way  of  set- 
ting down  the  work,  is,  to  draw  by  the  eye,  on  a  piece  of 
paper,  a  figure  resembling  that  which  is  to  be  measured  ; 
and  so  \vriting  the  dimensions,  as  they  are  found,  against 
the  corresponding  parts  of  the  figure.  And  this  method 
may  be  practised  to  a.considerabie  extent,  ev^n  in  the  larger 
surveys. 

spcriON 
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SECTION    II, 

THE  PRACTICE  OP  SURVEYING. 

This  part  contains  the  several  works  proper  te  be  douft 
in  the  field,  or  the  ways  of  measuring  by  all  the  instruments, 
and  in  all  situations. 

PROBLEM      I. 

To  measure  a  Lme  or  Distance, 

To  measure  a  line  on  the  ground  with  the  chain :  Having 
provided  a  chain,  with  10  small  arrows,  or  rods,  to  fix  one 
into  the  ground,  as  a  mark,  at  the  end  of  every  chain  5  two 
persons  take  hold  of  the  chain,  one  at  each  end  of  it  \  and 
all  the  10  arrows  are  taken  by  one  of  them,  who  goes  fore- 
most, and  is  called  the  leader ;  the  other  being  called  the 
follower,  for  distinction's  sake. 

A  picket,  or  statioH-stafF,  being  set  up  in  the  direction  of 
the  line  to  be  measured,  if  there  do  not  appear  sonie  marks 
naturally  in  that  direction,  they  measure  straight  towards  it, 
the  leader  fixing  down  an  arrow  at  the  end  of  every  chain, 
which  the  follower  always  takes  up,  as  he  comes  at  it,  till 
all  the  ten  arrows  are  used.  They  are  then  all  returned  to 
the  leader,  to  use  over  again.  And  thus  the  arrows  are 
changed  from  the  one  to  the  other  at  every  10  chains'  length, 
till  the  whole  line  is  finished;  then  the  number  of  changes 
of  the  arrows  shows  the  number  of  tens,  to  which  the  fol- 
lower adds  the  arrows  he  holds  in  his  hand,  and  the  number 
of  links  of  another  chain  over  to  the  mark  or  end  of  the 
line.  So,  if  there  have  been  3  changes  of  the  arrows,  and 
the, follower  hold  6  arrows,  and  the  end  of  the  line  cut  off 
45  links, more,  the  whole  length  of  the  line  is  set  down  in 
links  thus,  3645. 

When  the  ground  is  not  level,  but  either  ascending  or  de- 
scending; at  every  chain  lengtli,  lay  the  ofFset-stafir",  or  link- 
staff,  down  in  the  slope  of  the  chain,  on  which  lay  the  small 
pocket  level,  to  show  how  many  links  or  parts  the  slope  line 
is  longer  than  the  true  level  one ;  then  draw  the  chain  for- 
war^i  so  many  links  or  parts,  which  reduces  the  line  to  the 
horizontal  direction. 
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Piy^BLEM    II. 
To  take  Angles  and  Bearings. 

Let  B  arid  c  be  t\^  objects,  or 
two  pickets  set  up  perpendicular; 
And  let  it  be  required  to  take  their 
bearings,  or  the  angle  formed  be- 
tween them  at  any  station  A. 

1.  With  the  Plain  Table. 

The  table  being  covered  with  a  paper,  and  fixed  on  its 
stand ;  plant  it  at  the  station  A,  and  fix  a  fine  pin,  or  a  point 
of  the  compasses,  in  a  proper  point  of  the  paper,  to  repre- 
sent the  place  A  :  Close  by  the  side  of  this  pin  lay  the  fiducial 
edge  of  the  index,  and  turn  it  about,  still  touching  the  pii>j 
till  one  object  B  can  be  seen  through  the  sights  :  then  by  the 
fiducial  edge  of  the  index  draw  a  line.  In  the  very  same 
manner  drdw  another  line  in  the  direction  of  the  other  ob- 
ject c.     And  it  is  done. 

2.  JVith  the  Theodolite,  ^c. 

l)Irect  the  fixed  sights  along  one  of  the  lines,  as  ab,  by 
turning  the  instrument  about  till  the  mark  B  is  seen  through 
these  sights ;  and  there  screw  the  instrument  fast.  Then 
turn  the  moveable  index  about,  till,  through  its  sights,  you 
see  the  othei*  mark  c.  Then  the  degrees  cut  by  the  index, 
on  the  graduated  limb  or  ring  of  the  instrument,  show  the 
cjuantity  of  the  angle. 

S.  With  the  Magnetic  Neidle  and  Compass. 

Turn  the  instrument,  or  compass,  so,  that  the  north  end 
of  the  needle  point  to  the  flower-de-luc§S  Then  direct  the 
sights  to  one  mark  as  B,  and  note  the  degrees  cut  by  the 
needle.  Next  direct  the  sights  to  the  other  mark  c,  and 
note  again  the  degrees  cut  by  the  needle.  Then  their  sum 
or  difference,  as  the  case  may  be,  will  give  the  quantity  of 
the  angle  bag. 

4.  By  Measurement  with  the  Ch^n,  .^c. 

Measure  one  chain  length,  or  any  other  length,  along 
both  directions,  as  to  b  and  c.  Then  meastire  the  distance 
b,  c,  and  it  is  done. — ^This  is  easily  transferred  to  paper,  by 
making  a  triangle  Abe  with  these  three  lengths,  and  then 
measuring  the  angle  a. 
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PROBLEM    III. 

21?  i}2easu7'e  the  Offsets* 

Ahiklmn  being  a. crooked  hedge,  or  brook,  &c.  From 
A  measure  In  a  straight  direction  along  the  side  of  it  to  B. 
And  in  measuring  along  this  line  AB,  observe  when  you  are 
directly  opposite  any  bends  or  corners  of  the  boundary,  as  at 
c,  d,  e,  &c  5  and  from  thence  measure  the  perpendicular 
offsets  ch,  di,  &c,  with  the  offset-staff,  if  they  are  not  very 
large,  otherwise  with  the  chain  itself ;  and  the  work  is  done. 
The  register,  or  field-book,  may  be  as  follows : 


Offs.left. 

Base  line  ab 

0 

O   A 

ch      62 

45    AC 

di       84 

220    Ad 

ek      70 

340    Ae 

fl        98 

510    Af 

gm      57 

634    Ag 

Bn      91 

785    AB 

-i^ 


jm^ 


il 


PROBLEM     IV. 

To  survey  a  Triangular  Field  ABC. 

1.  'Bythe^Chain, 


AP  794 
AB  1321 
PC     826 


Havilig  set  \ip  marks  at  the  corners,  which  is  to  be  done 
in  all  cases  where  there  are  not  marks  naturally ;  measure 
with  the  chain  from  A  to  P,  where  a  perpendicular  would 
fall  from  the  angle  c,  and  set  up  a  mark  at  P,  noting  down 
the  distance  AP.  Then  complete  the  distance  ab  by  mea- 
Siuring  from  P  to  B.  Having  set  dovrn  this  measure,  return 
to  P,  and  measure  the  perpendicular  Pc.  And  thus,  having 
the  base  and  perpendicular,  the  area  from  them  is  easily 
found.  Or  having  the  place  P  of  the  perpendicular,  the 
triangle  is  easily  constructed. 

Or,  measure  all  the  three  sides  with  the  chain,  and  note 
them  down.  From  which  the  content  is  easily  found,  or  the 
figure  is  constructed. 

2.  By 
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2.  By  taking  some  of  the  Angles, 

Measure  two  sides  ab,  ac,  and  the  angle  a  between  themi 
Or  measure  one  side  ab,  and  the  tvvo  adjacent  angles  a  and 
B.  From  either  of  these  ways  the  figure  is  easily  planned  ; 
then,  by  measuring  the  perpendicular  tv  on  the  plan,  and 
multiplying  it  by  half  AB,  the  cpntent  is  found. 


PROBLEM    V. 

To  measure  a  Four^sided  Fields 

L  By  the  Chain. 


AE 

214 

210  DE 

AF 

362 

306  BF 

AC 

592 

1> 

;  and  either 


Measure  along  either  x)f  the  diagonals,  as  ac 
the  two  perpendiculars  de,  bf,  as  in- the  last  problem;  or 
else  the  sides  ab,  bc,  cd,  da.  From  either  of  which  the 
figure  may  be  planned  and  computed  as  before  directed. 

''     Otherwise^  by  the  CJxiitt* 


AP 

110 

352  PC 

AQ 

745 

595  QD 

AB 

1110 

a    E 


Measure,  on  the  longest  side,  the  distances  AP,  aq,  ab  ^ 
and  the  perpendiculars  pc,  qd. 

2,  By  taking  some  of  the  Angles. 
Measure  the  diagonal  ac  (see  the  last  fig.  but  one),  and 
the  angles  cab,  cad,  acb,  acd. — Or  measure  the  four  sides, 
,and  any  one  of  the  angles,  as  bad. 


Thus. 

Or  thus. 

AC  591 

AB  486 

CAB  37"  20' 

BC  394 

CAD  41   15 

CD  410 

ACB  72  25 

DA  462 

acd  54  40 

BAD  78'  35' 
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PROBLEM     VI. 

To  survey  cuiy  Field  by.  the  Chain  onIy» 

Having  set  up  marks  at  the  corners,  where  necessary,  of 
the  proposed  field  abcdefg,  walk  over  the  ground,  and  con- 
sider how  it  can  best  be  divided  in  triangles  and  trapeziums ; 
and  measure  them  separately,  as  in  the  last  two  problems. 
Thus,  the  following  figure  is  divided  into  the  two  trapeziums 
ABCG,  GDEF,  and  the  triangle  gcd.  Then,  in  the  first  tra- 
pezium, beginning  at  A,  measure  the  diagonal  Ac,  and  the 
two  perpendiculars  cm,  Bn.  Then  the  base  GC,  and  the 
perpendicular  Dq.  Lastly,  the  diagonal  df,  and  the  two 
perpendiculars  pE,  og.  All  which  measures  write  against 
the  corresponding  parts  of  a  rough  figure  drawn  to  resem- 
ble the  figure  to  be  surveyed,  or  set  them  down  in  any  other 
form  you  choose. 

Tlius. 


Am 
An 

AC 

135 
410 
550 

130 
180 

mo 
nB 

cq 
CG 

152 
440 

230 

120 
80 

qD 

FO 
Fp 
FD 

237 
288 
520 

OG 
pE 

Or  thus* 

» 

Measure  all  the  sides  ab,  BC,  CD,  de,  ef,  fc,  ga;  and 

the  diagonals  ac,  cg,  gd,  df. 

Otherwise. 

Many  pieces  of  land  may  be  very  well  surveyed,  by  mea- 
suring any  base  line,  either  within  or  without  them,  together 
with  the  perpendiculars  let  fall  on  it  from  every  corner  of 
them.  For  they  are  by  those  means "  divided  into  several 
triangles  and  trapezoids,  all  whose  parallel  sides  are  perpen- 
dicular to  the  base  line ;  and  the  sum  of  these  triangles  and 
trapeziums  will  be  equal  to  the  figure  proposed  if  the  base 
line  fall  within  it ;  if  not,  the  sum  of  the  parts  wliich  are 
without  being  taken  from  the  sum  of  the  whole  which  are 
both  within  and  without,  will  leave  the  area  of  the  figure 
proposed. 

In 
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In  pieces  that  are  not  very  large,  it  will  be  sufficiently 
exact  to  find  the  points,  in  the  bace  line,  where  the  several 
perpendiculars  will  fall,  by  means  of  the  cross,  or  even  by 
judging  by  the  eye  only,  and  from  thence  measuring  to  the 
corners  for  the  lengths  of  the  perpendiculars. — And  it  will 
be  most  convenient  to  draw  the  IHie  so  as  that  all  the  per- 
pendiculars may  fall  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  A,  and  mea- 
suring along  the  line  AG,  the  distances  and  perpendiculars  on 
the  right  and  left  are  as  below. 

F 


Ab 

315 

350  bB 

AC 

440 

70  cc 

Ad 

585 

320  do 

AC 

610 

50  eE 

a£ 

990 

470  fF 

AG 

1020 

0 

PROBLEM     vn. 

So  survey  any  Field  with  the  Plain  Table* 

1,  From  one  Station, 

Plant  the  table  at  any  angle 
as  c,  from  whence  all  the  other 
angles,  or  marks  set  up,  ciui  be 
seen  ;  turn  the  table  about  till  the 
needle  point  to  fhe  flower-de- 
luce';  and  there  screw  it  fast. 
Make  a  point  for  c  on  th^  paper 
On  the  table,  and  lay  the  edge  of 
the  index  to  c,  turning  it  about 
c  till  through  the  sights  you  see 

the  mark  D ;  and  by  the  edge  of  the  Index  draw  a  dry  or 
obscure  line :  then  measure  the  distance  cd,  and  lay  that 
distance  down  on  the  line  cd.  Then  turn  the  index  abcut  the 
point  c,  till  the  mark  e  be  seen  through  the  sights,  by  which 
draw  a  line,  and  measure  the  distance  to  E,  laying  it  on  the 
line  from  c  to  e.  In  like  manner  determine  the  positions  of 
CA  and  CB,  by  turning  the  sights  successively  to  A  and  B; 
and  lay  the  lengths-  of  those  lines  down.  Then  connect  the 
points  with  the  boundaries  of  the  field,  by  drawing  the  black 
lines  CD,  DE,  eA,  ab,  bc. 

2.  From 
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2.  Frcm  a  Station  luitlnn  the  Field. 
,  When  all  the  other  parts  cunnot 
ne  seen  from  one  angie,  choose  some 
place  o  Within,  or  even  without,  if 
more  convenient,  from  whence  the 
other  parts  caii  be  seen.  Plant  the 
table  iit  o,  then  fix  it  witL  the  needle 
north,  imd  mark  the  point  o  on  it. 
Apply  the  index  successively  to  o, 
turning  it  round  with  the  cslghts  to 
each  angle  A,  B,  c,  D,  E,  drawing  dry  lines  to  them  by  the 
edge  of  the  index  ;  then  measuring  the  distances  oa,  ob,  &c, 
and  ly.yin-g  them  down  on  those  lines.  Lastly,  draw  the 
boundaries  ab,  ec,  cd,  di-;,  ea. 

3.  By  goif!^  rotmd  the  Figure. 
When  the  figure  is  a  wood^  ©r  water,  or  from  ^ome  other 
obstruction  you  cannot  measure  lines  across  it ;  begin  at  any 
point  A,  and  measure  around  it,  either  vrithin  or  without  the 
figure,  and  draw  the  directions  of  all  the  sides,  thus  ;  Plant 
the  table  at  A  ;  turn  it  with  the  needle  to  the  north  or  fiower- 
de-Iuce  ;  fix  it,  and  mark  the  point  A.  Apply  the  index  to 
A,  turning  it  till  you  can  see  the  point  E,  and  there  draw  a 
line  *,  tlien  the  point  B,  and  there  draw  a  line  :  then  measure 
these  line^,  and  lay  them  down  from  A  to  E  and  B.  Next 
hiove  the  table  to  B,  lay  the  index  along  the  line  ab,  and 
turn  the  ta[)le  about  until  you  can  see  the  mark  A,  and  screw 
fast  the  table ;  in  which  position  also  the  needle  will  again 
point  to  the  flower-de-luce,  as  it  will  do  indeed  at  every  sta- 
tion when  the  table  is  in  the  right  position.  Plere  turn  the 
index  about  B  till  tlii'Ough  the  sights  you  see  the  mark  C ; 
there  draw  a  line,  measure  Bc,  and  lay  the  distance  on  that 
line  after  you  have  set  down  the  table  at  c  Turn  it  then 
again  into  its  proper  position,  and  in  like  manner  iind  the 
next  line  ci).  And  so  On  quite  around  by  E,  to  A  again. 
Then  the  proof  of  the  work  will  be  the  joining  at  a  i  for  if 
the  work  is  all  right,  the  last  direction  ea  on  the  groiuid, 
#ill  pass  exactly  through  the  point  A  on  the  paper  ;  and  the 
ineasured  distance  will  also  reach  exactly  to  A.  If  these  do 
not  coincide,  or  nearly  so,  some  err'or  has  been  committedj 
and  the  work  must  be  examined  over  again. 

PROBLEM^  VIII. 
To  survey  a  Field  ivith  the  Theodolite^  ^V. 
1 ,  From  one  Point  or  Stuticnf 
"When  all  the  angles  can  be  seen  from  one  point,  a' 
angle  c  (first  fig.  to  last  prgb.),  place  tke  instruinent  at 
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turn  it  about,  till,  through  the  fixed  sights,  you  see  the  mark 
B,  and  there  fix  it.  Then  turn  the  moveable  index  about 
till  the  mark  a  is  seen  through  the  sights,  and  note  the  de- 
grees cut  on  the  instrument.  Next  turn  the  index  succes- 
sively to  E  and  D,  noting  the  degrees  cut  off  at  each ;  which 
gives  all  the  angles  bca,  bce,  bcd.  Lastly,  measure  the 
lines  CB,  ca,  ce,  cd  ;  and  enter  the  measures  in  a  field-book, 
or  rather  against  the  corresponding  parts  of  a  rgugh  figure 
drawn  by  guess  to  resemble  the  field. 

2.  From  a  Point  nvithin  or  ivithout. 

Plant  the  instrument  at  o  (last  fig.),  and  turn  It  about  till 
the  fixed  sights  point  ta  any  object,  as  A  j  and  there  screw  it 
fast.  Then  turn  the  moveable  index  round  till  the  sights 
point  successively  to  the  other  points  E,  D,  c,  B,  noting  the 
degrees  cut  off  at  each  of  them ;  which  gives  all  the  angles 
round  the  point  o.  Lastly,  measure  the  distances  oa,  ob,  oc, 
Od,  oe,  noting  them  down  as  before,  and  the  work  is  done. 

3.  By  going  round  the  Field. 

By  measuring  round,  either 
within  or  without  the  field,  pro- 
ceed thus.  Having  set  up  marks 
at  B,  c,  &c,  near  the  corners  as 
usual,  plant  the  instrument  at 
any  point  a,  and  turn  it  till  the 
fixed  index  be  in  the  direction 
AB,  and  there  screw  it  fast :  then 
turn  the  moveable  index  to  the 

direction  AF-,  and  the  degrees  cut  oiF  will  be  the  angle  a. 
Measure  the  line  AB,  and  plant  the  instrument  at  b,  and 
there  in  the  same  manner  observe  the  angle  A.  Then  mea- 
sure BC,  and  observe  the  angle  c.  Then  measure  the  di- 
tance  cd,  and  take  the  angle  ©.  Then  measure  de,  and 
take  the  angle  E.  Then  measure  ef,  and  take  the  angle  f. 
And  lastly  measure  the  distance  fa. 

To  prove  the  work  ;  add  all  the  inward  angles  A,  B,  c, 
Sec,  together ;  for  when  the  work  is  right,  their  sum  will  be 
eqtial  to  twice  as  many  right  angles  as  the  figure  has  sides, 
wanting  4  right  angles.  But  when  there  is  an  angle,  as  F, 
that  bends  inwards,  and  you  measure  the  external  angle, 
which  is  less  than  two  right  angles,  subtract  it  from  four 
right  angles,  or  360  degrees,  to  give  the  internal  angle 
greater  than  a  semicircle  or  180  degrees. 

Otherwise. 

Instead  of  observing  the  internal  angles,  you  may  take  the 

external 
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external  angles,  formed  without  the  figure  by  producing  the 
sides  further  out.  And  in  this  case,  when  the  work  is  right, 
their  sum  altogether  will  be  equal  to  360  degrees.  But  when 
one  of  them,  as  f,  runs  inwards,  subtract  it  from  the  sum  of 
the  rest,  to  leave  360  degrees. 


I>ROBLEM    IX. 

To  survey  a  Field  with  Crooked  Hedges^  ^c. 

With  any  of  the  instruments,  measure  the  lengths  and 
positions  of  imaginary  lines  running  as  near  the  sides  of  the 
field  as  you  can ;  and,  in  going  along  them,  measure  the  off- 
sets in  the  manner  before  taught ;  then  you  will  have  the 
plan  on  the  paper  in  using  the  plain  table,  drawing  the 
crooked  hedges  through  the  ends  of  the  ofi^sets ;  but  in  sur- 
veying with  the  theodolite,  or  other  instrument,  set  down 
the  measures  properly  in  a  field-book,  or  raaiy)randum- 
book,  and  plan  them  after  returning  from  the  field,  by  lay 
ing  down  all  the  lines  and  angles. 


So,  in  surveying  the  piece  abcde,  set  up  marks,  a,  b,  c,  d, 
dividing  it  into  as  few  sides  as  may  be.  Then  begin  at  any 
station  a,  and  measure  the  lines  ab,  be,  cd,  da,  taking  their 
positions,  or  the  angles  a,  b,  c,  d ;  and,  in  going  along  the 
lines,  measure  all  the  offsets,  as  at  m,  n,  o,  p,  &c,  along 
every  station-line. 

And  this  is  done  either  within  the  field,  or  without,  as 
may  be  most  convenient.  When  there  are  obstructions 
within,  as  wood,  water,  hills,  &c,  then  measure  without,  as 
in  the  first  figure  on  the  succeeding  page. 
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PROBLEM    X. 

To  survey  ci  Field,  or  any  other  TJ.nng,  by  tivo  Statiofis, 

This  is  performed  by  choosing  two  rotations  from  whence 
all  the  marks  and  objects  can  be  seen ;  then  measuring  the 
distance  between  the  stations,  and  at  each  station  taking  the 
angles  formed  by  every  object  from  the  station  line  or  di- 
stance. 

The  two  stations  may  be  taken  either  within  the  bounds, 
or  in  one  of  the  sides,  or  in  the  direction  of  two  of  the- 
objects,  or.  quite  at  a  distance  and  without  the  bounds  of  the 
objects  or  part  to  be  surveyed.    / 

In  this  manner,  not  only  grounds  may  be  surveyed,  with- 
out even  entering  them,  but  a  map  may  be  taken  of  the 
principal  parts  of  a  county  or  the  chief  places  of  a  town,. 
or  any  part  of  a  river  or  coast  surveyed,  or  any  other  inac- 
cessible objects  ;  by  taking  two  stations,  on  two  t6wcrs,  ov- 
two  hills,  or  such-like. 

IV 


Problem  xi. 

To  survey  a  Large  Estate* 
If  the  estate  te  very  large,  and  contain  a  great  number  of 
fields,  it  cannot  well  be  done  by  surveying  all  the  fields 
'         /         ■  singly. 
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riingiy,  and  then  putting  them  together  -,  nor  cun  It  -be  done 
hy  taking  all  the  angles  and  boundaries  that  enclose  it.  For 
•in  these  cases,  any  small  errors  will  be  so  much  increased,  as 
to  render  it  very  much  distorted. 

i .  Walk  over  the  estate  two  or  three  times,  in  order  to 
get  a  perfect  idea  of  it,  or  till  you  can  carry  the  figure  of  it 
tolerably  well  in  your  liead.  And  to  help  your  memory, 
draw  an  eye-draught  of  it  on  paper,  or  at  least  of  the  prin- 
cipal prirts  of  it,  to  guide  you ;  setting  the  names  within  the 
fields  in  that  draught. 

2.  Choose  two  or  more  eminent  places  in  the  est<itQ,  for 
stations,  from  whence  ail  the  pi  mcipal  parts  of  it  can  be  seen  : 
selecting  these  stations  as  far  distant  from  one  another  as 
<:onvc-riient. 

3.  Take  such  angles/  between  the  stations,  as  you  think 
necessary,  and  measure  the  distances  from  station  to  station, 
always  in  a  right  line  :  these  things  must  be  done,  till  you 
get  as  many  angles  and  lines  as  are  sufficient  for  determining 
all  the  points  of  station.  And  in  measuring  any  of  these 
station-distances,  mark  accurately  where  these  lines  meet 
with  any  hedges,  ditches,  roads,  lanes,  paths,  rivulets,  &c; 
and  where  any  remarkable  object  is  placed,  by  measuring'  its 
distance  from  the  station-line ;  and  where  a  perpendicular 
from  it  cuts  that  line.  And  thus,  as  you  go  along  any  main 
station-line,  take  offsets  to  the  ends  of  .;^ll  hedges,  and  to  any 
pond,  house,  mill,  bridge,  &c,  noting  every  tiling  down  that 
is  remarkable. 

4.  As  to  the  Inner  parts  of  the  estate,  they  must  be  deter- 
mined, in  like  manner,  by  new  station-lines  :  for,  after  the 
main  stations  are  determined^  and  every  thing  adjoining  to 
them,  then  the  estate  must  be  subdivided  into  two  or  thi-ee 
parts  by  new  station-lines ;  taking  inner  stations  at  proper 
places,  whei'e  you  can  have  the  best  view.  Measure  these 
Ktation-liiies  as  you  did  the  first,  and  all  their  intersections 
with  hedges,  and  offsets  to  such  objects  as  appear.  Then 
proceed  to  survey  the  adjoining  fields,  by  taking  the  angles 
that^thc  sidc^  make  with  the  station-line,  at  the  intersections, 
and  mea-suring  the  distances  to  each  corner,  from,  the  inter- 
sections. For  the  station-lines  will  be  the  bases  to  all  the 
future  operations ;  the  situation  of  all  parts  being  entirely 
dependent  on  them  ;  and  therefore  they  should  be  taken  of 
as  great  length  as  possible  •,  and  it  is  best  for  them  to  riui 
.tlong  som.e  of  the  hedges  or  boundaries  of  one  or  more  fields, 
■or  to  pass  through  some  of  their  angles.  AU  tilings  being 
determined  for  these  stations,  ypu  must  take  more  inner  sta- 
tions. 
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tions,  and  continue  to  divide  and  subdivide  till  at  last  you 
come  to  single  fields ;  repeating  the  same  work  for  the  inner 
stations  as  for  the  outer  ones,  till  all  is  done ;  and  close  the 
work  as  often  as  you  can,  and  in  as  few  lines  as  possible. 

5.  An  estate  may  be  so  situated  that  the  whole  cannot  be 
surveyed  together  ;  because  one  part  of  the  estate  cannot  be 
seen  from  another.  In  this  case,  you  may  divide  it  into 
three  or  four  parts,  and  survey  the  parts  separately,  as  if 
they  were  lands  belonging  to  different  persons  j  and  at  last 
join  them  together. 

6.  As  it  is  necessary  to  protract  or  lay  down  the  work  as 
you  proceed  in  it,  you  must  have  a  scale  of  a  due  length  to 
do  it  by.  To  get  such  a  scale,  measure  the  whole  length  of 
the  estate  in  chains ;  then  consider  how  many  inches  long 
the  map  is  to  be ;  and  from  these  will  be  known  how  many 
chains  you  must  have  in  an  inch  j  then  make  the  scale  ac- 
cordingly, or  choose  one  already  made. 

THE  NEW  METHOD  OF  SURVEYING, 

PROBLEM    XII. 

To  Survey  and  Plan  by  the  New  Method. 

In  the  former  method  of  measuring  a  large  estate,  the  ac- 
curacy of  it  depends  on  the  correctness  of  the  instruments 
used  in  taking  the  angles.  To  avoid  the  errors  incident  to 
such  a  multitude  of  angles,  other  methods  have  of  late  years 
been  used  by  some  few  skilful  surveyors  :  the  most  practical, 
expeditious,  and  correct,  seems  to  be  the  following. 

Choose  two  or  more  emin^«xes,  as  grand  stations,  and  mea^ 
sure  a  principal  base  line  from  one  station  to  the  other ; 
noting  every  hedge,  brook,  or  other  remarkable  object,  as 
you  pass  by  ii  j  measuring  also  such  short  perpendicular  lines 
to  the  bends  of  hedges  as  may  be  near  at  hand.  From  the 
extremities  of  this  base  line,  or  from  any  convenient  parts 
'of  the  same,  go  off  with  other  Hues  to  some  remarkable  ob-. 
ject  situated  towards  the  sides  of  the  estate,  without  regard- 
ing the  angles  they  make  with  the  base  line  or  with  one  an- 
other ;  still  remembering  to  note  every  hedge,  brook,  or  other 
object,  that  you  pass  by.  These  lines,  when  laid  down  by 
intersections,  will,  with  the  base  line,  form  a  grand  triangle 
on  the  estate  ;  several  of  v/hich,  if  need  be,  being  thus  laid 
down,  you  may  proceed  to  form  other  smaller  triangles  and 
trapezoids  on  the  sides  of  the  former :  and  so  on,  until  ycu 
finish  with  the  enclosures  individually. 

In 
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In  countries  where  the  lands  are  enclosed  with  high  hedges, 
and  where  many  lanes  pass  through  an  estate,  a  theodolite 
may  be  used  to  advantage,  in  measuring  the  angles  of  such 
lands ;  by  which  means,  a  kind  of  skeleton  of  the  estate  may 
be  obtained,  and  the  lane-hnes  serve  as  the  bases  of  such 
triangles  and  trapezoids  as  are  necessary  to  fill  up  the  inte- 
rior parts. 

The  field-book  is  ruled  into  three  columns.  In  the 
middle  one  are  set  down  the  distances  on  the  chain-line  at 
which  any  mark,  oifset,  or  other  observation,  is  made ;  and 
in  the  right  and  left  hand  columns  are  entered  the  offsets 
and  observations  made  on  the  right  and  left  hand  respec- 
tively of  the  chain-line. 

It  is  of  great  advantage,  both  for  brevity  and  perspicuity, 
to  begin  at  the  bottom  of  the  leaf,  and  write  upwards ;  de- 
noting the  crossing  of  fences,  by  lines  drawn  across  the  mid- 
dle column,  or  only  a  part  of  such  a  line  on  the  right  and  left 
opposite  the  figures,  to  avoid  confusion ;  and  the  corners  of 
fields,  and  other  remarkable  turns  in  the  fences  where  offsets 
are  taken  to,  by  lines  joining  in  the  manner  the  fences  do, 
as  will  be  best  seen  by  comparing  the  book  with  the  plan  an- 
nexed to  the  field-book  following,  p.  76. 

The  letter  in  the  left-hand  corner  at  the  beginning  of  every 
line,  is  the  mark  or  place  measured  from ;  and  that  at  the 
right-hand  corner  at  the  end,  is  the  mark  measured  to :  But 
when  it  is  not  convenient  to  go  exactly  from  a  mark,  the 
place  measured  from  is  described  such  a  distance  from  one 
marl  towards  another ;  and  where  a  mark  is  not  measured 
to,  the  exact  place  is  ascertained  by  saying,  turn  to  the  right 
or  left  hand,  such  a  distance  to  such  a  mark,  it  being  always 
understood  that  those  distances  are  taken  in  the  chain-line. 

The  characters  used  are  |  for  turn  to  the  right  handy 
'~\  for  turn  to  the  left  handy  and  -^  placed  over  an  offset,  to 
show  that  it  is  not  taken  at  right  angles  with  the  chain-line, 
but  in  the  line  with  some  straight  fence ;  being  chiefiy  used 
when  crossing  their  directions ;  and  it  is  a  better  way  of  ob- 
taining their  true  places  than  by  offsets  at  right  angles. 

When  a  line  is  measured  whose  position  is  determined, 
either  by  former  work  (as  in  the  case  of  producing  a  given 
line,  or  measuring  from  one  known  place  or  m.ark  to  another) 
or  by  itself  (as  in  the  third  side  of  a  triangle),  it  is  called  a 
fast  lincy  and  a  double  line  across  the  book  is  drawn  at  the 
conclusion  of  it ;  but  if  its  position  is  not  determined  (as  in 
the  second  side  of  a  triangle)  it  is  called  a  loose  line,  and  a 
single  line  is  drawn  across  the  book.    When  a  line  becomes 

determined 
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determined  in  position,  and  is  afterwards  continued,  a  Rouble 
line  half  tlii'ough  the  book  is  xh-awn. 

When  a  loose  line  is  measured,  it  becomer,  absolutely  ne- 
cessary to  measure  some  line  that  will  determine  lis  position. 
Thus,  the  first  line  bhy  being  the  base  of  a  triangle,  is  always 
determined ;  but  the  position  of  the  second  side  /y,  does  not 
become  determined,  till  the  third  side  jb  is  m.easured  •,  then 
the  position  of  both  is  decermincd,  and  the  triangle  may  be 
constructed. 

At  the  beginning  of  a. line,  to  fix  a  loose  line  to  the  mark 
or  place  measured  from,  the  sign  of  turning  to  the  right  or 
left  hand  must  be  added  (as  at  /  in  the  third  line)  *,  .other- 
wise a  straipgcr,  when  laying  down  the  work,  may  as  easily 
construct  the  triangle  hjb  on  the  wrong  side  of  the  line  ahy 
as  on  the  right  one:  but  this  error  cannot  be  idllen  into,  if 
the  sign  above  named  be  carefully  observed.     " 

In  choosing  a  line  to  fix  a  loose  one,  care  must  be  taken 
that  it  does  not  make  a  very  acute  or  obtuse  angle  j  as  in  the 
triangle  /)Br,  by  th'e  angle  at  b  being  very  obtuse,  a  small  de- 
\iation  froni  truth,  even  the  breadth  of  a  point  at^  or  /•, 
would  make  the  error  at  b,  when  constructed,  very  consi^ 
dcrable  j  but  by  constructing  the  triangle /b^,  such  a  devia- 
tion is  of  no  consequence.  •" 

Where  the  words  leave  cfzrc  written  in  the  field-book,  it 
signifies  that  the  taking  of  oltsets  is  from  thence  discon- 
tinued j  and  of  course  somethiuj^  is  wanting,  between  tliut 
andithe  next  offset. 

The  field-book  for  this  method^  and  the  plan  dravm  from 
it,  are  coitained  in  the  four  following  pages,  engraven  on 
copper-plales  •  answerable  to  which,  the  pupil  is  to  draw  a 
plan,  from'tiie  measures  in  the  ii eld-book,  of  a  larger  size, 
viz.  to  a  scale  .of  a  double  size  will  be  convenient,  such  a  sciiltt 
being  also  found  on  most  instruments.  In  doing  this,  begin 
at  the  commencement  of  the  iieid-book,  and  dr-iw  the  first 
line  ah  in  any  direction  at  pleasure,  and  then  the  next  two 
sides  of  the  first  triangle  bhj  by  sweeping  intersecting  ^rcs ; 
and  so  all  the  triangles  in  the  same  manner,  after  each  other 
in  their  order;  and  aftenvards  setting  the  perpendicular  and 
other  otisets  at  their  proper  places,  and  through  the  ends 
of  them  drawing  the  bounding  fences.  ■    .' 

Note.  That; the  field-book  h,egins  at  the  bottom  of  the  first 
page,  and  reads  up  to  the  top;  from  hence  it  gees  to  th© 
ibottom  of  the  next,  page,  and  -to  the  top ;  and  thence  it 
passes  froih  the  bottom  of  the  third  pag&  to  the  top,  which 

73  the  end  of  the  fit'ld-bcok,    .  :  •     ' 
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PROBLEiM    XIII. 

To  survey  a  County y  or  large  Tract  of  Land, 

1.  Ciioosi:  tw0,  three,  or  four  eminent  places,  for  statlon«| 
such  as  the  tops  of  high  hills  or  mountains,  towers,  ot 
j:hurch  steeples,  whicli  may  be  seen  from  one  another ;  from 
which  most  of  the  towns  and  other  places  of  note  may  also 
ho  seen  \  and  so  as  to  be'  as  far  distant  from  one  aiiother  as 
possible*  •  Upon  these  phces  raise  beacons,  or  lon^  poles, 
j^vith  flags  of  different  colours  flying  at  them,  so  as  to  be 
visible  from  all  the  other  stations. 

'  '2.  At  all  the  places  "wliich  you  would  set  dovv-n  in  the 
map,  plant  long  [>oles,  with  flags  at  them  of  several  colours, 
jto  distinguish  the  places  from  one  another  •,'  fixing  them  on 
the  tops  5f  church  steeples,  or  the  tops  of  houses  ;  or  in  the 
'centres  of  lesser  towns. 

-  These  marks  theh'bein^;  set  up  at  a  convenient  number  of 
places,  and  such  as  may  be  seen  from  both  stations;  go  to 
jone -of  these  stations,  and,  with  an  instrument  to  takeauf^lcs, 
standing  at  that  station,  take  ail  the  angles  between  the  other 
station  and  each  of  these  marks.  Then  go  to  the  other 
station,  -and  take  all  the  angles  between  the  first  station  and. 
each  of  the  former  marks,  setting  them  do  a'u  with  the  others, 
<iach  against  its  fellow  with  the  same  colour.  You  may,  if 
ypu  can,  also  take  the  angles  at  "some  third  station,  which 
)l-»ay  serve  to  prove  the  work,  if  the  tlii'ee  lines  intersect  in 
ihat  poirit  where  any  mark  stands.  The  marks  must  stand 
'till  the  observations  are  finished  at  both  stations  j  and  then 
they  must  be  taken  down>  and  set  up  at  new  places.  The 
same  'Operations  must  be  performed,  at  both  stations,  for 
these  hew  places  \  and  the  like  for  others.  The  instrumeiit 
for  takhig  angles  must  be  an  exceeding  good  one,  made  on 
purpose  With  telescopic  sights,  and'  of  a  good  length  of  ra- 
dius. A  clft.-u-mferentor  is  reckoned  a  good  instrument  for 
this  purpose.    \-  '        • 

*  3.  And,  though  it  be  not  absolutely  necessary  to  measure 
any  distance,  because,  a'stationary  line  being  laid  down  from 
any  scale,  all  the  other  lines  will  be  proportional  to  it ;  yet 
it  is  bi'etter  to  measure  some  of  the  lines,  to  ascertain  the 
"distances  of  places  in  miles,  and  to  know  how  many  geo- 
rnetrlcal  miles  there  are  in  any  length  ;  as  also  from  thence 
to  make  -a  scale-to  measure  any  distance  in  miles.  In  mea- 
suring" any  dista:nce, -it  will  not  be  exact  enough  to  go  along 
the  hijrh  ro;.ds ;  by  reason  of  their  turnings  and  windings 

hardly 
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hardly  ever  lying  in  a  right  line  between  the  stations,  which 
must  cause  endless  reductions,  and  require  great  trouble  to 
make  it  a  right  line  -,  for  which  reason  it  can  never  be  exact. 
But  a  better  way  is  to  measure  in  a  right  line  with  a  chain, 
between  station  and  station,  over  hills  and  dales,  or  level 
fields,  and  all  obstacles.  Only  in  case  of  water,  woods, 
towTis,  rocks,  banks.  Sec,  where  we  cannot  pass,  such  parts 
of  the  line  must  be  measured  by  the  methods  of  inaccessible 
distances ;  and,  besides,  allowing  for  ascents  and  descents, 
when  they  are  met  with.  A  good  compass,  that  shows  the 
bearing  of  the  two  stations,  will  always  direct  us  to  go 
straight,  when  the  two  stations  cannot  be  seen ;  r^nd  in  the 
progress,  if  we  can  go  straight,  offsets  may  be  taken  to  any 
remarkable  places,  likewise  noting  the  intersection  of  the 
station-line  with  all  roads,  rivers,  &c. 

4.  From  all  the  stations,  and  in  the  whole  progress,  we 
must  be  very  particular  in  observing  sea-coasts,  river-mouths, 
towns,  castles,  houses,  churches,  mills,  trees,  rocks,  sands, 
roads,  bridges,  fords,  ferries,  woods,  hills,  mountains,  rills, 
brooks,  parks,  beacons,  sluices,  floodgates,  locks,  &c,  and  in 
general  every  thing  that  is  remarkable. 

5.  After  we  have  done  with  the  first  and  main  station- 
lines,  which  command  the  whole  county  j  we  must  then 
take  inner  stations,  at  some  places  already  determined ;  which 
will  divide  the  whole  into  several  partitions :  and  from  these 
stations  we  must  determine  the  places  of  as  many  of  the 
remaining  towns  as  we  can.  And  if  any  remain  in  that 
part,  we  must  take  more  stations,  at  some  places  -  already 
determined ;  from  which  we  may  determine  the  rest.  And 
thus  go  through  all  the  parts  of  the  county,  taking  station 
after  station,  till  we  have  determined  all  we  want.  And  in 
general  the  station-distances  must  always  pass  through  such 
remarkable  points  as  have  been  determined  before,  by  the 
former  stations. 


PROBLEM     XIV. 

To  survey  a  Town  or  City, 

This  may  be  done  with  any  of  the  instruments  for  taking 
angles,  but  best  of  all  with  the  plain  table,  where  every  mi- 
nute part  is  drawn  while  in  sight.  Instead  of  the  common 
surveying  or  Gunter's  chain,  it  will  be  best,  for  this  purpose, 
to  have  a  chain  of  50  feet  long,  divided  into  50  links  oi'  one 
foot  each,  and  an  offset-staff  of  10  feet  long. 

Begin. 
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Begin  at  the  meeting  of  two  or  more  of  the  principal 
streets,  through  which  you  can  have  the  longest  prospects, 
to  get  the  longest  station-lines :  There  having  fixed  the  in- 
strument, draw  lines  of  direction  along  those  streets,  using 
two  men  as  marks,  or  poles  set  in  wooden  pedestals,  or  per- 
haps some  remarkable  places  in  the  houses  at  the  further 
ends,  as  windows,  doors,  corners,  &c.  Measure  these  lines 
with  the  chain,  taking  offsets  with  the  staff,  at  all  corners  of 
streets,  bendings,  or  windings,  and  to  all  remarkable  things, 
as  churches,  markets,  halls,  colleges,  eminent  houses,  &c. 
Then  remove  the  instrument  to  another  station,  along  one 
of  these  lines  ;  and  there  repeat  the  same  process  as  before. 
And  so  on  till  the  whole  is  finished. 


Thus,  fix  the  instrument  at  A,  and  draw  lines  in  the 
direction  of  all  the  streets  meeting  there ;  then  measure  AB, 
noting  the  street  on  the  left  at  m.  At  the  second  station  B, 
draw  the  directions  of  the  streets  meeting  there ;  and  mea- 
sure from  B  to  c,  noting  the  places  of  the  streets  at  n  and  o 
as  you  pass  by  them.  At  the  3d  station  c,  take  the  direction 
of  all  the  streets  meeting  there,  and  measure  CD.  At  D  do 
the  same,  and  measure  de,  noting  the  place  of  the  cross 
streets  at  p.  And  in  this  manner  go  through  all  the  prin- 
cipal streets.  This  done,  proceed  to  the  smaller  and  inter- 
mediate streets ;  and  lastly,  to  the  lanes,  alleys,  courts, 
yajrds,  and  every  part  that  it  may  be  thought  proper  to  re- 
present in  the  plan. 


SBCTIOH 
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SECTION    III. 

jOr  PLANNING,  COMPUTING,  and  DI  VIDLNG, 

PROBLEM    XV. 

To  lay  dtivn  the  Plan  of  any  Survey, 

Tf  the  survey  was  taken  \cith  the  plain  tabic,  yon  ha\c  % 
rough  plai^  of  it  ah-eady  on  the  paper  which  covered  tlie 
table.  But  if  the  survey  vras  with  any  other  instrument,  a 
plan  of  it  is  to  be  dra'?\Ti  from  the  measures  that  were  taken 
in  the  survey ;  and,  first  of  all,  a  rough  plan  on  paper. 

Td  do  this,  you  must  have  a  set" of  proper  instruments, 
for  laying  down  both  lines  and  angles,  ice  ;  as  scales  of  va- 
rious sizes  (the  more  of  them,  and  the  more  accurate,  the 
better),  scales  of  chords,  protractors,  perpendicular  and  pa- 
xallel  rulers,  &c.  Diagonal  scales  are  best  :for  the  lines, 
"because  they  extend  to  three  figures,  or  chains,  and  hnks, 
which  are  hundredth  parts  i&f  chains.  But,  in  using  tlie 
diagonal  scale,  a  pair  of 'com  passes  must  be  employed,  to  take 
off  the  lengths  of  the  princi])al  lines  very  accurately.  But  a 
scale  with  a  thin  edge  divided,  is  much  readier  for  laying 
down  the  perpendicular  of^bets  to  crooked  hedges,  and  for 
marking  the  places  of  those  offsets  on  the  station-line ; 
which  is  done  at  only  one  application  of.  the  edge  of  the 
scale  to  that  Hne,  and  then  j>ricking  off  all  at  once  the  di- 
stances along  it.  Angles  are  to  be  laid  down,  either  \yith  a. 
jTOod  scale  of  chords,  which  is  perhaps  tJie  most  accurate 
v/ay,  or  with  a  large  protractor,  which  is  much  readier  when 
many  angles  are  to  be  laid  down  at  one  poijit,  as  they  are 
pricked  off' all  at  once  round  the  edge  of  the  protractor. 

In  general,  all  lines  and  angles  must  be  laid  down  on  the 
plan  in  the  same  order  in  which  they  were  measured  in  the 
iield,  and  in  which  they  are  written  in  the  field-book ;  laying 
down  first  the  angles  for  the  positioii  of  lines,  next  the 
lengths  of  the  lines,  with  the  places  of  the  offsets,  and  the^i 
the  lengths  of  the  offsets  themselves,  all  with  dry  or  obscure 
lines;  then  a  black  line  drawn  through  the  extremities  (»!"  all 
the  offsets,  will  be  the  hedge  or  bounding  line  of  the  field, 
Sec.  After  the  principal  bounds  and  lines  are  laid  down, 
and  made  to  fit  or  close  properly,  proceed  next  to  the- smaller 
objects,  till  you  have  entered  every  thing  that  ought  to  ajv 
pear  in  the  plan,  as  houses,  brooks,  trees,  hills,  gates,  stiles, 
roads,  Janes,  mills,  bridges,  woodlands,  &c,  &c. 

The 
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The  north  side  of  a  map  or  plan  is  commonly  placed 
uppermost,  and  a  meridian  is  somewhere  drawn,  with  the 
compass  or  llower-de-luce  pointing  north.  Also,  in  a  vacant 
part,  a  scale  of  equal  parts  or  chains  is  drawn,  with  the  title 
of  the  map  in  conspicuous  characters,  and  embeiiished  with 
a  compartment.  Hills  are  shadowed,  to  distinguish  them  in 
the  map.  Coieur  the  hedges  with  different  colours ;  repre- 
sent hilly  grounds  by  broken  hills  and  valleys ;  draw  single 
dotted  lines  for  foot-paths, -land  double  ones  for  horse  or  car- 
riage roads.  Write  the  name  of  each  fi,eid  and  remarkable 
place  within  it,  and,  if  you  choose,  its  content  in  acres, 
roods,  and  perches. 

In  a  very  large  estate,  or  a  county,  drav/  vertical  and  ho- 
rizontal lines  through  the  map,  denoting  the  spaces  betvreen 
them  by  letters  placed  at  the  top,  and  bottom,  and  sides,  for 
readily  finding  any  field  or  other  object  mentioned  in  a 
table. 

In  mapping  counties,  and  estates  that  have  uneven  grounds 
of  hills  and  valleys,  reduce  all  oblique  lines,  measured  up- 
hill and  down-hill,  to  horizontal  straight  lines,  if  that  was 
not  done  during  the  survey,  before  they  were  entered  in  the 
field-book,  by  making  a  proper  allowance  to  shorten  them. 
For  which  purpose  there  is  commonly  a  small  table  engraven 
on  some  of  the  instruments  for  surveying. 


PROBLEM    XVI. 
To  co7npute  the  Contents  of  Fields^ 

1.  Compute  the  contents  of  the  figures  as  divided  intQ 
triangles,  or  trapeziums,  by  the  proper  rules  for  these  figures 
laid  down  in  measuring ;  multiplying  the  perpendiculars  by 
the  diagonals  or  bases,  both  in  links,  and  divide  by  2  ;  the 
quotient  is  acres,  after  having  cut  off  five  figures  on  the  right 
for  decimals.  Then  bring  these  decimals  to  roods  and  perches, 
bv  multiplying  first  by  4,  and  then  by  40.  An  example  of 
which  is  given  in  the  description  of  the  chain,  pag.  53. 

'2.  In  small  and  separate  pieces,  it  is  usual  to  compute  their 
contents  from  the  measures  of  the  lines  taken  in  surveying 
them,  without  making  a  correct  plan  of  them. 

[\.  In  pieces  bounded  by  very  crooked  and  winding  hedge*, 
measured  by  offsets,  all  the  parts  between  the  offsets  are  most 
accurately  measured  separately  as  small  trapezoids. 

4.  Sometimes  such  pieces  as  that  last  mentioned,  are  com-, 
puted  by  finding  a  mej^n  breadth,  by  dividiRg  the  sum  of  the 
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oiFsets  by  the  number  of  them,  accounting  that  for  one  of 
them  where  the  boundary  meets  the  station-Hne,  (which  in- 
creases the  number  of  them  by  1,  for  the  divisor,  though  it 
does  not  increase  the  sum  or  quantity  to  be  divided) ;  then 
multiply  the  length  by  that  mean  breadth. 

But  this  method  is  commonly  in  some  degree  erroneous. 

5.  But,  in  larger  pieces,  and  whole  estates,  consisting  of 
many  fields,  it  is  the  common  practice  to  make  a  rough  plan 
of  the  whole,  and  from  it  compute  the  contents,  quite  inde- 
pendent of  the  measures  of  the  lines  and  angles  that  were 
taken  in  surveying.  For  then  new  lines  are  drawn  in  the 
fields  on  the  plan,  so  as  to  divide  them  into  trapeziums  and 
triangles,  the  bases  and  perpendiculars  of  which  are  mea.- 
sured  on  the  plan  by  means  of'  the  scale  from  which  it  was 
drawn,  and  so  multiplied  together  for  the  contents.  In  this 
way,  the  work  is  very  expeditiously  done,  and  sufficiently 
correct ;  for  such  dimensions  are  taken  as  afford  the  most 
easy  method  of  calculation ;  and,  among  a  number  of  parts, 
thus  taken  and  applied  to  a  scale,  it  is  likely  that  some  of 
the  parts  will  be  taken  a  small  matter  too  little,  and  others 
too  great ;  so  that  they  will,  on  the  whole,  in  all  probability, 
very  nearly  balance  one  another.  After  all  the  fields,  and 
particular  parts,  are  thus  computed  separately,  and  added  all 
together  into  one  sum;  calculate  the  whole  estate  independent' 
of  the  fields,  by  dividing  it  into  large  and  arbitrary  triangles 
and  trapeziums,  and  add  these  also  together.  Then  if  this 
sum  be  equal  to  the  former,  or  nearly  so,  the  work  is  right ; 
but  if  the  sums  have  any  considerable  difference,  it  is  wrong, 
and  they  must  be  examined,  and  re-computed,  till  they  nearly 
agree. 

6.  But  the  chief  art  in  computing,  consists  in  finding 
the  contents  of  pieces  bounded  by  curved  or  very  irregular 
lines,  or  in  reducing  such  crooked  sides  of  fields  or  boun- 
daries to  straight  lines,  that  shall  enclose  the  same  or  equal 
area  with  those  crooked  sides,  and  so  obtain  the  area  of  the 
curved  figure  by  means  of  the  right-lined  one,  which  will 
commonly  be  a  trapezium.  Now  this  reducing  the  crooked 
sides  to  straight  ones,  is  very  easily  and  accurately  performed 
in  this  manner : — Apply  the  straight  edge  of  a  thin,  clear 
piece  of  lanthorn-horn  to  the  crooked  line  which  is  to  be 
reduced,  in  such  a  manner,  that  the  small  parts  cut  off  from 
the  crooked  figure  by  it,  may  be  equal  to  those  which  are 
taken  in  :  which  equality  of  the  parts  included  and  excluded 
you  will  presently  be  able  to  judge  of  very  nicely  by  a  little 
practice  :  then,  with  a  pencil,  or  point  of  a  tracer,  draw  a 
line  by  the  straight  edge  of  the  horn.    Do  the  same  by  the 
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other  sides  of  the  field  or  figure.  So  shall  you  have  a  straight- 
sided  figure  equal  to  the  curved  one  ;  the^content  of  which, 
being  computed  as  before  directed,  will  be  the  content  of  the 
crooked  figure  proposed. 

Or,  instead  of  the  straight  edge  of  the  horn,  a  horse-hair, 
or  fine  thread,  may  be  applied  across  the  crooked  sides  in  the 
same  manner;  and  the  easiest  way  of  using  the  thread,  is  to 
string  a  small  slender  bow  with  it,  either  of  wire,  or  cane,  or 
whale-bone,  or  such-like  slender  elastic  matter;  for,  the  bow 
keeping  it  always  stretched,  it  can  be  easily  and  neatly  ap- 
plied with  one  hand,  while  the  other  is  at  liberty  to  make 
two  marks  by  the  side  of  it,  to  draw  the  straight  line  by. 

EXAMPLE. 

Thus,  let  it  be  required  to  find  the  contents  of  the  same 
figure  as  in  Prob.  IX.  of  the  last  section,  page  67,  to  a  scale 
of  4  chains  to  an  inch. 


B 


Draw  the  four  dotted  straight  lines  ab,  bc,  cd,  da,  cutting 
ofF  equal  quantities  on  both  sides  of  them,  which  they  do  as 
near  as  the  eye  can  judge :  so  is  the  crooked  figure  reduced 
to  an  equivalent  right-lined  one  of  four  sides,  abcd.  Then 
draw  the  diagonal  bd,  which,  by  applying  a  proper  scale  to 
it,  measures  suppose  1256.  Also  the  perpendicular,  or  near- 
est distance  from  A  to  this  diagonal,  measures  456 ;  and  the 
distance  of  c  from  it,  is  428. 

Then,  half  the  sum  of  456  and  428,  multiplied  by  the 
diagonal  1256,  gives  555152  square  links,  or  5  acres,  2  roods, 
8  perches,  the  content  of  the  trapezium,  or  of  the  irregular 
crooked  piece. 

A$ 
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As  a  general  example  of  this  practice,  let  tKe  contents  l^e 
.computett  of  all  the  fields  separately  in  the  foregoing  plan, 
■Ml  pa.g6  76,  and,  by  adding  the  contents  altogether,  the  whold 
sum  or  content  of  the  estate  will  be  fo'nid  nearly  equal  to 
10-5*-  acres.  Then,  to  prove  the  work,  divide  the  whole  plan 
into  two  pi;rts^  by  a  pencil  hue  drawn  across  it  any  wav  iK'af 
the  middle,  as  froni  the  corner  /  on  the  right,  to  tlie  corner 
near  j-  on  the  left;  then,  by  computing  these  two  large  parts 
separately,  their  sum  must  be -nearly  equal  to  theformef 
sum>  when  the  work  is  all  right. 


PROBLEM    XVII; 

Ta  tra?isfer  a  PIa?i  to  another  JPaper^  l^fc. 

Afteh  the  rough  plan  is  completed,  and  a  fair  one  Is 
iranted ;  this  may  be  done  by  any  of  tlie  follou'^ing  methods. 

First  Method. — Lay  the  rough  plan  on  the  clean  paper, 
keeping  them  always  pressed  fiat  and  close  together,  by 
V,  eights  laid  on  them.'  Then,  with  the  point  of  a  fine  pii^ 
or  p]-icker,  prick  through  all  the  corners  of  the  plan  to  be 
copied.  Take  them  asunder,  and  connect  th6  pricke'd  points^ 
on  the  clean  paper,  with  lines ;  and  it  is  done.  This  mAethod 
is  only  to  be  practised  in  plans  of  such  hgures  as  ^re  smali 
and  tolerably  regular,  or  bounx-led  by  right  lines. 

Zecoml  Method. — Rub  the  back  of  the  rough  pla*  over  with 
black-lead  powder ;  and  lay  this  blacked  part  on  the  clean 
paper  on  which  the  plan  is  to  be  copied,  and  in  the  proper 
position.  Then,  Xvith  the  blunt  point  of  some  hard  substance, 
as  brass,  or  such-like,  trace  over  the  lines  of  the  whole  plan  j 
pressing  tlic  tracer  so  much  as  that  the  black  lead  under  the 
lines  may  be  transferred  to  the  clean  paper :  after  which, 
take  off  the  rough  plan,  and  trace  over  the  leaden  marks 
with  common  ink,  or  wirh  Indian  ink — Or,  instead  of  black- 
ing the  rough  plan,  you  may  keep  constantly  a  blacked  paper 
to  lay  between  tlie*  plans. 

Third  Method. — Another  method  of  copying  plans,  is  by 
means  of  squares.  This  is  performed  by  dividing  both  ends 
and  sides  vA  the  plan  which  is  to  be  copied  into  any  con^  e- 
nicnt  number  of  equal  parts,  and  connecting  the  correspond- 
ing points  of  division  with  lines:  w^hich  will  divide  the  plait 
into  a  number  of  small  squares.  Then  divide  the  paper, 
on  which  the  plan  is  to  be  copied,  into  the  same  number 
of  s^uai'es,  caci  ei^ual  to  the  tor^icr  wheii  the  plan  is  to  be 
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copied  of  tlie  same  size,  but  greater  or  less  than  the  others^ 
in  the  proportion  in  which  the  plan  is  to  be  increased  or 
diminished,  when  of  a  different  size.  Lastly,  copy  into  the 
clean  squares  the  parts  contained  in  the  corresponding  squares 
of  the  old  plan  -,  and  you  will  have  the  copy^.eitlier  qf  the 
same  size,  or  greater  or  less  in  any  proportion. 

Fourth  Method. — A  fourth  method  is  by  the  instrument 
called  a  pentagraph,  which  also  copies  the  plan  in  any  size 
required. 

Fifth  Method. — But  the  neatest  method  of  any,  at  least  ifi 
Copying  a  fair  plan,  is  this.  Procure  a  copying  frame  or  glass, 
made  in  this  manner;  namely,  a  large  square  of  the  best  win- 
dow glass,  set  in  a  broad  frame  of  wood,  which  can  be  raised 
up  to  any  angle,  when  the  lower  side  of  it  rests  on  a  table. 
Set  this  frame  up  to  any  angle  before  you,  facing  a  strong 
light  5  fix  the  old  plan  and  clean  paper  together,  with  several 
pins  quite  around,  to  keep  them  together,  the  clean  paper 
being  laid  uppermost,  and  over  the  face  of  tlie  plan  to  be  co- 
pied. Lay  them^  with  the  back  of  the  old  plan,  on  the  glass; 
namely,  that  part  which  you  intend  to  begin  at  to  copy  first ; 
and,  by  means  of  the  light  shining  through  the  papers,  you 
will  very  distinctly  perceive  every  line  of  the  plan  through 
the  clean  paper.  In  this  state  then  trace  all  the  lines  on  the 
paper  with  a  pencil.  Having  drawn  that  part  which  covers 
the  glass,  slide  another  part  over  the  glass,  and  copy  it  in  the 
same  manner.  Then  another,  part.  And  so  on,  till  the 
whole  is  copied. 

Then  take  them  asunder,  and  trace  all  the  pencil  lines 
over  with  a  fine  pen  and  Indian  ink,  or  with  common  ink. 

And  thus  you  may  copy  the  finest  plan,  without  injuring 
it  in  the  least. 

When  the  lines  are  copied  on  the  clean  paper,  the  next 
business  is  to  write  such  names,  remarks,  or  explanations,  as 
may  be  judged  necessary ;  laying  down  the  scale  for  taking 
the  lengths  of  any  parts,  a  flower-de-luce  to  point  out  the 
direction,  and  the  proper  title  ornamented  with  a  compart- 
ment j  illustrating  or  colouring  every  part  in  the  manner 
that  shall  seem  most  natural — such  as  shading  rivers  or  brooks 
with  crooked  lines ;  drawing  the  representations  of  trees, 
bushes,  hills,  woods,  hedges,  houses,  gates,  roads,  &c,  in 
their  proper  places  j  running  a  single  dotted  line  for  a  foot- 
path, and  a  double  one  for  a  carriage-road ;  and  either  re- 
presenting the  bases  or  the  elevations  of  buildings,  &c. 
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OF  ARTIFICERS'  WORKS, 

AND 

TIMBER  MEASURING. 


I.  Of  the  CARPENTER'S  or  SLIDING  RULE. 

THE  Carpenter's  or  Sliding  Rule,  is  an  instrument  mucR 
used  in  measuring  of  timber  and  artilicers'  works,  both  for 
taking  the  dimensions,  and  computing  the  contents. 

The  instrument  consists  of  two  equal  pieces,  each  a  foot  in 
length,  which  are  connected  together  by  a  folding  joint. 

One  side  or  face  of  the  rule,  is  divided  into  inches,,  and 
eighths,  or  half-quarters.  On  the  same  face  also  are  several 
plane  scales,  divided  into  twelfth  parts  by  diagonal  lines  j 
which  are  used  in  planning  dimensions  that  are  taken  in  feet 
and  inches.  The  edge  of  thfe  rule  is  commonly  divided  de- 
cimally, or  into  tenths ;  namely,  each  foot  into  ten  equal 
parts,  and  each  of  these  into  ten  parts  again :  so  that  by 
means  of  this  last  scale,  dimensions  are  taken  in  feet,  tenths, 
and  hundredths,  and  multiplied- as  common  decimal  numbers, 
ivhich  is  the  best  way. 

On  the  one  part  of  the  other  face  are  four  lines,  marked 
A,  B,  c,  D ;  the  two  middle  ones  B  and  c  being  on  a  slider, 
which  runs  in  a  groovo  made  in  the  stock.  Tlie  same  num- 
bers serve  for  both  these  two  middle  lines,  the  one  being- 
above  the  numbers,  and  the  other  below. 

These  four  lines  are  logaritlunic  ones,  and  the  three  A,  B, 
c,  which  are  all  equal  to  one  another,  are  double  lines,  as 
they  proceed  twice  over  from  1  to  10.  The  other  or  lowest 
line,  D,  is  a  single  one,  proceeding  from  4  to  40.  It  is  also 
called  the  girt  line,  from  its  use  in  computing  the  contents 
of  trees  and  timber;  and  on  it  are  marked  vvg  at  17' 15,  and 
AG  at  18*95,  the  wine  and  ale  gage  points,  to  make  this  in- 
strument serve  the  purpose  of  a  gaging  rule. 

On  the  ether  part  of  this  face,  there  is  a  table  of  the  value 
of  a  load,  or  50  cubic  feet,  of  timber,  at  all  prices,  from 
a  pence  to  2  shillings  a  foot. 

When 
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"When  1  at  the  beginning  of  any  line  is'accounted  1,  then 
the  I  in  the  middle  will  be  10,  and  the  10  at  the  end  100  j 
but  when  1  at  the  beginning  is  accounted  10,  then  the  1  iii, 
the  middle  is  100,  and  the  10  at  the  end  1000;  and  so  on/ 
And  all  the  smaller  divisions  are  altered  proportionally. 


ri.  ARTIFICERS'  WORK. 

Artificers  compute  the  contents  of  their  works  by 
several  different  measures.     As 

Glazing  and  masonry,  by  the  foot :  Painting,  plastering, 
,     paving,  &c,  by  the  yard,  of  9  square  feet :  Flooring, 

partitioning,  roofing,  tiling,  &c,  by  the  square,  of  100 

square  feet : 
And  brickwork,  either  by  the  yard  of  9  square  feet,  or  by 

the  perch,  or  square  rod  or  pole,  containing  272i-  square 

feet,  or  30^  square  yards,  being  the  square  of  the  rod 

or  pole  of  16^  feet  or  5^  yards  long. 

As  this  number  272i  is  troublesome  to  divide  by,  the  j:  it 
often  omitted  in  practice,  and  the  content  in  feet  divided 
only  by  the  272. 

All  works,  whether  superficial  or  solid,  are  computed  by 
the  rules  proper  to  the  figure  of  them,  \\chether  it  be  a  tri- 
angle, or  rectangle,  a  parallelopiped,  or  any  other  figure. 


III.  BRICKLAYERS'  WORK. 

Brickwork  is  estimated  at  the  rate  of  a  brick  and^  half 
thick.  So  that  if  a  wall  be  more  or  less  than  this  standard 
thickness,  it  must  be  reduced  to  it,  as  follows  : 

Multiply  the  superficial  content  of  the  wall  by  the  number 
of  half  bricks  in  the  thickness,  and  divide  the  product  by  3. 

The  dimensions  of  a  building  may  be  taken  by  measuring 
half  round  on  the  outside  and  half  round  it  on  the  inside;  the 
sum  of  these  two  gives  the  compass  of  the  wall,  to  be  multi- 
plied by  the  height,  for  the  conteiit  of  the  materials. 

Chimnies  are  commonly  measured  as  if  they  were  solid, 
deducting  only  the  vacuity  from  the  hearth  to  the  mantle, 
on  account  of  the  trouble  of  them.   All  windows,  doors,  &c, 
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are  to  be  deducted  out  of  the  contents  of  the  walls  In  which 
they  are  placed. 

EXAMPLES. 

Ex  AIM.  1.  How  many  yards  and  rods  of  standard  brick- 
work are  in  a  wall,  whose  length  or  compass  is  57  feet  3 
inches,  and  height  24  feet  "6  inches  ;  the  wall  being  2t 
bricks  or  5  half-bricks  thick  ?  Ans.  8  rods,  1 7-|  yards. 

Exam.  2.  Required  the  content-of  a  wall  62  feet  6  inches 
long,  and  14  feet  8  inches  high,  and  2-^-  bricks  thick  ? 

Ans.  169-753  yards. 

JpxAM.  3.  A  triangular  gable  is  raised  174-  feet  high,  on 
jin'end  wall  whose  length  is  24  feet  9  inches,  the  thickness 
being  2  bricks ;  required  the  reduced  content  ? 

Ans.  22 -OS-f  yards. 

"*  Exam.  4.  The  end  wall  of  at  house  is  28  feet  10  inches 
long,  and  55  feet  8  inches  high,  to  the  eaves;  20  feet  Ijigh  is 
2~  bricks  thick,  other  20  feet  high  is  2  bricks  thick,  and  the 
remaining  15  feet  8  inches  is  I4  bnck  thick;  above  which 
is  a  triangular  gable,  of  I  brick  thick,  which  rises  42  courses 
of  bricks,  of  which  every  4  courses  make  a  foot.  What  is  the 
whole  content  in  standard  measure  ?        Ans.  253*626  yards. 


IV.  MASONS*  WORK. 

To  Masonry  belong  all  sorts  of  stone-work ;  and  the  mea- 
sure made  use  of  is  a  foot,  either  superficial  or  solid. 

Walls,  columns,  blocks  of  stone  or  marble,  &c,  are  mea- 
sured by  the  cubic  foot ;  -  and  pavements,  slabs,  chimney- 
pieces,  &c,  by  the  superficial  or  square  foot. 

Cubic  or  solid  measure  is  used  for  the  materials,  and  square 
meas,ure  for  the  v/orkmanship. 

In  the  solid  measure,  the  true  length,  breadth,  and  thick- 
ness are  taken,  and  multiplied  continually  together.  In  the 
superficial,  there  must  be  taken  the  length  and  breadth  of 
every  part  of  the  projection  which  is  seen  without  the  ge- 
neral upright  face  of  the  building. 

EXAMPLES. 

Exam.  1..  Required  the  solid  content  of  a  wall,  53  feet  6 
inches  long,  12  feet  3  inches  high,  and  2  feet  thick  ? 

Ans.  ISlOjfeet. 

Exam. 
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Exam.  2.  What  is  the  solid  content  of  a  wall,  the  length 
being  24  feet  3  inches,  height  10  feet  9  inches,  and  2  feet 
thick?  Ans.  521-375  feet. 

Exam.  3.  Required  the  value  of  a  marble  slab,  at  Ss.  pei* 
foot ;  the  length  being  5  feet  7  inches,  and  breadth  1  foot . 
10  inches  ?  Ans.  4/.  Is.  lO'^d. 

Exam.  4.  In  a  chimney-piece,,  suppose  the 
length  of  the  mantle  and  slab,  6ach  4  feet  6  inches 
breadth  of  both  together  -         3         2 

length  of  each  jamb        .-         -         4         4 
breadth  of  both  together  -         1         9 

Required  the  superficial  content  ?       Ans.  21  feet  10  inches. 


V.  CARPENTERS'  and  JOINERS'  WORK. 

To  this  branch  belongs  all  the  T^rood-work  of  a  house, 
such  as  flooring,  partitioning,  roofing,  &c. 

Large  and  plain  articles  are  usually  measured  by  the 
square  foot  or  yard,  &c  j  but  enriched  mouldings,  and  some 
other  articles,  are  often  estimated  by  running  or  lineal  mea- 
sure; and  some  things  are  rated  by  the  piece. 

In  measuring  of  Joists,  take  the  dimensions  of  one  joist, 
and  multiply  its  content  by  the  number  of  them ;  consider- 
ing that  each  end  is  let  into  the  wall  about  f  of  the  tliick- 
ness,  as  it  ought  to  be. 

Partitions  are  measured  from  wall  to  wall  for  one  di- 
mension, and  from  floor  to  floor,  as  far  as  they  extend,  for 
the  other.  *     ' 

In  measuring  of  Joinjers'  work,  the  string  is  made  to  ply 
close  into  all  mouldings,  and  to  every  part  of  the  work  over 
which  it  passes. 

The  measure  of  Centering  for  Cellars  is  found  by  making  a 
string  pass  over  the  surface  of  the  arch  for  the  breadth, -and 
taking  the  length  of  the  cellar  for  the  length :  but  in  groin 
centering,  it  is  usual  to  allow  double  measure,  on  account  of 
their  extraordinary  trouble. 

In  Roofingy  the  dimensions,  as  to  length,  breadth,  and 
depth,  are  taken  as  in  flooring  joists,  and  the  contents  com- 
puted the  same  way. 

In  Floor-boar  dingy  fake  the  length  of  the  room  for  one  di- 
mension, 
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menslon,  and  the  breadth  for  the  other,  to  multiply  together 
for  the  content.  / 

For  Stair-cases f  take  the  breadth  of  all  the  steps,  by  making 
a  line  ply  close  over  them,  from  the  top  to  the  bottom,  and 
multiply  the  length  of  this  line  by  the  length  of  a  step,  for 
the  whole  area. — By  the  length  of  a  step  is  meant  the  length 
of  the  front  and  the  returns  at  the  two  ends  *,  and  by  the 
breadth  is  to  be  understood  the  girts  of  its  two  outer  sur*^ 
faces,  or  the  tread  and  riser. 

For  the  Balustrade^  take  the  whole  length  of  the  upper  part 
of  the  hand-rail,  and  girt  over  its  end  till  it  meet  the  top  of 
the  newel  posrt,  for  the  one  dimension  ;  and  twice  the  length 
of  the  baluster  on  the  landing,  with  the  girt  of  the  hand-rail, 
f  jr  the  other  dimension. 

For  Wamscoting^  take  the  compass  of  the  room  for  the 
one  dimension;  and  the  height  from  the  floor  to  the  ceiling, 
jnaking  the  string  ply  close  into  ali  the  mouldings,  for  the 
Other. 

For  DoorSf  take  the  height  and  the  breadth,  to  multiply 
them  together  for  the  area. — ^f  the  door  be  panneled  on 
both  sides,  take  double  its  measure  for  the  workmanship  -, 
but  if  one  side  only  be  panneled,  take  the  area  and  its  half 
for  the  workmanship. — For  the  Surrounding  Architravey  girt 
it  about  the  outermost  part  for  its  length ;  and  measure  over 
it,  as  far  as  it  can  be  seen  when  the  door  is  open,  for  the 
breadth. 

WindoU'^shtrttersy  Bases,  &c,  are  measured  in  like  manner. 

EXAMPLES. 

Exam.  1.  Required  the  content  of  a  floor,  4-S  feet  6  inches 
long,  and  24  feet  3  inches  broad  ?  Ans.  1 1  sq.  76|  feet. 

Exam,  2.  A  floor  being  36  feet  3  inches  long,  and  16  feet. 
6  inches  broad,  how  many  squares  are  in  it  ? 

Ans.  5  sq.  98^  feet. 

Exam.  3.  How  many  squares  are  there  in  173  feet  10 
inches  in  length,  and  IQ  feet  7  inches  height,  of  partition- 
ing? Ans.  18*3973  squares. 

Exam.  4.  What  cost  the  roofing  of  a  house  at  10/.  6d, 
a  square;  the  length  within  the  walls  being  52  feet  8  inches, 
and  the  breadth  30  feet  6  inches ;  reckoning  the  roof  4  of 
th^flat?  Ans.  12/.  12/.  11|^.' 

ExAMt 
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Exam.  5.  To  how  much,  at  6s.  per  square  yard,  amounts 
the  wainscoting  of  a  room ;  the  height,  taking  in  the  cor- 
nice and  mouldings,  being  12  feet  G  inches,  and  the  whole 
compass  8S  feet  8  inches  j  also  the  three  window-shutters 
are  each  7  feet  8  Inches  by  3  feet  G  inches,  and  the  door 
7  feet  by  3  feet  6  inches  -,  the  doors  and  shutters,  being 
worked  on  both  sides,  are  reckoned  work  and  half  work  ? 

Ans.  36/.  12/.  24^., 
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In  these  articles,  the  content  of  a  roof  is  found  by  mul- 
tiplying the  length  of  the  ridge  by  the  girt  over  from  eaves 
to  eaves  j  making  allowance  in  this  girt  for  the  double  row 
of  slates  at  the  bottom,  or  for  how  much  one  row  of  slat;es 
or  tiles  is  laid  over  another. 

When  the  roof  is  of  a  true  pitch,  that  Is,  forming  a  right 
angle  at  top ;  t;hen  the  breadth  of  the  building,  with  its  halt" 
added,  is  the  girt  over  both  sides  nearly. 

In  angles  formed  in  a  roof,  running  from  the  ridge  to  the 
eaves,  when  the  angle  bends  inwards,  it  Is  called  a  valley  j 
but  when  outwards,  it  is  called  a  hip. 

Deductions  are  n^^ade  for  chimney  shafts  or  window  holes. 

EXAMPLES. 

Exam.  1 ,  Required  the  content  of  a  slated  roof,  the  length 
being  45  feet  9  inches,  an^  the  whole  girt  34  feet  3  inches  ? 

Ans.  174-j^  yards. 

Exam.  2.  To  how  much  amounts  the  tiHng  of  a  house, 
at  25s.  6d.  per  square;  the  length  being  43  feet  10  inches, 
and  the  breadth  on  the  flat  27  feet  5  inches ;  also  the  eaves- 
projecting  16  inches  on  each  side,  and  the  roof  of  a  true 
pitch?  Ans,  24/.  9/.  5 y. 


VII.  PLASTERERS'  WORK. 

Plasterers'  work  Is  of  two  kinds;  namely,  ceiling,  which 
h  plastering  on  laths ;  and  rendering,  which  is  plastering  ort 
walls :  which  are  measured  separately. 

The 
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The  contents  are  estimated  either  by  the  foot  or  the  yard^ 
or  the  square^  of  100  feet.  Inriched  mouldings,  &c,  are 
rated  by  running  or  hneal  measure. 

Deductions  are  made  for  chimneys,  doors,  windows,^  &c. 

EXAMPLJES. 

iSxAM.  1.  How  many  yards  contains  the  ceiling  which  is 
43  feet  3  inches  long,  and  25  feet  6  inches  broad  ? 

Ans.  122^, 

Exam.  2.  To  how  much  amounts  the  ceiling  of  a  room, 
as  lOrtf.  per  yard  j  the  length  being  21  feet  8  inches,  and  the 
breadth  14-  feet  10,  inches  ?  Ans.  1/.  9/.  8|^. 

Exam,  3.  The  length  of  a  room  is  18  feet  6  inches,  the 
breadth  12  feet  3  inches,  and  height  10  feet  6  inches;  !a 
how  much  amounts  the  ceiling  and  rendering,  the  former  at 
Sd.  and  the  latter  at  3  J.  per  yard ;  allowing  for  the  door  of 
7  feet  by  3  feet  8,  and  a  fire-place  of  5  feet  square  ? 

Ans.  1/.  13/.  Sid. 

Exam.  4.  Required  the  quantity  of  plastering  in  a  room> 
the  length  being  14  feet  5  inches,  breadth  13  feet  2  inches, 
and  height  9  feet  3  inches  to  the  under  side  of  the  cornice, 
which  girts  8^  inches,  and  projects  5'  inches  from  the  wall 
on  the  upper  part  next  the  ceiling  -,  deducting  only  for  a 
door  7  feet  by  4.^ 

Ans.  53  yards  5  feet  3  inches  of  rendering 
18  5  6  of  ceiling 

39         O^i         of  cornice. 


VIII.  PAINTERS'  WORK. 

Painters'  work  is  computed  in  square  yards.  Every  part 
is  measured  where  the  colour  lies ;  and  the  measuring  line  is 
forced  into  all  the  mouldings  and  corners. 

Windows  are  done  at  so  much  a  piece.  And  it  is  usual  to 
allow  double  measure  for  carved  mouldings,  &c. 

EXAMPLES. 

Exam.  1.  How  many  yards  of  painting  contains  the  room 
which  is  65  feet  6  inches  in  compass,  and  12  feet  4  inches 
high  ?  Ans.  89.|^  yards. 

Exam.  2,  The  length  of  a  room  being  20  feet,  its  breadth 

14  feet 
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14-  feet  6  inches,  and  height  10  feet  4  inches;  how  many 
yards  of  painting  are  in  it,  deducting  a  fire-place  of  4  feet 
by  4  feet  4  inches,  and  two  windows  each  6  feet  by  3  feet 
2  inches  ?  x  Ans.  73^  yards. 

-  Exam.  3.  What  cost  the  painting  of  a  room,  at  6d.  per 
yard;  its  length  being  24  feet  6  inches^  its  breadth  16  feet 
S  inches,  and  height  12  feet  9  inches ;  also  the  door  is  7  feet 
by  3  feet  6,  and  the  window-shutters  to  two  windows  each 
7  feet  9  by  3  feet  6;  but  the  breaks  of  the  windows  them- 
selves are  8  feet  6  inches  high,  and  1  foot  3  inches  deep; 
including  also  the  window  ciUs  or  seats,  and  the  soffits  above, 
the  dimensions  of  which  are  known  from  the  other  dimen- 
sions :  but  deducting  the  fire-place  of  5  feet  by  5  feet  6  ? 

Ans.  3/.  3j.  101^, 


IX.  GLAZIERS'  WORK. 

Glaziers  take  their  dimensions,  either  in  feet,  inches,  and 
^arts,  or  feet,  tenths,  and  hundredths.  And  they  compute 
|.heir  work  in  square  feet. 

In  taking  the  length  and  breadth  of  a  window,  the  cross 
bars  between  the  squares  are  included.  Also  windows  of 
round  or  oval  forms  are  measured  as  square,  measuring  them 
to  their  greatest  length  and  breadth,  on  account  of  the  waste 
in  cutting  the  glass. 

EXAMPLES. 

Exam.  1.  How  many  square  feet  contains  the  window 
which  is  4'25  feet  long,  and  2*75  feet  broad  ?         Ans.  llf. 

Exam.  2.  What  will  the  glazing  a  triangular  sky-light 
come  to,  at  10^.  per  foot ;  the  base  being  12  feet  6  inches, 
and  the  perpendicular  height  6  feet  9  inches  ? 

Ans.  1/.  los.  l^d. 

ExAivf.  3.  There  is  a  house  with  three  tiers  of  windows, 
three  windows  in  each  tier,  their  common  breadth  3  feet  1 1 
inches : 

now  the  height  of  the  first  tier  is  7  feet  1 0  inches 
of  the  second         6  8 

of  the  third  5  4 

Required  the  expense  of  glazing  at  1 4-ci.  per  foot  ? 

'  Ans.  13/.'11j-.  IC-^i. 

Exam, 
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Exam.  4.  Required  the  expense  of  glazing  the  \vIntio\vs 
of  a  house  at  13^.  a  foot;  there  being  three  stories,  and  tiiree 
Tv'indows  in  each  story  : 

the  height  Or  the  lower  tier  is  7  feet  9  inches 
of  the  middle  6         6 

of  the  upper  5  3| 

and  of  an  oval  window  over  the  door  1        10| 
the   common   breadth   of    all   the   windows   being   3   feet 
9  inches  ?  Ans.  12/.  5s,  6d. 


X.  PAVERS*  WORK. 

Pavers'  work  is  done  by  the  square  yard.  And  the 
content  is  found  by  multiplying  the  length  by  the  breadth, 

EXAMPLES. 

Exam.  1.  What  cost  the  paving  a  foot-path  at  3/.  icf. 
a  yard;  t^e  length  being  35  feet  4  inches,  and  breadth 
S  feet  3  inches  ?  Ans.  5/.  7/.  11 4^, 

Exam.  2.  What  cost  the  paving  a  court,  at  3/.  2d.  per 
pard;  the  length  being  27  feet  10  inches,  and  the  breadth 
14  feet  9  inches  ?  '  Ans.  7/.  4/.  S-^d. 

Exam.  3.  What  will  be  the  expense  of  paving  a  rectan*. 
gular  court-yard,  whose  length  is  63  feet,  and  breadth 
45  feet ;  in  which  there  is  laid  a  foot-path  of  5  feet  3  inches 
broad,  running  the  whole  length,  with  broad  stones,  at  3s. 
a  yard ;  the  rest  being  paved  with  pebbles  at  2s.  6d.  a  yard  } 

Ans.  40/.  5;.  10 'rf. 


XI.  PLUMBERS'  WORK. 

Plumbers'  work  is  rated  at  so  much  a  pound,  or  else  by 
the  hundred  weight  of  112  pounds. 

Sheet  lead,  used  in  roofing,  guttering,  &c,  is  from  6  to 
10  lb.  to  the  square  foot.  And  a  pipe  of  an  inch  bore  is 
coipmonly  13  or  14  lb.  to  the  yard  in  length. 

EXAMPLES. 

Exam.  1.  Kow  much  weighs  the  lead  which  is  39  feet 

6  inches 
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6  inches  long,  and  3  feet  3  inches  broad,  at  S-^lb.  to  the 
square  foot- ?  Ans.  1091-ryb. 

Exam.  2.  What  cost  the  covering  and  guttering  a  roof 
with  lead,  at  1  8j-.  the  cwt. ;  the  length  of  the  roof  being  43 
feet,  and  breadth  or  girt  over  it  32  feet ;  the  guttering  f)7 
feet  long,  and  2  feet  wide;  the  former  9*831  lb.  and  the  lat-r 
ter  7*373  lb.  to  the  square  foot  ?  Ans.  115/.  9/.  14^, 


XII.  TIMBER  MEASURING. 

PROBLEM    1. 
Tofijul  the  Areay  or  Superficial  Content,  of  a  Board  or  Plank 

Multiply  the  length  by  the  mean  breadth. 

Note.  When  the  board  is  tapering,  add  the  breadths  at 
the  two  ends  together,  and  take  half  the  sum  for  the  mean 
breadth.  ^ 

By  the  Sliding  Rule. 

Set  12  on  B  to  the  breadth  In  inches  on  a  ;  then  against 
the  length  in  feet  on  b,  is  the  content  on  a,  in  feet  and 
fractional  parts. 

EXAMPLES, 

Exam.  I.  What  is  the  value  of  a  plank,  at  lid.  per  foot, 
whose  length  is  12  feet  6  inches,  and  mean  breadth  1 1  Inches  ? 

Ans.  Ij-.  5d. 

Exam.  2.  Required  the  content  of  a  board,  whose  length 
is  11  feet  2  inches,  and  breadth  1  foot  10  inches  ? 

Ans.  20  feet  5  inches  8''. 

Exam.  3.  What  is  the  value  of  a  plank,  which  is  12  feet 
9  inches  long,  and  1  foot  3  inches  broad,  at  2^d.  a  foot  ? 

Ans.  $s.  3|^. 

Exam.  4.  Required  the  value  of  5  oaken  planks  at  3d. 
per  foot,  each  of  them  being  17^  feet  long ;  and  their  several 
breadths  as  follows,  namely,  two  of  134  inches  in  the 
middle,  one  of  1 44  inches  in  the  middle,  and  the  two  re- 
fnaining  ones,  each  18  inches  at  the  broader  end,  and  ll^  at 
she  Qarrov/er  ?  Ans.  1/.  5s.  9ld. 

PROBLEM 
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PROBLEM    II. 

To  find  the  ^olid  Content  of  Squared  or  Four-sided  Timber, 

Multiply  the  mean  breadth  by  the  mean  thickness,  and 
the  product  again  by  the  length,  for  the  content. 

By  the  Sliding  Rule. 
CD  D  c 

As  length  ;  12  or  10  : :  quarter  girt  :  solidity. 

That  is,  as  the  length  in  feet  on  g,  is  to  12  on  d,  when 
the  quarter  girt  is  in  inches,  or  to  10  on  D,  when  it  is  in 
tenths  of  feet  *,  so  is  the  quarter  girt  on  D,  to  the  content 
on  c. 

Note  1.  If  the  tree  taper  regularly  from  the  one  end  to 
the  other  j  either  take  the  mean  breadth  and  thickness  in  the 
middle,  or  take  the  dimensions  at  the  two  ends,  and  half 
their  sum  will  be  the  mean  dimensions. 

2.  If  the  piece  do  not  taper  regularly,  but  be  unequally 
thick  in  some  parts  and  small  in  others  ;  take  several  dif- 
ferent dimensions,  add  them  all  together,  and  divide  their 
sum  by  the  number  of  them,  for  the  mean  dimensions. 

3.  The  quarter  girt  is  a  geometrical  mean  proportional 
between  the  mean  breadth  and  thickness,  that  is,  the  square 
root  of  their  product.  Sometimes  unskilful  measurers  use 
the  arithmetical  mean  instead  of  it,  that  is,  half  their  sum  j 
but  this  is  always  attended  with  error,  and  the  more  so  as 
the  breadth  and  depth  differ  the  more  from  each  other. 

EXAMPLES. 

Exam.  1.  The  length  of  a  piece  of  timber  is  18  feet 
6  inches,  the  breadths  at  the  greater  and  less  end  1  foot 
6  inches  and  1  foot  3  inches,  and  the  thickness  at  the  greater 
and  less  end  1  foot  3  inches  and  1  foot ;  required  the  solid 
content  ?  ^    Ans.  28  feet  7  inches. 

Exam.  2.  "What  is  the  content  of  the  piete  of  timber, 
whose  length  is  24^  feet,  and  the  mean  breadth  and  thick-. 
liess  each  1*04  feet  ?  Ans.  26^  feet* 

Exam.  3.  Required  the  content  of  a  piece  of  timber, 
whose  length  is  20*38  feet,  and  its  ends  unequal  squares,  the 
sideof  the  greater  being  19-^  inches,  and  the  side  of  the  less 
9|  inches  ?  Ans.  29*75625  fe^. 

Exam. 
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Exam.  4.  Required  the  content  of  the  piece  of  timber, 
whose  length  is  27*36  feet ;  at  the  greater  end  the  breadth 
IS  1*78,  and  thickness  1*23  ;  and  at  the  less  end  the  breadth 
is  l-O^,  and  thickness  0*91  feet  ?  Ans.  41-278  feet. 


PROBLEM    III. 

To  find  the  Solidity  of  Round  or  Unsquared  Timber. 

Multiply  the  square  of  the  quarter  girt,  or  of  i  of  the 
mean  circumference,  by  the  length,  for  the  content. 

By  the  Sliding  Rule. 

As  the  length  upon  c  :  12  or  10  upon  D  : : 
quarter  girt,  in  12ths  or  lOths,  on  D  :  content  on  c. 

Note  1 .  When  the  tree  is  tapering,  take  the  mean  dimen- 
sions as  in  the  former  problems,  either  by  girting  it  in  the 
middle,  for  the  mean  girt,  or  at  the  two  ends,  and  take  half 
the  sum  of  the  two ;  or  by  girting  it  in  several  places,  then 
adding  all  the  girts  together,  and  dividing  the  sum  by  the 
number  of  them,  for  the  mean  girt.  But  when  the  tree  is 
is  very  irregular,  divide  it  into  several  lengths,  and  find  the 
content  of  each  part  separately. 

2.  This  rule,  which  is.  commonly  used,  gives  the  answer 
about  ~  less  than  the  true  quantity  in  the  tree,  or  nearly 
what  the  quantity  would  be,  after  th^  tree  is  hewed  square 
in  the  usual  way:  so  that  it  seems  intended  to  make  an  al- 
lowance for  the  squaring  of  the  tree. 

EXAMPLES. 

Exam.  1.  A  piece  of  round  timber  being  9  feet  6  Inches 
long,  and  its  mean  quarter  girt  42  inches  ;  what  is  the  con- 
tent ?  Ans.  116i  feet. 

Exam.  2.  The  length  of  a  tree  is  24  feet,  its  girt  at  the 
thicker  end  14  feet,  and  at  the  smaller  end  2  feet;  required 
the  content  ?  Ans.  96  feet. 

Exam.  3.  What  is  the  content  of  a  tree,  whose  mean 
girt  is  3*15  feet,  and  length  14  feet  6  inches  ^  .  .       * 

Ans.  8-9922  feet. 

Exam.  4.  Required  the  content  of  a  tree,  whose  length 
is  17i  feet,  which  girts  in  five  different  places  as  follows, 
namely,  in  the  first  place  9*43  feet,  in  the  second  7*92,  in 
the  third  6*15,  in  the  fourth  4*74,  and  in  the  fifth  3*16  ? 

\  Ans.  42*519525. 
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CONIC    SECTIONS. 


DEFINITIONS. 

\.  Conic  Sections  are  the  figures  made  by  the  mutual 
intersection  of  a  cone  and  a  plane. 

2.  According  to  the  different  positions  of  the  cutting  plane, 
there  arise  five  dlflferent  figures  or  sections,  namely,  a  tri- 
angle, a  circle,  an  ellipse,  an  hyperbola,  and  a  parabola :  the 
three  last  of  which  only  are  peculiarly  called  Conic  Sections. 


3.  If  the  cutting  plane  pass  through 
the  vertex  of  the  cone,  and  any  part  of 
the  base,  the  section  will  evidently  be  a 
triangle  j  as  vab. 


4.  If  the  plane  cut  the  cone  parallel  to 
tKe  base,  or  make  no  angle  with  it,  the 
section  will  be  a  circle ;  as  abd. 


5.  Tlie  section  dab  is  an  ellipse, 
when  the  cone  is  cut  obliquely  through 
botli  sides,  or  when  the  plane  is  in- 
clined to  the  base  in  a  less  angle  than 
the  side  of  the  cone  is. 


section  is  a  parabola,   when 
is  cut  by  a  plane  parallel  to 


6.  The 
the  cone 

the  side,  or  when  the  cutting  plane  and 
the  side  of  the  cone  majic  cc^ual  angles 
with  the  bate. 


The 
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7.  The  section  Is  an  hyperbola,  when 
the  tutting  plane  makes  a  greater  angle 
with  the  base  than  the  side  of  the  cone 
makes. 


8*  And  if  all  the  sides  of  the  cone 
be  continued  through  the  vertex,  form- 
ing an  opposite  equal  cone,  and  the 
plane  be  also  continued  to  cut  the  op- 
posite cone,  this  latter  section  will  be 
the  opposite  hyperbola  to  the  former ; 
as  dfie. 


And  further,  if  there  he  four  cones 
CMN,  COP,  CMP,  CNO,  having  all  the 
same  vertex  c,  and  all  their  axes  in  the 
same  plane,  and  their  sides  touching  or 
coinciding  in  the  common  intersecting 
lines  ^TCo,  ncp  •,  then  if  these  four 
cones  be  all  cut  by  one  plane,  parallel 
to  the  common  plane  of  their  axes, 
there  will  be  formed  the  four  hyper- 
bolas  GftR,    FST,    VKL,  WHI,  of  which 

each  two  opposites  are  equal,  and 
the  other  two  are  conjugates  to 
them;  as  here  in  the  annexed  figure, 
and  the  same  as  represented  in  the 
two  following  pages. 


K 


9.  The  vertices  of  any  section,  are  the  points  where  the 
cutting  plane  meets  the  opposite  sides  of  the  cone,  or  the 
sides  of  the  vertical  triangular  section ;  as  A  and  B. 

Hence  the  ellipse  and  the  opposite  hyperbolas,  have  each 
two  vertices ;  but  the  parabola  only  one  j  unless  we  consider 
the  other  as  at  an  infinite  distance. 

10.  The  Axis,  or  Transverse  Diameter,  of  a  conic  sec- 
tion, is  the  line  or  distance  ab  between  the  vertices- 

Hence  the  axis  of  a  parabola  is  infinite  in  length,  Ab  be- 
in  g  only  a  part  of  it. 


Ellipse, 
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11.  The  Centre  c  is  the -middle  of  the  axis. 

Hence  the  centre  of  a  parabola  is  infinitely  distant  from 
the  vertex.  And  of  an  ellipse^  the  axis  and  centre  lie  within 
the  curve  j  but  of  an  hyperbola,  without. 

12.  A  Diameter  is  any  right  line,  as  ab  or  de,  drawn 
through  the  centre,  and  terminated  on  each  side  by  the 
curve  ;  and  the  extremities  of  the  diameter,  or  its  intersec- 
tions with  the  curve,  are  its  vertices. 

Hence  all  the  diameters  of  a  parabola  are  parallel  to  the 
axis,  and  infinite  in  length.  And  hence  also  every  diameter 
of  the  ellipse  and  hyperbola  have  two  vertices  ;  but  of  the 
parabola,  only  one ;  unless  we  consider  the  Other  as  at  an  in- 
finite distance. 

13.  The  Conjugate  to  any  diameter,  is  the  line  drawn 
through  the  centre,  and  parallel  to  the  tangent  of  the  curve 
at  the  yertex  of  the  diameter.  So,  fg,  parallel  to  the  tangent 
at  D,  is  the  conjugate  to  de  ;  and  hi,  parallel  to  the  tangent 
at  A,  is  the  conjugate  to  ab. 

Hence  the  conjugate  hi,  of  the  axis  ab,  is  perpendicular 
to  it. 

14.  An  Ordinate  to  any  diameter,  is  a  line  parallel  to  its 
conjugate,  or  to  the  tangent  at  its  vertex,  and  terminated  by 
the  diameter  and  curve.  So  dk,  el,  are  ordinates  to  the 
axis  AB ;  and  mn,  no,  ordingtes  to  the  diameter  de. 

Hence  the  ordinates  of  the  axis  are  perpendicular  to  it. 

15.  An  Absciss  is  a  part  of  any  diameter  contained  be- 
tween its  vertex  and  an  ordinate  to  it ;  as  ak  or  bk,  or  dn 
or  EN. 

.   Hence,  in  the  ellipse  and  hyperbola,  every  ordinate  has 
'  two  determinate  abscisses ;  but  in  the  parabola,  only  one ; 
the  other  vertex  of  the  diameter  being  infinitely  distant.   • 

16.  The  Parameter  of  any  diameter,  is  a  third  propor- 
tional to  that  diameter  and  its  conjugate.  . 

17.  The 
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17.  The  Focus  is  the  point  in  the  axis  where  the  ordinate 
IS  equal  to  half  the  parameter.  As  K  and  L,  where  DK  or  EL 
is  equal  to  the  semi-parameter.  The  name  focus  being  given 
to  this  point  from  the  pecuhar  property  of  it  mentioned  in 
the  corol.  to  theor.  9  in  the  Ellipse  and  Hyperbola  fol- 
lowing, and  to  theor.  6  in  the  Parabola. 

Hence,  the  ellipse  and  hyperbola  have  each  two  foci ;  but 
the  parabola  only  one^ 


H                n                T 

f^. 

A 

A 

v<"' 

A. 

18.  If  DAE,  FBG,  be  two  opposite  hyperbolas,  having  ab 
for  their  first  or  transverse  axis,  and  ab  for  their  second  or 
conjugate  axis.  And  if  dae,  fbg,  be  two  other  opposite  hy- 
perbolas having  the  same  axes,  but  in  the  contrary  order, 
namely,  ab  their  first  axis,  and  AB  their  second ;  then  these 
two  latter  curves  dae,  fbg,  are  called  the  conjugate  hyper- 
bolas to  the  two  former  dae,  fbg-,  and  each  pair  of  oppo- 
site curves  mutually  conjugate  to  the  other  j  being  all  cut  by 
one  plane,  from  four  conjugate  cones,  as  in  page  99, 
def.  9. 

19.  And  if  tangents  be  drawn  to  the  four  vertices  of  the 
curves,  or  extremities  of  the  axes,  forming  the  inscribed 
rectangle  hikl  •,  the  diagonals  hck,  icl,  of  this  rectangle, 
are  called  the  asymptotes  of  the  curves.  And  if  these  asym- 
ptotes intersect  at  right  angles,  or  the  inscribed  rectangle  be 
a  square,  or  the  two  axes  ab  and  ab  be  equal,  then  the  hy- 
perbolas are  said  to  be  right-angled,  or  equilateral. 

SCHOLIUM. 

The  rectangle  inscribed  between  the  four  conjugate  hy- 
perbolas, is  similar  to  a  rectangle  circumscribed  about  an 
ellipse^  by  drawing  tangents,  in  like  manner,  to  the  four  ex- 
tremities of  the  two  axes ;  and  the  asymptotes  or  diagonals 
in  the  hyperbola,  are  analagous  to  those  in  the  ellipse,  cut- 
ting this  curve  in  similar  points,  and  making  that  pair  of 
conjugate  diameters  which  are  equal  to  each  other.  More- 
over, the  whole  figure  formed  by  the  four  hyperbolas,  is,  as 
it  were,  an  ellipse  turned  inside  out,  cut  open  at  the  extre- 

VoL.  II.  H  mities 
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mities  D,  E,  F,  G,  of  the  said  equal  conjugate  diameters,  and 
those  four  points  drawn  out  to  an  infinite  distance ;  the  cur- 
vature being  turned  the  contrary  way,  but  the  axes,  and  the 
rectangle  passing  through  their  extremities,  continuing  fixed* 


Of  the  ellipse. 


THEOREM    I. 


The  Squares  of  the  Ordinates  of  the  Axis  are  to  each  other 
as  the  Rectangles  of  their  Abscisses. 

Let  AVE  be  a  plane  passirtg  through  v 

the  axis  of  the  cone  j  acih  another  /\ 

section  of  the  cone  perpendicular  to  /    \ 

the  planer  of  the  former ;  ab  the  axis  >^'"T*/^ 

cf  this  elliptic  sectiou  y  and  fg,  Hi,  or-  Wr--^<^))^ 

dinates  perpendicular  to  it.     Then  it         m/}:^^'::^r.}^ 
will  be,  as  fg  :  hi  : :  Af  .  fb  :  ah  .  hb,        m^S^>^-"""\ 

For,  through  the  Ordinates  fg,  hi,        ^  '    ^ 

draw  the  circular  sections  kgl,  Min,  ' 
parallel  to  the  base  of  the  cone,  having  kl,  mn,  for  their 
diameters,  to  which  fg,  hi,  are  ordinates,  as  well  as  to  the 
axis  of  the  ellipse. 

Now,  by  the  similar  triangles  afl,  ahn,  a^d  BFK>  EHM, 

it  is  af  :  ah  : :  fl  :  hn, 
and  FB :  HB : :  KF :  mhj 

hence,  taking  the  rectangles  of  the  correspondmg  terms^ 
it  is,  the  rect.  af  .  fb  :  aH  .  hb  : :  kf  .  fl  :  MH  .  hn. 

But,  by  the  circle,  kf  .  fl  =  fg^,   and   MH  .  hn  =  hi^; 
Therefore  the  rect.  af  .  fb  !  ah  .  hb  ! :  fg'^  !  Hi^,     q.  e,  i>> 


THEOREM  11*- 


As  the  Square  of  the  Transverse  Axis 
Is  to  the  Square  of  the  Conjugate       : 
So  is  the  Rectangle  of  the  Abscisses 
To  the  Square  of  their  Ordinate. 


TkM 
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That  is,  ab"  ;  ab^  or 


Ac'^ :  ac^ : :  AD .  db 


DE' 


For)  by  theor.  1,  AC  .  CB  :  ad   db  : :  ca'^ :  de'  ; 

But,  if  c  be  the  centre,  then  Ac .  cb  =  ac^  and  ca  is  the 

semi-conj. 
Therefore  Ac'^ :  ad  .  db  : :  ac"^ ;  de^  ; 

or,  by  permutation,  ac^  :  ac^  : :  ad  .  db  :  de'^; 
or,  by  doubling,        ab^  :  ab*^ ; ;  ad  .  db  :  de"^.  q.  e.  X). 

ab^ 
Coro/.    Or,  by  div.  ab  :  —  : :  ca^  —  cd\*  de^ 

that  is,  AB  :  ^  : :  ^d  .  db  or  ca'^  —  cd^  :  DE^; 

ab'^ 
where/)  is  the  parameter  — •  by  the  definition  of  it. 

That  is,  As  the  transverse. 
Is  to  its  parameter, 
*?o  is  the  rectangle  of  the  abscisses, 
To  the  square  of  tli^ir  ordinate. 


THEOREM  III. 


As  the  Square  of  the  Conjugate  Axis  : 

Is  to  the  Square  of  the  Transverse  Axis  .* ! 

So  is  the  Rectangle  of  the  Abscisses  of  the  Conjugate,  or 
the  Difference  of  the  Squares  of  the  Semi-conjugate  and 
D  istance  of  the  Centre  from  any  Ordinate  of  that  Axis  : 

To  the  Square  of  their  Ordinate. 


2  .  2 

ca  :  CB 


That  is, 
ad .  db  or  ca^  —  cd^ ;  dE*. 


For,  driw  the  ordinate  ED  to  the  transversa  aS. 
Then,  by  theor.  1,  ca*  ;  ca'^^  : :  de*^  :  ad  .  db  or  ca'^  —  CD', 

But 


-    -     ca' ;  CA^  : :  cd*^ :  CA^  —  dE^ 

ca^ :  CA^ : :  ca'^ :  ca^. 


theref.  by  subbr-    ca-* ;  ca^  : :  ca^  -  cd''  or  ad .  db  :  dE*. 

Q.  E.  D, 


Hi? 


Coro(* 
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Corol.  1.  If  two  circles  be  described  on  the  two  axes  as 
diameters,  the  one  inscribed  within  the  ellipse,  and  the  other 
circumscribed  about  it ;  then  an  ordinate  in  the  circle  will 
be  to  tlie  corresponding  ordinate  in  the  ellipse,  as  the  axis  of 
this  ordinate,  is  to  the  other  axis. 

That  is,  CA  :  ca  :  .*  dg  :  de, 
and  <:a  :  CA  : :  dg  :  dE. 

For,  by  the  nature  of  the  circle,  ad  .  DB  =  dg'  ;  theref. 
by  the  nature  of  the  eUipse,  ca^  I  ca''  .*  I  ad  .  db  or  dg"  :  de% 
or  CA   ;  ca  : :  dg  :  de. 
In  like  manner       -  ca    ;  ca  : :  dg  :  dE. 

Also,  by  equality,       -       dg  :  de  or  cd  .*  .*  dE  or  dc  ;  dg. 
Therefore  cgG  is  a  continued  straight  line. 

Corol.  2.  Hence  also,  as  the  ellipse  and  circle  are  made  up 
of  the  same  number  of  corresponding  ordinates,  which  are 
all  in  the  same  proportion  of  the  two  axes,  it  follows  that 
the  areas  of  the  whole  circle  and  ellipse,  as  also  of  any  like 
parts  of  them,  are  in  the  same  proportion  of  the  two  axes, 
or  as  the  square  of  the  diameter  to  the  rectangle  of  the  two 
axes ;  that  is,  the  areas  of  the  two  circles,  and  of  the  ellipse, 
are  as  the  square  of  each  axis  and  the  rectangle  of  the  two  ; 
and  therefore  the  ellipse  is  a  mean  proportional  between  the 
two  circles. 

THEOREM  IV. 

The  Square  of  the  Distance  of  the  Focus  from  the  Centre, 
is  equal  to  the  Difference  of  the  Squares  of  the  Semi- 
axes; 

Or,  the  Square  of  the  Distance  between  the  Foci,  is  equal  to 
the  Difference  of  the  Squares  of  the  two  Axes. 


That  is,  CF-  =  ca^  —  ca^, 
or  pf  ^  =  ab"^  —  ab'^* 


For,  to  the  focus  f  draw  the  ordinate  fe  ;  which,  by  the 
definition,  will  be  the  semi-parameter.     Then,  by  the  na-. 
ture  of  the  curve 
and  by  the  def.  of  the  para,  ca^ 
therefore         *  -  -•• 

and  by  add  it.  and  subtr. 
©r,  by  doubling, 


CA- 

; 

ca\-: 

CA^- 

cf'' 

:fe^ 

CA^ 

; 

ca^T 

ca^ 

:  fe'-^5 

ca^^ 

CF- 
Ff'^ 

= 

ca'^- 

0 

CA^  — 

ca^ 
abl 

a.  E.  D. 
CsroL 

Of   the  ellipse.  lOf, 

Corol.  L  The  two  semi-axes,  and  the  focal  distance  from 
the  centre,  are  the  sides  of  a  right-angled  triangle  CFa  ;  and 
the  distance  Fa  from  the  focus  to  the  extremity  of  the  con- 
jugate axis,  is  =  AC  the  semi-transverse. 

Corol.  2.  The  conjugate  semi-axis  ca  is  a  mean  propor-. 
tional  between  af,  fb,  or  between  Af,  fs,  the  distances  of 
either  focus  from  the  two  vertices. 

For  ca"^  =  ca^  —  cf^  =  ca  +  cf  .  ca  —  cf  =  af  .  fb. 


THEOREM   V. 

The  Sum  of  two  Lines  drawn  from  the  two  Foci  to  meet 
at  any  Point  in  the  Curve,  is  equal  to  the  Transverse 
Axis. 


That  is, 

FE  -f  fe  =  AB. 


For,  draw  AG  parallel  and  equal  to  ca  the  semi-conjugate ; 
and  join  cg  meeting  the  ordinate  de  in  H  j  also  take  ci  a 
4th  proportional  to  ca,  cf,  cd. 
Then,  by  theor.  2,  ca"^  :  ag-  : :  ca^  -  cd^  ;  de^  ; 
and,  by  sim.  tri.       ca-  :  ag~  : :  ca'^  ~  cd^  :  ag^  -  dh-j 
consequently  de"  =  ag'-^  —  dh-=  ca'  —  dh^ 

Also  FD  =  CF  CO  CD,  and  fd^  =  cf-  —  2cF .  cd  +  cd"  j 
And,  by  right-angled  triangles,  fe^  =  fd-  -j-  de^  ; 
therefore  fe'-  =  cf^  +  ca^  —  2cf  .  cd  +  cd"  —  D«^ 

But  by  i:heor.  4,       cf"  +  ca^  =  CA^ 

and,  by  supposition,  2cf  .  cd  =  ^ca  .  cr ; 

theref.  fe*^  =  ca'  —  2ca  .  ci  -\-  cd^  —  dh*^. 

Again,  by  supp.  ca^  :  cd-  .* :  cf^  or  ca^  —  ag'  .'  cx^; 

and,  by  sim.  tri.  CA^  I  CD^  :  I  ca^  —  ag"^  :  cd^  —  dh^; 

therefore      -       cv  =  cd'^  —  dh'  ; 

consequently        fe^=  ca^  —  2ca  .  ci  +  ci-. 

And  the  root  or  side  of  this  square  is  fe  =  CA  —  ci  =r  Ai. 

In  the  same  manner  it  is  found  that  ffi  =  ca  +  ci  =  bi. 
Conseq.  by  addit.  fe  -f-  ££==  ai  +  bi  =  ab,  q.  e.  d. 

Ctroi^ 
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Corol.  1.  Hence  ci  or  ca  —  fe  is  a  4<th  proportional  to  CA, 

CF,  CD. 

CoroL  2.  And  fE  —  fe  =  2ci ;  that  is,  the  difference  be- 
tween two  lines  drawn  from  the  foci,  to  any  point  in  the 
curve,  is  double  the  4th  proportional  to  ca,  cf,  cd. 

CoroL  3.  Hence  is  derived  the  common  method  of  de- 
scribing this  curve  mechanically  by  points,  or  with  a  thread, 
thus : 

In  the  transverse  take  the  foci  f,  £, 
and  any  point  i.  Then  with  the  radii 
Ai,  Bi,  and  centres  f,  f,  describe  arcs 
intersecting  in  e,  which  will  be  a 
point  in  the  curve.  In  like  manner, 
assuming  other  points  i,  as  many 
other  points  will  be  found  in  the 
curve.  Then,  with  a  steady  hand,  the  curve  line  may  be 
drawn  through  all  the  points  of  intersection  e. 

Or,  take  a  thread  of  the  length  ab  the  transverse  axis, 
and  fix  its  two  ends  in  the  foci  f,  f,  by  two  pins.  Then  carry 
a  pen  or  pencil  round  by  the  thread,  keeping  it  always 
stretched,  and  its  point  will  trace  out  the  curve  Ijine. 


THEOREM    VI. 

If  from  any  Point  i  in  the  Axis  produced,  a  Line  IL  be 
drawn  touching  the  Curve  in  one  Point  L  ;  and  the  Ordi- 
nate LM  be  drawn ;  and  if  c  be  the  Centre  or  Middle  of 
AB  :  Then  shall  cm  be  to  ci  as  the  Square  of  am  to  the 
Square  of  ai. 

L. H 


That  is. 


CM :  ci 


am'  :  Ai^ 


For,  from  the  point  i  draw  any  other  line  ieh  to  cut  the 
curve  in  two  points  e  and  H.i  from  which  let  fall  the  perpen- 
diculars ED  and  HG ;  and  bisect  dg  in  K. 

Then,  by  theo.  1,  ad  .  db  :  ag  .  gb  ; :  de®  :  Gu\ 
and  by  sim.  tri.  id"  ;         ig'^  :  .*  de'^  :  GH^  j 

theref  by  equality,    Aj) .  db  :  i^G .  gb  .* :  id^  ;  ig\ 

But*DB  =  CB  -|-  CD  =  AC  -|r  CD  =  AG  +  DC  —  CG  =  2CK  +  AG, 
and  GB  =  CB  —  CG  =  AC  —  CG  =  AD  -j-  DC  —  CG  =  2CK  -f  AD; 

theref.  ad  .  2cK  -f-  ad  .  AG  :  AG  .  2cK  +  ad  .  AG  .* :  id^  :  iG"> 
and,  by  div.  dg  .  2qk  ;  IG^  -  JD^Qf  DG  .  2jK  ; ;  AD  .  2ck  + 


AD  .  AG  :  IB' 


or 
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2cK :  2iK : :  AD .  2ck  +  ad  .  ag  :  ID^, 

AD  .  2CK  :  AD  .  2lK  :  :  AD  .  2CK  +  AD  .  AG  .*  ID^  ; 
IK  :  :  AD  .  AG  :  id-  —  ad  .  2lK, 
AD 


or 
or 
theref.  bv  div.  ck 


and,  bv  comp.  ck  :  ci 


or 


AG  :  id' 


CK : CI : :  AD.  ag  f  ak 


ad.  ID  -f  lAj 


But,  when  the  line  ib,  by  re\'olvmg  aboiit  the  point  i, 
comes  into  the  position  of  the  tangent  IL,  then  the  points  e 
and  H  meet  in  the  point  l,  and  the  points  d,  k,  g,  coincide 
with  the  point  M ;   and  then  the  last   proporiion  becomes 


CM :  CI 


AM    :  Al 


Q.  E.  D. 


THEOREM    VII. 


If  a  Tangent  arid  Ordiriate  be  drawn  from  any' Point  iii  the 
Curve,  meeting  the  Transverse  Axis  ;  the  Serai-transverse 
will  be  a  Mean  Proportional  between  the  Distances  of  the 
said  Two  Intersections  frotti  the  Centre^ 


That  Is, 

CA  is  a  mean  proportional 
between  cd  ^nd  ct  ; 

or  CD,  CA,  CT,  are  conti- 
nued proportionals. 


For,  by  theor.  6,  cd  :  ct  : :  ad*  :  at^ 


that  is, 

or 

and 

or 

or 

hence 

and 


CD  :  cT  : :  (ca  —  cd)"  :  (ct  -r  ca)^, 

CD  :  cT  : :  cd^  -{-  ca'^  :  ca'^  +  ct% 

CD  :  DT  : :  cd^  +  ca-  :  ct^  —  cd% 

CD  :  DT  : :  cd^  4-  ca^  :  (CT  -j-  cd)  DT, 


CD^ 
CD^ 


CD^ 


CD.GT 

CA=^ 
CA^ 


CD^  -t-  CA*  :  CD  .  DT  +  CT  .  DT, 
CD  .  DT  :  CT  .  DT, 
CD  :  CT. 


therefore  (th.  78,  Geom.)  cd  :  ca  : :  cA  .*  ct. 


Q.  E.  D. 


CoroL  Since  CT  is  always  a  third  proportional  to  cd,  ca  ; 
if  the  points  d,  a,  remain  constant,  then  will  the  point  T 
be  constant  also ;  and  therefore  all  the  tangents  will  meet  in 
this  point  t,  which  are  dravO'n  from  the  point  E,  of  every 
ellipse  described  on  the  same  axis  ab,  where  they  are  cut  by 
the  common  ordinate  dee  drawn  from  the  point  d.    ' 
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THEOREM    VIII. 

If  there  be  any  Tangent  meeting  Four  Perpendiculars  to  the 
Axis  drawn  from  these  four  Points,  namely,  the  Centre, 
the  two  Extremities  of  the  Axis,  and  the  Point  of  Contact; 
those  Four  Perpendiculars  will  be  Proportionals. 

I 


That  is, 

AG :  DE  : :  ch 


BI. 


For,  by  theor.  7,  tc  :  ac  : 
theref.  by  div.  ta  r  ad  : 

and  by  comp.  ta  ;  td  ; 

and  by  sim.  tri.         AG  I  DE  : 

Corol.  Hence  ta,  td,  tc,  Tb  7  ^^^  ^^  proportionals, 

and        TG,  TE,  TH,  TI   J  ^     ^ 

For  these  are  as  AG,  de,  ch,  bi,  by  similar  triangles. 


q.E. 


THEOREM    IX, 


If  there  be  any  Tangent,  and  two  Lines  drawn  from  the 
Foci  to  the  Point  of  Contact ;  these  two  Lines  will  make 
equal  Angles  with  the  Tangent. 

7C 


That  is, 
the  ^  FET  =  /L  fEe. 


For,  draw  the  ordinate  de,  and  fe  parallel  to  fe. 
By  cor.  1,  theor.  5,  ca  ;  CD  I  .*  cf  .*  ca  —  fe, 
and  by  theor.  7>       ca  :  CD 
therefore  CT*r  cf 

and  by  add.  and  sub.  tf  :  Tf  \ 


But  by  sim.  tri,' 
therefore 
But,  because 
therefore  the 


CT  :  CA  *, 

CA  :  CA  ~  fe  ; 

FE  :  2cA  —  FE  or  fE  by  th.  ^, 

TF  :  Tf  : :  fe  ;  fe ; 

fE  =  fe,  and  conseq.       /^q  —  Z.  fEe. 
FE  is  parallel  to  fe,  the  Z.  c  =;=  ^  fet  ; 
^FET  =^fEe.  Q.  E.  D. 


Of  the  ellipse.  109 

CoroL  As  opticians  find  that  the  angle  of  incidence  is  equal 
to  the  angle  of  reflexion,  it  appears  from  this  theorem,  that 
rays  of  light  issuing  from  the  one  focus,  and  meeting  the 
curve  in  every  point,  will  be  reflected  into  lines  drawn  from 
those  points  to  the  other  focus.  So  the  ray  fE  is  reflected 
into  FE.  And  this  is  the, reason  why  the  points  f,  f,  are  called 
foch  or  burning,  points. 


THEOREM   X. 

All  the  Parallelograms  circumscribed  about  an  Ellipse  are 
equal  to  one  another,  and  each  equal  to  the  Rectangle  of 
the  two  Axes. 


That  is, 
the  parallelogram  pqrs  = 
the  rectangle  ab  ,  ab 


Let  EG,  eg,  be  two  conjugate  diameters  parallel  to  the 
sides  of  the  parallelogram,  and  dividing  it  into  four  lesser 
and  equal  parallelograms.  Also,  draw  the  ordinates  de,  de, 
and  CK  perpendicular  to  pq  ;  and  let  the  axis  ca  produced 
meet  the  sides  of  the  parallelogram,  produced  if  necessary, 
in  T  and  t. 


Then,  by  theor.  7, 

CT 

:  CA 

! :  CA  : 

CD, 

and 

ct 

;  CA 

: :  CA  : 

cd; 

theref.  by  equality, 

CT 

:  ct 

: :  cd  : 

CD  J 

but,  by  sim.  triangles, 

CT 

:  ct 

: :  TD : 

cd. 

theref.  by  equality. 

TD 

red 

: :  cd  : 

CD, 

and  the  rectangle 

TD 

.  DC  is  =  the  square  cd^. 

Again,  by  theor.  7, 

CD 

:  CA 

: :  CA : 

CT, 

or,  by  division. 

CD 

:  CA 

: :  DA : 

AT, 

and  by  composition. 

CD 

:  DB 

: :  AD  : 

DT; 

conseq.  the  rectangle 

CD 

.   DT 

=  cd^: 

=  AD.DB*. 

But,  by  theor.  1, 

CA^ 

:ca^ 

::(AD 

DB  or)  cd-  ."de". 

therefore 

CA 

:  ca 

::cd  : 

de; 

*  Carol,  Because  cd^  = 

AD  .  DB  =:  CA 

'  -  CD^ 

therefore    ca^  = 

CD^  +  Cd*. 

In  like  manner,     ca'  = 

i^eH 

hde^ 

Id 
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In  like  manner,  ca  ;  ca   : :  cd  ;  de, 

or  ca    :  de  ; :  CA  :  cd. 

But,  by  theor.  7,  ct  ;  ca  ; ;  ca  :  cd  ; 

theref.  by  equality,       ct  :  ca  ; ;  ca   :  de. 
But,  by  sim.  tri.  ct  ;  ck  .* :  ce    :  de ; 

theref.  by  equality,      ck  ;  ca  ; ;  ca   :  ce, 
and  the  rectangle  ck  .  ce  =  ca  .  ca. 
But  the  rect.      ck  .  ce  =  the  parallelogram  CEPe, 
theref.  the  rect.  ca  .  ca  =  the  parallelogram  CEpe, 
and  conseq.  the  rect.  ab'.  ab  =  the  paral.  pqrs. 


<^E.  D, 


THEOREM  XI. 


The  Sum  of  the  Squares  of  every  Pair  of  Conjugate  Dia- 
.    meters,  is  equal  to  the  same  constant  Quantity,  namely, 
the  Sum  of  the  Squares  of  the  two  Axes. 


That  IS, 
AB*  +  ab'  =  EG^  +  eg^ 
where  eg,  eg,  are  any  pair  of  con- 
jugate diameters. 


For,  draw  the  ordinates  ed,  ed. 

Then,  by  cor.  to  theor. '10,  ca"  =  cd*  +  cd', 

and  -         -         -         ca'^  =  de^  -j-  de^; 

therefore   the   sum  ca^  +  ca-  =  cd^  +  de^  -|-  cd-  +  de^. 

But,  by  right-angled  A  s,      ce^  =  cd^  -j-  de-, 

and  -        -        _         ce'-  =  cd''^  +  de'^j 

therefore   the   sum  ce^  +  ce-  =  cd'^  +  de"  +  cd"  +  de". 

consequently      -       ca'"^  +  ca'^  =  ce^  +  ce'^; 

or,  by  doubling,        ab'^  -j-  ab-  =  EG"  +  eg^  q.  e.  d. 

Note.  All  these  theorems  in  the  Ellipse,  and  their  demon- 
strations, ^re  the  very  same,  word  for  word,  as  the  same 
number  of  those  in  the  Hyperbola,  next  following,  having 
only  sometimes  the  word  sum  changed  for  the  word  djfe* 
rence* 


Of 


I  m  1 


Of  the  hyperbola. 


XHEGR^^M    I. 

The  Squares  of  the  Ordinates  of  the  Axis  are  to  each  other 
as  the  ^.^ctangles  of  thek*  Abscisses. 

Let  AVE  be  »  plane  passing 
through  the  vertex  and  axis  of 
the  opposite  cones-,  agih  an- 
other section  of  them  perpendi- 
cular to  the  plane  of  the  former; 
AB  the  axis  of  the  hyperbolic- 
sections ;  and  FQ,  Hh  ordinate* 


perpendicular  to  it. 
be,  as  fg":  hi''^:  :af 


Then  it  will 

FBlAH.  HB. 


For,  through  the  ordinates 
FG,  HI,  draw  the  circular  sections 
KGL,  MiN,  parallel  to  the  base  of 

the  cone,  having  KL,  mn,  for  their  diameters,  to  which  FC, 
HI,  are  ordinates,  as  well  as  to  the  axis  of  the  hyperbola. 

Now,  by  the  siHwlar  triattgles  -<^FI<,  AHNj  and  bfk,  bhm, 

it  is  AF  :  AH  : :  fl  :  hn^ 

and  fb  :  hb  .* :  kf  :  mh  ; 

hence,  taking  the  rectangles  of  the  corresponding  terms, 

it  is,  the  rect.  af  .  fb  :  ah  .  hb  : :  kf  .  fl.  :  mh  .  hn. 


But,  by  the  circle,    kf 
Therefore  the  rect.  af 


FL  ==  FG?,  and  MR  .  HN  =   HF 

FB  :  AH  .  hb  : :  fg^  :  hi*^. 


Q.   E.   D, 


THEOREM    II. 


As  the  Square  of  the  Transverse  Axis 
Is  to  the  Square  of  the  Conjugate       ! 
So  is  the  Rectangle  of  the  Abscisses 
To  the  Square  of  tbeijr  Ordinate. 


That  is,  AB*^  :  ab^  or 

Ac'^ :  ac^ ; ;  ad  .  ds  ;  w' 
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For,  by  theor.  1,     ac  .  cb  :  ad  .  db  : :  ca-  ;  de-; 
But,  if  c  be  the  centre,  then  ac  .  cb  =  ac-,  and  ca  is  the 

semi-conj. 
Therefore       -        ac"^  :  ad  .  db  : :  ac^  :  de'-  5 
or,  by  permutation,  Ac^  :  ac'^  ::  ad  .  db  :  de'^; 
or,  by  doubling,      ab"  :  ab^  I ;  ad  .  db  :  de".      q.  e.  p. 


ab^ 


DE' 


CoroL  Or,  by  div.  ab  :  —  : :  cd-  —  CA' 

'  AB  '         ' 

that  is,  AB  :  /> : :  AD  .  DB  or  CD-  —  C  A^  :  DE*  ; 

ab" 
where  p  is  the  parameter  —  by  the  definition  of  it. 

AB 

That  is.  As  the  transverse, 
Is  to  its  parameter, 
So  is  the  rectangle  of  the  abscisses. 
To  the  square  of  their  ordinate. 


THEOREM    III. 


As  the  Square  of  the  Conjugate  Axis    : 

To  the  Square  of  the  Transverse  Axis  : ; 

The  Sum  of  the  Squares  of   the   Semi-conjugate,   and 

Distance  of  the  Centre  from'^any  Ordinate  of  this  Axis : 

The  Square  of  their  Ordinate. 


That  is, 
€a-  :  CA-  : :  ca^  +  cd-  :  dE-. 


For,  draw  the  ordinate  ed  to  the  transverse  ab. 


Then,  by  theor.  1,  ca'^':  ca'- 
or         -         -           ca^  :  CA^ 
But      -        -           ca-  ;  CA^ 
theref.  by  compos,    ca^  I  ca'-^ 
In  like  manner,        ca^  :  ca- 

: :  DE^ :  ad  . 
: :  cd'^  :  dE'"^  - 
: :  ca^  :  ca^ 
:•:  ca"-  +  cdj^ 
: :  cA^  -j-  cd''^ 

DBor  cd''^— CA% 

-  ca'-^. 

:   dE^. 

:   De'^.      Q.  E.  D. 

CoroL  By  the  last  theor.  c  a'^ 

and  by  this  theor.  ca^ 

therefore      -  -    de^ 

In  like  manner,        de^ 

:  ca^ : :  cd-  - 
:  ca"^ : :  cd-  -\- 
:  De'^ : :  cd'^  — 
:dE\-:cd^- 

CA^:   De''^, 

ca'-:  De-, 
ca'^  :  cd'--|-ca-. 
ca^  ;  cd-  +  ciK 
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THEOREM     IV. 


The  Square  of  the  Distance  of  the  Focus  from  the  Centre,  is 
equal  to  the  Sum  of  the  Squares  of  the  Semi-axes. 

Or,  the  Square  of  the  Distance  between  the  Foci,  is  equal  to 
the  Sum  of  the  Squares  of  the  two  Axes. 


That  is, 


CF"  =  cA''  4"  ca',  or 
fP  =  AB^-^  abl 


For,  to  the  focus  F  draw  the  ordinate  fe  ;  whidi,  by  the 
definition,  will  be  the  semi-parameter.     Then,  by  the  nature 

fe'S 

FE^ 


of  the  curve 

ca'^  :  ca- : :  cf'^  —  ca' 

and  by  the  def.  of  the  para. 

ca"^  :  ca'^ : :        ca*^ 

therefore 

ca'^  =  cf'^  —  CA^ ; 

and  by  addition. 

CF^  =  C  A^  +  Ca'^  ; 

or,  by  doubling. 

Ff-=AB*  +  ab\ 

Q.  E.  D. 

CoroL  1.  The  two  semi-axes,  and  the  focal  distance  from, 
the  centre,  are  the  sides  of  a  right-angled  triangle  CAa ;  and 
the  distance  Aa  is  =  CF  the  focal  distance. 

CoroL  2.  The  conjugate  semi-axis  ca  is  a  mean  proportional 
between  af,  fb,  or  between  Af,  fB,  the  distances  of  either 
focus  from  the  two  vertices. 

For  ca^  =  cf*^  —  ca'^  =  cf  -|-  ca  .  cf  —  ca  =  af  .  fb. 


THEOREM   V. 

The  Difference  of  two  Lines  drawn  from  the  two  Foci,  td 
meet  at  any  Point  in  the  Curve,  is  equal  to  the  Transverse 
Axis. 

If. 

a     a  ■ 

That  is,  i^^-'-^iy^y/ 

AB.  '-'fm       C      AVFBl 


fE  —  FE 


For,  draw  AG  parallel  and  equal  to  ca  the  semi-conjugate; 
and  join  cg,  meeting  the  ordinate  de  produced  in  H ;  also 
fake  CI  a  4th  proportional  to  CA,  CF,  CD. 

Then, 
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Then,  by  th.  2,  ca"  :  ag'"^  : :  cd"  —  ca'  :  DE' ; 
and,  by  sim.  As,  ca'-^  :  ag^  : :  c&'  —  ca^  :  dh"  —  4G^j 
consequently  de"  =  dh~  —  AG'  =  dh'^  —  ca'. 

Also,  FD  a=  c?  CO  cb,  &nd  fd'  =  cf-  —  2cf  .  cd  -f-  cd^  ; 
and,  by  right-angled  triangles,  fe^  =  fd''  +  de'^  ; 
therefore  fe'  =  cf-  —  ca-       2cf  .  CD  -\-  cd'  +  dh'^. 
But,  by  theor.  4,     cf-  —  ca^  =  CA^, 
and,  by  supposition,  2cf  .  CD  =  2ca  .  ci ; 
theref.  fe*  =  ca'^  ~  2ca  .  ci  +  cd«  +  dh^  ; 
Again,  by  suppos.  CA^  :  CD^  : :  cf*  or  ca"  -}-  AG'  :  ci'  j 
and,  by  sim.  tri.     ca^  t  CD"  : :  CA^  +  ag'^  :  cd^  -j-  dh'  ^ 
therefore         -      ci"  =  cd-  +  dh'^  =  ch^; 
consequently         fe^  =  ca^  —  2ca  .  ci  +  cf. 
And  the  root  or  side  of  this  square  is  fe  =  ci  —  CA  =  Al. 
In  the  same  manner,  it  is  found  that  fE  =  ci  -{-  ca  =  Bi. 
Conseq.  by  subtract.  fE  —  fe  =  bi  —  ai  =  ab.  q.  e.  d, 

CorcL  1.  Hence  ch  =  ci  is  a  4th  proportional  to  CA, 
of,  CD. 

Corol.  2.  And  fE  -f-  FE  =  2cH  or  2ci ;  or  fe,  ch,  fE,  are 
in  continued  arithmetical  progression,  the  common  difference 
being  ca  the  semi-transverse. 

CoroL  3.  Hence  is  derived  the  common  method  of  de- 
scribing this  curve  mechanically  by  points,  thus : 

In  the  transverse  ab,  produced,  take  the  foci  f,  f,  and 
any  point  i.  Then  with  the  radii  ai,  bI,  and  centres  f,  f, 
describe  arcs  intersecting  in  e,  which  will  be  a  point  in  the 
curve.  In  like  manner,  assuming  other  points  i,  as  many 
other  points  will  be  found  in  the  curve. 

Then,  with  a  steady  hand,  the  curve  line  may  be  drawn 
through  all  the  points  of  intersection  E. 
-    In  the  same  manner  are  constructed  the  other  two  or  con- 
jugate hyperbolas,  using  the  axis  ab  instead  of  ab. 


THEOREM    VI. 

If  from  any  Point  i  in  the  Axis,  a  Line  il  be  drawn  touching 
the  Curve  in  one  Point  L;  and  the  Ordinate  lm  be  drawn  ; 
and  if  c  be  the  Centre  or  the  Middle  of  ab  :  Then  shall 
cm  be  to  CI  as  the  Square  of  am  to  the  Square  of  ai. 

H 

That  is,  ys^(        \ 

CM  :  CI ::  am^  :  ai*»  yw        • 

^—% C    I  ADMKcl 
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For,  from  the  point  i  draw  any  line  ieh  to  cut  the  curve 
in  two  points  E  and  H  ;  from  which  let  fall  the  perps.  ed,  hg  ; 
and  bisect  dg  in  K. 

Then,  by  theor.  1,  AD  .  db  :  AG  .  CB  :  .*  de*^  :  gh*, 
and  by  sim.  tri.  -  id^^  :  ig^  : :  de'-^  :  gh^; 
theref.  by  equality,        ad  .  db  :  AG  .  GB  : :  ID^  :  ig\ 

But  DB  =  CB  +  CD  =  CA  +  OD  =  CG  +  CD  —  AG  =  2CK  —  AQ, 

and  GB  =  CB  4-  CG  =  CA  Hr  cg  =  cg  +  cd-- ad=2ck  — ad; 
theref.  ad  .  2cK  —  ad  .  AG  :  AG  .  2ck  —  ad  ;  ag  : :  id*  :  ig% 
and,  by  div.  dg  .  2cK  :  ig^  —  id'  or  dg  .  2ik  : :  aiS  .  2ck 

—   AD  .  AG   :    ID^ 
or  -  2CK  :  2lK  :  :  AD  .  2cK  —  AD  .  AG  :  ID^  ; 

or  AD  .  2CK  :    AD  .  2lK   !  :   AD  .  2CK  —    AD  .  AG  :  ID^  J 

theref.  by  div.  CK  :  IK  : :  ad  .  ag  :  ad  .  2iK  —  ID^ 

and,  by  div.     cK  :  ci  : :  ad  .  ag  ;  id^  —  ad  *  id  +  ia, 

or        -        CK  :  CI : :  ad  .  ag  :  ai*^. 

But,  when  the  line  IH,  by  revolving  about  the  point  I, 
comes  into  the  position  of  the  tangent  IL,  then  the  points  e 
and  H  meet  in  the  point  l,  and  the  points  d,  k,  g,  coincide 
with  the  point  m;  and  then  the  last  proportion  becomes 

CM  :  CI : :  am^  :  aiV  q.  e.  d. 


THEOREM    VIL 

If  a  Tangent  and  Ordinate  be  drawn  from  any  Point  in  the 
Curve,  meeting  the  Transverse  Axis  j  the  Semi-transverse 
will  be  a  Mean  Proportional  between  the  Distances  of  the 
said  Two  Intersections  from  the  Centre. 


That  is, 

CA  is  a  mean  proportion  between 

GD  and  CT j  or  CD,  ca,  c t,  are  con*  /^B     C   XAJ 

tinued  proportionals. 


For,  by  th.  6,  cd  :  ct  : :  ad- 
that  is,  -        CD  :  cT  : :  (cD  —  ca)^  :  (ca  —  ct)v 

or      -      -      CD  :  cT : :  cd^  +  ca''  :  ca^  -f-  ct', 

and       -        -         CD  :  DT : :  CD^  +  CA^   :   cd-  —  c T-,  . 

or       -      -      CD  :  DT : :  cd'^  4-  ca^  :  (cd  +  ct)  DT, 

or  CD2  :  CD  .  DT  : :  cd'^  -\-  ca^  :  cd  .  dt  -f  ct  .  td; 

hence  cd'^  :  ca^  II  cD  .  dt  r  ct  .  tp, 

and      cd'^  :  ca2  : :  CD  :  CT, 

theref,  (th.  78,  Geom.)  CD  ;  ca  : ;  ca  :  cd.  q.  e.  d« 

CoroL 
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Cored.  Since  ct  is  always  a  third  proportional  to  CD,  CA ; 
if  the  points  d,  a,  remain  constant,  then  will  the  point  T  be 
constant  also ;  and  therefore  all  the  tangents  will  meet  in 
this  point  T,  which  are  drawn  from  the  point  E,  of  every 
hyperbola  described  on  the  same  axis  ab,  where  they  are  cut 
hy  the  common  ordinate  dee  drawn  from  the  point  d. 


THEOREM    VIII. 

If  there  be  any  Tangent  meeting  Four  Perpendiculars  to 
the  Axis  drawn  from  these  four  Points,  namely,  the  Centre, 
the  two  Extremities  of  the  Axis,  and  the  Point  of  Contact  j 
those  Four  Perpendiculars  will  be  Proportionals. 


That  Is, 

AG  :  DE  : :  CH  :  bi. 

For,  by  theor.  7,  tc  :  AC  : :  AC  : 
theref.  by  div.           ta  ,*  ad  :;  TC.; 
and  by  comp.           ta  .*  td  ;  .*  tc  : 
and  by  sim.  tri.         AG  :  de  ; ;  CH  ; 

DC, 

AC  or  CB, 

TB, 

BI.                            Q.  E.  D. 

CoroL  Hence  ta,  td,  tc,  tb  7  ,  ^-      i 

and  TG,  TE,  TH,  Ti   \  "«  =''^°  proport.onals. 
Jor  these  are  as  ag,  de,  ch,  Bi,  by  similar  triangles. 


THEOREM     IX. 


,l£  there  be  any  Tangent,  and  two  Lines  drawn  from  the 
Foci  to  the  Point  of  Contact ;  these  two  Lines  will  make 
equal  Angles  with  the  Tangent. 


That  is, 
the  il  FET  =  Z.  fEe. 


For,  draw  the  ordinate  de,  and  fe  parallel  to  Ffi. 

By  cor.  1,  theor,  5,  ca  :  cd  ;  I  cf  :  ca  -j-  fe, 
afid  by  th.  7,  ca  ;  CD  : :  cT  ;  ca  5 

therefore* 
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cT  •  cF  ; ;  CA  :   ca  +  Jpe  ; 

TF  :  Tf  : :  fe  :  Sca  +  fe  orfEby  th.  5. 

TF  :  Tf : :  FE  :  fE  j 

fE  =  fe,  and  conseq.       Z.  e  «=  z.  fee. 
TE  is  parallel  to  fe,  the  Z.  e  =  Z.  pet  ; 
Z  FET  =    Z  fEe.  Q.  E,  D. 


tWefore 

and  by  add.  and  sub. 

But  by  s^im.  tri. 

therefore 

But,  because 

therefore  the 

CoroL  As  opticians  find  that  th-e  angle  of  incidence  is  equal 
to  the  angle  of  reflexion,  it  appears,  from  this  proposition, 
that  rays  of  light  issuing  from  the  one  focus,  and  meeting  the 
curve  in  every  point,  will  be  reflected  into  lines  drawn  from 
the  other  focus.  So  the  ray  fE  is  reflected  into  fe.  And 
this  is  the  reason  why  the  points  f,  f,  are  called  y^a,  or 
burning  points. 

THEOREM   X. 

All  the  Parallelograms  inscribed  between  the  four  Conjugate 
Hyperbolas  are  equal  to  one  another,  and  each  equal  to 
the  Rectangle  of  the  two  Axes. 


That  is, 
the  parallelogram  PqRS  ss 
the  rectangle  ab  .  ab. 


Let  EG,  eg  be  two  conjugate  diameters  parallel  to  the  sides 
of  the  parallelogram,  and  dividing  it  into  four  lesser  and  equal 
parallelograms.  Also,  draw  the  ordinates  de,  de,  and  CK 
perpendicular  to  pq  j  and  let  the  axis  produced  meet  the  sides 
of  the  parallelograms,  produced,  if  necessary,  in  T  and  t. 

Then,  by  theor.  7,  ct 
and         -  -  ct 

theref.  by  equality,  ct 
but,  by  sim.  triangles,  ct 
theref.  by  equality,  td 
and  the  rectangle  td 

Again,  by  theor.  7,  cD 
or,  by  division  CD 

and,  hj  composition,  CD 
conseq.  the  rectangle    CD 


CA 

•  • 

CA  : 

CD, 

CA 

CA  : 

cdi 

Ct 

; ; 

cd  : 

CD; 

Ct 

TD  : 

cd. 

cd 

: : 

cd  : 

CD, 

DC 

is 

=  the 

'  square  cd' 

CA 

r ' 

CA  : 

CT, 

CA 

•  \ 

DA : 

AT, 

DB 

\  \ 

DA : 

dt; 

DT 

zrz 

cd'^  = 

AD  .  DB  * 

*  Corol.  Because  cd'"^  =  ad  .  db  =  cd^  —  ca% 
therefore     ca'^  =  cd*^  --  cd^. 


In  like  manner, 
Vol.  IL 


ca*  =  de"^ 


DE^ 


But, 
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But,  by  theor.  1, 
therefore 
In  like  manner, 
or         ^      •     - 
But,  by  theor.  7, 
theref.  by  eqiiahty. 
But,  by  sIm.  tri. 
theref.  by  equality, 
and  the  rectangle 
But  the  rect. 
theref.  the  rect. 
and  conseq.  the  rect. 


DE 


cA^  :  ca^  : :  (ad  .  db  or)  cd- 

cA  :  ca  : :  cd  :  DE ; 

CA   :  ca  -: :  cd  :  de ; 

ca   :  de  : :  CA  ;  cd. 
CT  ;  CA  : :  CA  :  cd  ; 
CT  :  CA  : :  ca  ;  de. 
cT  :  cK  : :  ce   ;  de ; 
CK  ;  CA  : :  ca   :  ce. 

CK  .  ce  =  CA  .  ca. 
CK  .  ce  =  the  parallelogram  CEPC, 
CA  .  ce  =  the  parallelogram  CEPe, 
AB  .  ab  =  tlie  paral.  pqrs.        q.  e.  d. 


THEOREM   XL 


The  Difference  of  the  Squares  of  every  Pair  of  Conjugate 
Diameters,  -is  equal  to  the  same  constant  Quantity,  namely 
the  Difference  of  the  Squares  of  the  two  Axes. 


That  is, 
AB^  —  ab'  =  EG^  —  eg- ; 
where  eg,  eg  are  any  conjugate 
diameters. 


For,  draw  the  ordinates  Ep,  ed. 

Then,  by  cor.  to  theor.  10,  ca-  =  CD'  —  cd', 

ca^  =  de^  —  DE^  5 
c A-  -  ca^   =  CD-  +  BE'^  -  cd'  -  de'. 


and       >        _        - 
theref.  the  difference 
But,  by  right-angled 
■and       -         -         - 
theref.  the  difference 
consequently 
or,  by  doubling, 


A  s,  CE'^  =  CD-  +  DE", 
ce*^  =  cd'  +  de- ; 
ce"  =  CD^  +  de"^  - 


CE- 
CA- 
AB'^  —  ab''  =  eg'*  —  eg'^. 


ca^  =  CE^  —  ce- ; 


cd'-de-. 


Q.  E.  D. 


THEOREM    XII. 


All  the  Parallelograms  are  equal  which  are  formed  between 
the  Asymptotes  and  Curve,  by  Lines  drawn  Ptirallel  to 
the  Asymptotes. 


That  is,  the  lines  GE,  ek,  AP,  aq, 
being  parallel  to  the  asymptotes  ch,  cIj 
then  the  paral,  CCEIC  =  paral.  cpAa. 


Or +if€-HYPERBOLA.  ^1? 

For,  let  A  be  the  vertex  of  the  curve,  or  extremity  of  the 
semi-transverse  axis  ac^  perp.  to  which  draw  al  or  a1,  which 
will  be  equal  to  the  semi -conjugate,  by  definition  19.  Also, 
draw  HEDeh  parallel  to  lIji  ,,.         ■.l.\.    i 

Then,  by  theor.2,  CA*  t--^^': :  cd'  ~  pA*.  :'!)£% 
and,  by  parallels,        CA^  !  al'^  ::  CD^   :  dit*;  " 
theref.  by  subtract,    CA^  ;  al^  : :  ca^  :   DH*   -   DE*  ox^ 
'       rect.  HE  .  Eh;      • 

conseq.  the  square  AL*'%  ^he  rect.  he  .  e}i. 

-    .    .  .  . ...  J.  i,'^j»\\>3'. .  ji'    '. 

But,  by  sim.  tri.  PA  :  AL  : :  GE  :  EH, 
and,  by  the  same,  qa  I  a1   : 1  ek  I  Eh ; 
theref.  by  comp.     pa  .  aq  :  al"^  : :  ge  .  EK  r-HE  .  Eh ; 
and,  because  al'^  =  he  ..Eh,  theref.  pa  .  4ft.==  QE  .  ek* 

.    But  the  parallelograms  cgek,  cpaq,  being  equiangular,- 
are  as  the  rectangles  ge  .  ek  and  pa  .  aq. 

Therefore  the  parallelogram  gk  =  the  paral.  pq. 

That  is,  all  the  inscribed  parallelograms  are  equal  to  one 
another.  ,    .         a.  E.  d. 

Corol.  1.  Because  the  rectangle  geK  of  c6E/is  constant, 
therefore  ge  is  reciprocally  as  cg,  or  cg  *  cp  *,',  pa  T  ge. 
And  hence  the  asymptote  continually  approaches  towards  the 
curve,  but  never  meets  it :  for  gE  decreases  continually  as 
cg  increases  j  and  it  is  always  of  some  magnitude,  except 
when  cg  is  supposed  to  be  infinitely  great,  for  then  ge  is 
''infinitely  small,  or  nothing.  So  that  the  asymptote  cg  may 
be  considered  as  a  tangent  to  the  curve  at  a  point  infinitely 
distant  from  c. 

CoroL  2.  If  the  abscisses  cD,  ce, 
cg,  &c,  taken  on  the  one  as)Tnp- 
tote,  be  in  geometrical  progression 
increasing  j  then  shall  the  ordi- 
nates  dh,  ei,  gk,  &c,  parallel  to 
the  other  asymptote,  be  a  decreas- 
ing geometrical  progression,  hav- 
ing the  same  ratio.     For,  all  the 

rectangles  cdh,  cei,  cgk,  &c,  being  equal,  the  ordinate? 
DH,  EI,  GK,  &c,  are  reciprocally  as  the  abscisses  ci^y  ce,  cg, 
&c,  which  are  geometrical .  And  the  reciprocals  of  geome- 
tricals  are  also  geometrlcals,  and  in  the  same  xatio,  but  de- 
creasing, or  in  converse  order. 
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THEOREM    XIII. 

The  three  following  Spaces,  between  the  Asymptotes  and 
the  Curve,  are  equal ;  namely,  the  Sector  or  Trilineai* 
Space  contained  by  an  Arc  of  the  Curve  and  two  Radii, 
or  Lines  drawn  from  its  Extremities  to  the  Centre  •,  and 
each  of  the  two  Quadi'ilaterals,  contained  by  the  said  Arc, 
and  two  Lines  drawn  from  its  Extremities  parallel  40  one 
Asymptote,  and  the  intercepted  Part  of  the  other  Asymp- 
tote. 


That  is, 
The  sector  cae  =  paeg  =:  aAEK, 
all  standing  on  the  same  arc  ae. 


For,  by  theor.  1^,  cpAq  ==  cgeK; 
subtract  the  common  space  cgiq, 
there  remains  the  paral.  pi  =  the  par.  IK; 
to  each  add  the  trilineal  iae, 
the  sum  is  the  quadr.  PAiEG  =  qaeK. 

Again,  from  the  quadrilateral  caek 
take  the  equal  triangles  caq,  cek, 
and  there  remains  the  sector  cae  =  QAEK* 
Therefore  cae  =  qaek  =  paeg.  Q.  e.  D# 


Of  the  PARABOLA. 


THEOREM    U 

'  The  Abscisses  are  Proportional  to  the  Squares  of  their 
Ordinates. 

Let  avm  be  a  section  through 
the  axis  of  the  cone,  and  agih  a 
iparabolic  section  by  a  plane  per- 
pendicular to  the  former,  and 
parallel  to  the  side  VM  of  the 
c5ne ;  also  let  afh  be  the  com- 
mon intersection  of  the  two 
planes,  or  the  axis  of  the  para- 
bola, and  FG,  HI  ordinates  per- 
pendicular to  it. 
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Then  it  will  be,  as  af  :  ah  : :  fg^  :  Hi^ 
For,  through  the  ordinates  fg,  hi  draw  the  circular  sec- 
tions, KGL,  MiN,  parallel  to  the  base  of  the  concr having  kl, 
"MN  for  their  diameters,  to  which  fg,  hi  are  ordinates,  as 
well  as  to  the  axis  of  the  parabola. 

Then,  by  similar  triangles,  af  :  AH  :  .*  FL  .*  hn  ; 
but,  because  of  the  parallels,  kf  =  mh.; 

therefore      -        -        -        AF  :  ah  ! :  KF  .  FL  ;  mh  .  hn. 
But,  by  the  circle,  kf  .  fl  =  fg'^',  and  mh  .  hn  =  hi'; 
T'herefore     -         -         -         af  :  ah  : ;  fg'^  :  Hi^    Q.  E.  D. 


FG^' 


HI 
HI^ 


Corol,  Hence  the  third  proportional  —  or  —  is  a  con- 

^      ^  AF  AH 

stant  quantity,  and  is  equal  to  the  parameter  of  the  axis  by 
defin.  16. 

Or  AF  :  FG  : :  fg  ;  p  the  parameter. 

Or  the  rectangle  p  .  af  =  FG^  ' 


THEOREM   II, 

As  the  Parameter  of  the  Axis : 
Is  to  the  Sum  of  any  Two  OrdinateS'  ! ; 
So  is  the  Difference  of  those  Ordinates 
To  the  Difference  of  their  Abscisses  : 


That  is, 

p  :  GH  +"  DE  : :  gh  ^  de 
Or,  p :  Ki : ;  iH  :  ie. 


DG, 


AG  =  GH^, 

AD  =  DE'; 

DG  =  GH-  —  DE^. 

DG  =  KI  .  IH, 

KI   : ;  IH  :  DG  or  EI. 


El 


KI  .  IH, 


AG  =  GH  , 


EI 


GH- 


KI  .  IH. 


Q.  E.  D. 


For,  by  cor.  theor.  1,  P  . 
and  -  -  -  p  . 
theref.  by  subtraction,  p  . 
Or,  -  .  -  p  . 
therefore       -'        -        p  ; 

Corol.  Hence,  because  p  . 
and,  by  cor.  theor.  1,  p  . 
therefore        -         -         AG 

So  that  any  diameter  ei  is  as  the  rectangle  of  the  seg- 
ments KI,  IH  of  the  double  ordinate  kh. 
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THEOREM    III. 


The  Distance  from  the  Vertex  to  the  Focus  is  equal  to  |-  of 
the  Parameter,  or  to  Half  the  Ordinate  at  the  Focus. 

That  is, 
where  f  is  the  focus. 


I 

V 

\K 

F 

\ 

For,  the  general  property  is  af  :  fe  : 
But,  by  definition  17,  -  fe  =  ^p  5 
therefore  also         -        -      af  =  |i-e 


FE 


^P. 


Q.  E.  D, 


THEOREM   IV. 


A  Line  drawn  from  the  Focus  to  any  Point  in  the  Curve,  is 
equal  to  the  Sum  of  the  Focal  Distance  and  the  Absciss 
of  the  Ordinate  to  that  Point. 


That  is, 

IE  ==  FA   +  AD  = 

taking  AG  =  af. 


GD, 


For,  since  fd  =  ad  (/j  af. 


theref.  by  squaring. 

But,  by  cor.  theor.  1, 

theref.  by  addition. 

But,  by  right-ang.  tri. 

therefore 

and  the  root  or  side  is 

or  -        -        - 


FD^  =  AF-  —  2AF  .  AD  +  Ad'^, 

DE-  =  P  .  AD  =  4<AF  .  AD  ; 

FD"  +  DE^  =  Af'^  +  2AF.  AD  +  kiP^ 

FD^  +  de'^  =  fe^; 

FE-  =  Af'^  +  2aF  .  AD  +  AD% 

FE    =  AF    +  AD, 

FE  =  GD,  by  taking  AG  =  af. 

Q*  £.  D. 


Corel.  1.  If,  through  the  point  G,  the 
line  GH  be  dr^wn  perpendicular  to  the 
axis,  it  is  called  the  directrix  of  the 
parabola.  The  property  of  which, 
from  this  theorem,  it  appears,  is  this ; 
That  drawing  any  lines  he  parallel  to 
the  axis,  he  is  always  equal  to  fe  the 
distance  of  the  focus  from  the  point  E. 


HTTTI      G      HH 

1; 

^ 

A 

/ 

£ 

^     \ 

\ 

/ 

h 

D       E\ 

\ 

/i 

^ 

D 

1 

•A 
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CoroL  2.  Hence  also  the  curve  is  easily  described  by  points. 
Namely,  in  the  axis  produced  take  AG  =  af  the  focal  di- 
stance, and  draw  a  number  of  lines  EE  perpendicular  to  the 
axis  AD;  then  with  the  distances  gd,  gd,.gd,  &c,  as  radii, 
and  the  centre  F,  draw  arcs  crossing  the  parallel  ordinates 
in  E,  E,  E,  &c.  Then  draw  the  curve  tiirough  all  the  points 
£,  E,  E. 

THEOREM   V. 

If  a  Tangent  be  drawn  to  any  Point  of  the  Parabola,  meet- 
ing the  Axis  produced ;  and  if  an  Ordinate  to  the  Axis  be 
drawn  from  the  Point  of  Contact ;  then  the  Absciss  of 
that  Ordinate  will  be  equal  to  the  External  Part  of  the 
Axis. 


X 


That  IS, 
if  Tc  touch  the  curve 
at  the  point  c  ; 
then  is  at  =  am. 


■  For,  from  the  point  T,  draw  any  line  cutting  the  curve 
in  the  two  points  E,  h  :  to  which  draw  the  ordinates  de,  gh  ; 
also  draw  the  ordinate  mc  to  the  point  of  contact  c. 


Then,  by  th.  1, 
and,  by  sim.  tri. 
theref.  by  equaHty, 

ad 

td'^ 

ad 

AD 
AD 
AD 
AD 

:     AG 

:  TG^ 
;  AG 
:  DG : 
;  TD 
:  AT 
:  AT 

: :  ^de'^  : 
: :  de'^  : 
::  TD^  : 
:  TD^ :  TG^ 
: :  TD   ; 
::  TD   ; 
! :  AT  ; 

GH^; 
GH- ; 

—  TD-0 
TD-f 
TG, 

AG; 

and,  by  division, 

<?r  .        -  .  .  .- 

and,  by  division, 
and  again  by  div. 

rDG.TD  +  TG, 
TG; 

or         -         -  AT  is  a  mean  proper,  between  ad,  lg. 

Now,  if  the  line  th  be  supposed  to  revolve  about  the 
point  T ;  then,  as  it  recedes  farther  from  the  axis,  the  points 
E  and  H  approach  towards  each  other,  the  point  e  descend- 
ing, and  the  point  h  ascending,  till  at  last  they  meet  in  the 
point  c,  when  the  line  becomes  a  tangent  to  the  curve  at  c. 
And  then  the  points  d  and  g  meet  in  the  point  M,  and  the 
ordinates  de,  gh  in  the  ordinate  cm.  Consequently  ad,  ag, 
becoming  each  equal  to  am,  their  mean  proportional  at  will 
be  equal  to  the  absciss  am.  That  is,  the  external  part  of  the 
axis,  cut  off  by  a  tangent,  is  equal  to  the  absciss  of  the  ordi- 
Ziate  to  the  point  of  contact,    q.  e.  d, 
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THEOREM    VI. 
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If  a  tangent  to  the  Curve  meet  the  Axis*  produced ;  then 
the  Line  drawn  from  the  Focus  to  the  Point  of  Contact, 
will  be  equal  to  the  Distance  of  the  Focus  from  the  Inter- 
section of  the  Tangent  and  Axis. 


That  is, 

FC  =  FT. 


For,  draw  the  ordinate  DC  to  the  point  of  contact  c. 

Then,  by  theor.  5.  at  =  ad  ; 
therefore  -  ft  =  af  +  ad. 

But,  by  theor.  4,  fc   =  af  +  ad  ; 

theref.  by  equality,      fc   =  ft.  (^  E.  d» 

CoroL  1.  If  CG  be  drawn  perpendicular  to  the  curve>  or  ta 
the  tangent,  at  c  *,  then  shall  fg  =  fc  =  ft. 

For,  draw  fh  perpendicular  to  TC,  which  will  also  bisect 
TC,  because  ft  =  fc  ;  and  therefore,  by  the  nature  of  the 
parallels,  fh  also  bisects  tg  in  f.     And  conseq,uentIy  FG  = 

FT  =  FC. 

So  that  F  is  the  centre  of  a  circle  passing  through  T,  c,  G. 

Corol.  2.  The  tangent  at  the  vertex  ah,  is  a  mean  proper* 
tlonal  between  af  and  ad. 

For,  because  fht  is  a  right  angle, 
therefore       -     ah  is  a  mean  between  af,  at, 
or  between    -     af,  ad,  because  ad  =  at, 
Likewise,      -     fh  is  a  mean  between  fa,  ft, 
or  between  fa,  fc. 

Cord,  3.  The  tangent  tc  makes  equal  angles  with  fc  and 
the  axis  ft. 

For,  because        ft  =  fc, 
therefore  the  Z.  fct  =  ii  FTC. 
Also,  the  angle  gcf  =  the  angle  gck, 
drawing  ICK  parallel  to  the  axis  AG. 

CoraU 
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Cof'oL  4.  And  because  the  angle  of  incidence  GCK  is  = 
the  angle  of  reflexion  gcf  ;  therefore  a  ray  of  light  fvxHinj 
on  the  curve  in  the  direction  kc,  will  be  reflected  to  the 
focus  F.  That  is,  all  rays  parallel  to  the  axis,  are  reflected 
to  the  focus,  or  burning  point. 


THEOREM    VII. 


If  there  be  any  Tangent,  and  a  Double  Ordinate  drawn  from 
the  Point  of  Contact,  and  also  any  Line  parallel  to  the 
Axis,  limited  by  the  Tangent  and  Double  Ordinate  :  then 
shall  the  Curve  divide  that  Line  in  the  same  Ratio,  as  the 
Line  divides  the  Double  Ordinate, 


JIE 


That  IS, 

EK  : :  cK 


KL. 


For,  by  sim.  triangles,  cK 
but,  by  the  def.  the  param.  p 
therefore,  by  equality,  p 

But,  by  theor.  2,  -  -  p 
therefore,  by  equality,  CL 
and,  by  division,        -         CK 


r 

Jv 

D              ^ 

KI 

CD  : 

DT  or  2da; 

CL 

CD  : 

2da; 

CK 

CL  : 

KI. 

CK 

KL  : 

ke; 

KL 

KI  : 

Ke; 

KL 

IE 

I 

EK.    Q.   E.   p. 

THEOREM  Vin. 


The  same  being  supposed  as  in  theor.  7  ;  then  shall  the  Ex- 
ternal Part  of  the  Line  between  the  Curve  and  Tangent, 
be  proportional  to  the  Square  of  the  intercepted  Part  of 
the  Tangent,  or  to  the  Square  of  the  intercepted  Part  of 
the  Double  Ordinate. 


That  is,  IE  is  as  ci'^  or  as  CK'^. 
and  IE,  TA,  ON,  PL,  &c, 
are  as  cr,  ct',  co',  cp^  &c, 
or  as  ck',  cd',  cm'',  cl',  &c. 


vy 


For, 
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For,  by  tKeor.  7,  ie   :  ek  : :   ck    :  kl, 
f^,  by  equality,  IE   :    EK   : :    CK^    :    CK  .  KL. 

But,  by  cor.  th.  2,     ek  is  as  the  rect.  ck  .  kl, 
therefore      -       -      ie  is  as  ck",  or  as  ci''.  (^  E.  D» 

CoroL  As  this  property  is  common  to  every  position  of 
the  tangent,  if  the  lines  ie,  ta,  on,  &c,  be  appended  to  the 
points  I,  T,  o,  &c,  atxd  moveable  about  them,  and  of  such 
lengths  as  that  their  extremities  e,  a,  n,  &c,  be  in  the  curve 
of  a  parabola  in  some  one  position  of  the  tangent ;  then 
making  the  tangent  revolve  about  the  point  c,  it  appears  that 
the  extremities  e,  A,  N,  &c,  will  always  form  the  curve  of' 
•>ome  parabola,  in  every  position  of  the  tangent. 


THEOREM  IX. 

The  Abscisses  of  any  Diameter,  are  as  the  Squares  of  their 
Ordinates. 


That  is,  CQj,  CR,  cs,  Sec, 
are  as      qe'"',  ra'"',  sn",  &:c. 

Or   -  ccl:  cr  : :  ^e^  :  ra% 

&c. 


For,  draw  the  tangent  ct,  and  the  '^externals  ei,  at,  no, 
&c,  parallel  to  the  axi^,  or  to  the  diam.eter  cs. 

Then,  because  the  ordinates  qe,  ra,  sn,  &c,  are  parallel 
to  the  tangent  ct,  by  the  definition  of  them,  therefore  all 
the  figures  i(^,  tr,  os,  &c,  are  parallelograms,  whose  op- 
posite sides  are  equal. 


namely. 

IE, 

ta, 

ON, 

&c. 

are  equal  to       -       - 

CO., 

CR, 

cs, 

&c. 

Therefore,  by  theor,  8, 

CCL, 

CR, 

cs. 

&c. 

are  as       -       -         - 

ci'^ 

CT^ 

co% 

&c. 

or  as  their  equals 

QJ-S 

RA'^, 

SN% 

&c. 

<^  E.  D. 

Corol.  Here,  like  as  in  theor.  2,  the  difference  of  the  ab- 
scisses is  as  the  difference  of  the  squares  of  their  ordinates, 
or  as  the  rectangles  under  the  sum  and  difference  of  the  or- 
dinates, the  rectangle  under  the  sum  and  difference  of  the 

ordinates 
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ordinates  being  equal  to  the  rectangle  under  the  difference 
of  the  abscisses  and  the  parameter  of  that  diameter,  or  » 
third  proportional  to  any  absciss  and  its  ordinate. 


THEOREM  X, 


If  a  Line  be  drawn  parallel  to  any  Tangent,  nnd  cut  the 
Curve  in  two  Points ;  then  if  two  Ordinates  be  drawn  t» 
the  Intersections,  and  a  third  to  the  Point  of  Contact, 
these  three  Ordinates  will  be  in  Arithmetical  Progression, 
or  the  Sum  of  the  Extremes  wjll  be  equal  to  Double  the 
Mean. 

T 


That  IS, 
EG  4-  HI  =  2CD. 


For,  draw  ek  parallel  to  the  axis,  and  produce  hi  to  L. 
Then,  by  sim.  triangles,  ek  :   hk    : :   td  or  2 ad  :   cd  ; 
but,  by  theor.  2,       -        ek   :   HK    : :   kl   :   p  the  param. 
theref.  by  equality,    -     2ad   :   KL    : :    CD 
But,  by  the  defin.     -      2ad   :   2cD  : :    cd 
theref.  the  2d  terms  are  equal,  kl  =  2cd, 
that  is,  -  -  EG  -j-  HI  =  2cd.  q.  e.  D. 

CoroL  When  the  point  E  is  on  the  other  side  of  ai  ;  then 

HI  —   GE  =  2CD. 


p. 


THEOREM  XI. 

Any  Diameter  bisects  all  its  Double  Ordinates,  or  Linjst 
parallel  to  the  Tangent  at  its  Vertex. 


That  IS, 
ME  ==  MH, 


y 

T 

•  c 

4r 

1)            \, 

N              \ 

yy 

M 

At 

I - 

FoR> 
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For,  to  the  axis  ai  draw  the  ordlnates  EGj  CD,  HI,  and. 
MN  parallel  to  them,  which  is  equal  to  CD. 

Then,  by  theor.  10,  2mn  or  2cd  =  eg  +  hi, 
therefore  M  is  the  middle  of  eh. 

And,  for  the  same  reason,  all  its  parallels  are  bisected. 

(^  E.  V* 

ScHOL.  Hence,  as  the  abscisses  of  any  diameter  and  their 
ordinates  have  the  same  relations  as  those  of  the  axis,  namely, 
that  the  ordinates  are  bisected  by  the  diameter,  and  their 
squares  proportional  to  the  abscisses ;  so  all  the  other  pro- 
perties of  the  axis  and  its  ordinates  and  abscisses,  before  de- 
monstrated, will  likewise  hold  good  for  any  diameter  and  its 
ordinates  and  abscisses.  And  also  those  of  the  parameters, 
linderstanding  the  parameter  of  any  diameter,  as  a  third 
proportional  to  any  absciss  and  its  ordinate.  Some  of  thq 
most  material  of  which  are  demonstrated  in  the  following 
theorems: 


THEOREM  XII, 

The  Parameter  of  any  Diameter  is  equal  to  four  Times  thet 
Line  drawn  from  tlie  Focus  to  the  Vertex  of  that  Dia^ 
meter, 

T 


That  is,  4fc  =  p, 
the  param.  of  the  diam.  cm. 


For,  draw  the  ordinate  ma  parallel  to  the  tangent  CT: 
as  also  CD,  mn  perpendicular  to  the  axis  an,  and  fh  per- 
pendicular to  the  tangent  CT. 

Then  the  abscisses  ad,  cm  or  at,  being  equal,  by  theor.  5, 
the  parameters  will  be  as  the  squares  of  the  ordinates  CD,  MA 
or  CT,  by  the  definition  ; 

that  is,  -  -  P  r  p  r  I 
I3ut,  by  sim.  tri.  fh  r  FT  r ! 
therefore  -  p   ;   p     r ; 

But,  by  cor.  2,  th.  6,  fh^  =  fa 
therefore  -  p   I   p  1 1 

oi",  by  equality,     -      P  ;  p  : : 


CT^ 

ct; 

FT-. 


CD- 
CD 

fh' 

.FT-, 

FA    .    FT    :     FT^. 

FA  :    FT  or  FC. 


But, 
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But,  by  tkeor.  3, 
and  therefore 


p  =  4ft  or  4fc. 


12a 


Q.  E.  D. 


CoroL  Hence  the  parameter  p  of  the  diameter  CM  is  equal 
to  4«FA  +  %\D,  or  to  p  -f  4ad,  that  is,  the  parameter  of  the 
axis  added  to  4ad. 


THEOREM    Xirt. 

If  an  Ordinate  to  any  Diameter,  pass  through  the  Focus,  it 
will  be  equal  to  Half  its  Parameter ;  and  its  Absciss  equal 
to  One  Fourth  of  the  same  Parameter. 


That  IS,  CM  =  4p* 
and     ME  =;  tP- 


For,  join  fc,  and  draw  the  tangent  CT. 


By  the  parallels, 
and,  by  theor.  6, 
also,  by  theor.  12, 
therefore 


CM  =  ft; 

FC    =  FT5 

fc    =^p; 

CM   ==  ~^. 

Again,  by  the  defin.  cm  or  ip  :   me   : 
and  consequently       me  =  4p  =  2cm. 


me 


P* 


CoroL  1.  Hence,  of  any  diameter,  the  double  ordinate 
which  passes  through  the  focus,  is  equal  to  the  parameter, 
or  to  quadruple  its  absciss. 


CoroL  2.  Hence,  and  from  cor.  1 
to  theor.  4,  and  theor.  6  and  12,  it 
appears,  that  if  the  directrix  gh  be 
drawn,  and  any  lines  he,  he,  pa- 
rallel to  the  axis ;  then  every  parallel 
HE  will  be  equal  to  ef,  or  4-  of  the 
parameter  of  the  diameter  to  the 
point  E. 


-ILH 


THEOREM 
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THEOREM    XIV. 


Jf  there  be  a  Tangent,  and  any  Line  drawn  from  the  Point 
of  Contact  and  meeting  the  Curve  in  some  other  Point,  as 
also  another  Line  parallel  to  the  Axis,  and  limited  by  the 
First  Line  and  the  Tangent :  then  shall  the  Curve  divide 
this  Second  Line  in  the  same  Ratio,  as  the  Second  Line 
divides  the  First  Line. 


That  is, 

IE  :  EK  : :  cK  :  kl. 


For,  draw  LP  parallel  to  ik,  or  to  the  axis. 


CP^ 


CL% 
CL, 


Then,  by  theor.  8,  IE 

or,  by  sim.  tri.       -  IE 

Also,  by  sim.  tri.  ik 

or         -         -         -  IK 

therefore  by  equality,  ie 

or         -         -         -  IE 

and,  by  division,  ie 

CoroL  When  CK  =:  KL,  then  ie  =  EK  =  ^IK. 


PL 
PL 
PL 

PL 
IK 
IK 
EK 


CI 

CK^ 
CK 

CK^  :   ck.cl; 

CK.CL    :    CL^; 

CK      :    CL  j 

CK      :    KL.  QiE,  D» 


THEOREM   XV, 


If  from  any  Point  of  the  Curve  there  be  drawn  a  Tangent, 
and  also  Two  Right  Lines  to  cut  the  Curv  e ;  and  Dia- 
meters be  drawn  through  the  Points  of  Intersection  e  and 
L,  meeting  those  Two  Right  Lines  in  two  other  Points  e 
and  K :  Then  will  the  Line  kg  joining  these  last  Two 
Points  be  parallel  to  the  Tangent. 


For; 
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For,  by  tKeor.  14,  CK  :  kl   ::  ei     :  ek; 

and  by  composition,  cK   :   CL    : :   ei     I   ki  ; 

and  by  the  parallels  ck   :   CL    .* :   GH   :   lh  •, 

But,  by  sim.  tri.     -  CK   ICL    ::   Ki    :   lh  ; 

theref.  by  equal.  Kl    :   LH  : :   GH   :   lh  : 

consequently         -  Kl  —  GH, 

and  therefore       -  KG  is  parallel  and  equal  to  IH.     q^  e.  d. 


THEOREM   XVL 

If  a  Rectangle  be  described  about  a  Parabola,  having  the 
same  Base  and  Altitude ;  and  a  diagonal  Line  be  drawn 
from  the  Vertex  to  the  Extremity  ofthe  Base  of  the  Para- 
bola, forming  a  right-angled  Triangle,  ofthe  same  Base  and 
Altitude  also  j  then  any  Line  or  Ordinate  drawn  across  the 
three  Figures,  perpendicular  to  the  Axis,  will  be  cut  in 
Continual  Proportion  by  the  Sides  of  those  Figures. 


That  is, 

EF  :  EG  : :  eg  ;  eh. 

Or,  ef,  eg,  eh,  are  in  con- 
tinued proportion. 


For,  by  theor.  1, 

AB  :  AE  ::  bc^  :  eg% 

and,  by  sim.  tri. 

AB  :  AE  : :  bc   :  ef. 

theref.  of  equality. 

EF  :  bc  ::  eg^  :  bc% 

that  is 

ef  :  eh  : :  eg-  :  eh'-^. 

theref.  by  Geom,  th.  78,  ef,  eg,  eh  are  proportionals, 

or       -       -      -      ef  :  EG  : :  eg  :  eh.    q.  e.  d. 

THEOREM   XVH. 

The  Area  or  Space  of  a  Parabola,  is  ^qual  to  Two-Thirds 
of  its  Circumscribing  Parallelogram. 

That  is,  the  space  abcga  =  f  abcd  ; 
or,  the  space  adcga  =  -jABCD. 

For,  conceive  the  space  adcga  to  be  composed  of,  or 
divided  into,  indefinitively  small  parts,  by  lines  parallel  to 
DC  or  AB,  such  as  IG,  which  divide  ad  into  like  small  and 
equal  parts,  the  number  or  sum  of  which  is  expressed  by  the 
line  AD.     Then, 

by  the  parabola,  bc^  !  eg^  : :  ab   :   At, 

that  is,      -     AD^  :  Ai"^  : :  DC  :  ig. 

Hence 
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Hence  it  follows,  that  any  one  of  these  narrow  parts,  a9 

IG,  is  =  — 2  ^  ^^"'y  whence,  ad  and  DC  being  given   or 

constant  quantities,  it  appears  that  the  said  parts  iG,  &:c,  are 
proportional  to  Ai',  Sec,  or  proportional  to  a  series  of  square 
jiumbers,  whose  roots  are  in  arithmetical  progression,  and  the 

:area  ADCGA  equal  to  ■ — o  drawn  into  the  sum  of  such  a  series 

^  AD~ 

of  arithmetical,  the  number  of  which  is  expressed  by  ad. 

Now,  by  the  remark  at  pag.  ^33,  vol.  i.  the  sum  of  the 
squares  of  such  a  series  of  arithmetical,  is  expressed  by 
^/t  ,  71  -\-  1  .  2u  -\-  1,  where  ;/  denotes  the  number  of  them. 
In  the  present  case,  «  represents  an  infinite  number,  and 
then  the  subfactors  «  +  1>  2//  +  1,  become  only  «  and  2;/, 
iomitting  the  1  as  inconsiderable  in  respect  of  the  infinite 
number  nz   hence   the   expression   above   becomes   barely 

To  apply  this  to  the  case  above :  «  will  denote  ad  or  BC  ; 
and  the  sum  of  all  the  ai-'s  becomes  |ad^  or  -Jbc^  ;  conse- 

DC  DC 

cuently  the  sum  of  all  the  • — r  X  Ai^'s,  Is  — -   x    -Iad^   ^ 

^  ^  AD"  AD"^  ^ 

4ad  .  DC  =  4^BD,  which  Is  the  area  of  the  exterior  part  A  Dec  A. 
Thiit  is,  the  said  exterior  part  adcga,  is  -i-  of  the  parallelogram 
ABCD ;  and  consequently  the  interior  part  abcga  is  \  of  the 
same  parallelogram,     q^  e.  D. 

Coro/,  The  part  afcga.  Inclosed  between  the  curve  and 
the  right  line  afc,  is  -^  of  the  same  parallelogram,  being  the 
^iti'erence  between  abcga  and  the  triangle  abcfa,  that  is 
between  |  and  ^  of  the  parallelogram. 


THEOREM  XVIII. 

The  Solid  Content  of  a  Paraboloid  (or  Solid  generated  by 
the  Rotation  of  a  Parabola  about  its  Axis),  is  equal  to  Half 
its  Circumscribing  Cylinder. 

Let  ABC  be  a  paraboloid, 
generated  by  the  rotation  of 
the  parabola  AC  about  its  axis 
AD.  Suppose  the  axis  AD  be 
divided  Into  an  Infinite  num- 
ber of  equal  pajTts,  through 


which 
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"wliich  let  circular  planes  pass,  as  efg,  all  those  circles  making 
up  the  whole  solid  paraboloid. 

Then,  i£  c  =  the  number  S'HIG,  then  2c  x  fg  is  the 
circumference  of  the  circle  efg  whos«  radius  is  fg  j  there- 
fore c  X   FG^  is  the  area  of  that  circle. 

But,  by  cor.  theor.  1,  Parabola,  p  x  AT  =  fg^  where ^ 
denotes  the  parameter  of  the  parabola;  consequently  j>r  x  af 
will  also  express  the  same  circular  section  eg,  and  therefore 
pc  X  the  sum  of  all  the  af's  will  be  the  sum  of  all  those 
circular  sections,  or  the  whole  content  of  the  solid  para- 
boloid. 

But  all  the  Af's  form  an  arithmetical  progression,  begin- 
ning at  0  or  nothing,  and  having  the  greatest  term  and  the 
sum  of  all  the  terms  each  expressed  by  the  whole  axis  ad. 
And  since  the  sum  of  all  the  terms  of  such  a  progression,  is 
equal  to  ^ad  x  ad  or  ^ad',  half  the  product  of  the  greatest 
term  and  the  number  of  terms  ;  therefore  4 ad^  is  equal  to  the 
sum  of  all  the  af's,  and  consequently,  pc  x  ^ad^,  or  -Ic  X 
p  X  AD",  is  the  sum  of  all  the  circular  sections,  or  the  con- 
tent of  the  paraboloid. 

DC' 

But,  by  the  parabola,  />  :  DC  : :  dc  :  ad  or  /»  =   — ; 

consequently  \c  x  p  X  ad^  becomes  \c  x  KTt  x  dc^  for  the 
solid  content  of  the  paraboloid.  But  /:  x  ad  x  dc^  is  equal 
to  the  cylinder  bcih  ;  consequently  the  paraboloid  is  the  half 
of  its  circumscribing  cylinder.  q.  e.  p. 


THEOREM    XIX. 

The  Solidity  of  the  Frustum  begc  of  the  Paraboloid,  is  equal 
to  a  Cylinder  whose  iieight  is  df,  and  its  Base  Half  the 
Sum  of  the  two  Circular  JSases  eg,  bc. 

For,  by  last  theor.  \pc  x  ad^  =  the  solid  ABc, 
and,  by  the  same,  \pc  x  af^=  the  scUd  aeg, 
theref.  the  diiT.  \pc  x  (ad'^  —  af^)  =  the  frust.  BEGC. 

But  AD^  —   AF2  =   df    X    (ad  -t  Af), 

theref.  \pc  x  df  x  (ad  -j-  af)  =  the  frust.  begc. 

But,  by  the  parab.  />  x  ad  =  DCs,  and  />  x  af  =  Tg^  j 

theref.  4^  x  df  x  (dc^  -f  fg^)  =  the  frust.  begc. 

tt.  E.  D. 

Vol.  II.  K  OF 
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OF  MOTION,  FORCES,  &c. 


DEFINITIONS. 

ylrt.  I.  BODY  is  the  mass,  or  quantity  of  matter,  in  any 
material  substance ;  and  it  is  always  proportional  to  its 
weight  or  gravity,  whatever  its  figure  may  be. 

2.  Body  is  either  Hard,  Soft,  or  Elastic.  A  Hard  Body 
is  that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retains  its  figure  unaltered.  A  Soft  Body  is  that  whose 
parts  yield  to  any  stroke  or  impression,  without  restoring 
thems'elves  again  ;  the  figure  of  the  body  remaining  altered. 
And  an  Elastic  Body  is  that  whose  parts  peld  to  any  stroke, 
but  which  presently  restore  themselves  again,  and  the  body 
regains  the  same  figure  as  before  the  stroke. 

We  know  of  no  bodies  that  are  absolutely,  or  perfectly, 
either  hard,  soft,  or  elastic  ;  but  all  partaking  these  proper- 
ties, more  or  less,  in  some  intermediate  degree. 

6.  Bodies  arc  also  either  Solid  or  Fluid.  A  Solid  Body, 
is  that  whose  parts  are  not  easily  moved  amohgst  one  an- 
other, and  which  retains  any  figure  given  to  it.  But  a  Fluid 
Body  is  that  whose  parts  yield  to  the  slightest  impression, 
being  easily  moved  among  one  another;  and  its  surface, 
when  left  to  itself,  is  always  observed  to  settle  in  a  smooth 
plane  at  the  top. 

4.  Density  is  the  proportional  weight  or  quantity  of  mat- 
ter in  any  body. 

So,  in  two  spheres,  or  cubes,  &c.  of  equal  size  or  magni- 
tude ;  if  the  one  weigh  only  One  pound,  but  the  other  two 
pounds ;  then  the  density  of  the  latter  is  double  the  density 
of  the  former  j  if  it  weigh  three  pounds,  its  density  is  triple, 
and  so  on. 

5.  Motion  is  a  continual  and  successive  change  of  place. — 
ff  the  body  move  equally,  or  pass  over  equal  spaces  in  equal 
times,  it  is  called  Equable  or  Uniform  Motion.  But  if  it 
increase  or  decrease,  it  is  Variable  Motion  ;  and  it  is  called 
Accelerated  Motion  in  the  former  case,  and  Retarded  Motion 
in  the  latter.— Also,  when  the  body  moved  is  considered  with 

respect 
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respect  to  some  other  Jpocly  at  rest,  it  is  said  to  be  Absolute 
Motion.  But  when  comp^ired  with  others  in  motion,  it  is 
called  Relative  Motion. 

6.  Velocity,  or  Celerity,  is  an  affection  of  motion,  by 
which  a  body  passes  over  a  certain  space  in  a  certain  time. 
Thus,  if  a  body  in  motion  pass  uniformly  over  40  feet  in 
4  seconds  of  time,  it  is  said  to  move  with  the  velocity  of 
10  feet  per  second  ;  and  so  on. 

'  7.  Momentum,  or  Quantity  of  Motion,  Is  the  power  or 
force  incident  to  moving  bodies,  by  which  they  continually 
tend  from  their  present  places,  or  with  which  they  strike  any 
obstacle  that  opposes  their  motion. 

8.  Force, is  a  power  exerted  on  a  body  to  move  it,  or  to 
stop  it.  If  the  force  act  constantly,  or  incessantly,  it  is  a 
Permanent  Force  :  like  pressure  or  the  force  of  gravity. 
But  if  it  act  instantaneously,  or  but  for  an  imperceptibly  small 
time,  it  is  called  Impulse,  or  Percussion  :  like  the  smart  blow 
of  a  hammer. 

9.  Forces  are  also  distinguished  into  Motive,  and  Accele- 
rative  or  Retarding.  A  Motive  or  Moving  Force,  is  the 
power  of  an  agent  to  produce  motion  ;  and  it  is  equal  or 
proportional  to  the  momentum  it  will  generate  in  any  body, 
when  acting,  either  by  percussion,  or  for  a  certain  time  as  a 
permanent  force. 

10.  Accelerative,  or  RetardiVe  Force,  is  commonly  un- 
derstood to  be  that  which  atTects  the  velocity  only  ;  or  it  is 
that  by  which  the  velocity  is  accelerated  or  retarded  ;  and  it 
is  equal  or  proportional  to  the  motive  force  directly  and  to 
the  mass  or  body  moved  inversely.— So,  if  a  body  of  2  poundsL 
weight,  be  acted  on  by  a  motive  force  of  40  ;  then  the  acce- 
lerating force  is  20.  But  if  the  same  force  of  10  act  on 
another  body  of  4  pounds  weight ;  then  the  accelerating  force 
in  this  latter  case  is  only  10;  and  so  is  but  half  the  former. 

11.  Gravity,  or  Weight,  is  that  force  by  which  a  body 
endeavours  to  fall  downwards.  It  Is  called  Absolute  Gravity, 
when  the  body  is  in  empty  space  j  and  Relative  Gravity, 
when  immersed  in  a  fluid. 

12.  Specific  Gravity  is  the  proportion  of  the  weights  of 
different  bodies  of  equal  magnitude ;  and  so  is  proportional 
to  the  density  of  the  body. 

K  2  •        AXIOMS. 
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13.  Every  body  naturally  endeavours  to  continue  in  its 
present  state,  whether  it  be  at  rest,  or  moving  uniformly  in 
a  right  line. 

14.  The  Change  or  Alteration  of  Motion,  by  any  external 
force,  is  always  proportional  to  that  force,  and  in  the  direc- 
tion of  the  right  line  in  which  it  acts. 

15.  Action  and  Re-action,  between  any  two  bodies,  are 
equal  and  contrary.  That  is,  by  Action  and  Re-action,  equal 
changes  of  motion  are  produced  in  bodies  acting  on  each 
other  •,  and  these  changes  are  directed  towards  opposite  or 
contrary  parts. 
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t'ROPOSITION  I. 

16.    The  Quantity  of  Matter,  in  all  Bodks,  is  in  the  Compound 

Ratio  cf  their  MagMttides  and  Densities, 

That  is,  b  is  as  md ;  wh^re  b  denotes  the  body  or  quan- 
titv  of  matter,  m  its  magnitude,  and  d  Its  density. 

For,  by  art.  4,  in  bodies  of  equal  magnitude,  the  mass  or 
quantity  of  matter  is  as  the  density.  But,  the  densities  re- 
maining, the  mass  is  as  the  magnitude :  that  is,  a  double 
magnitude  contains  a  double  quantity  of  matter,  a  triple 
magnitude  a  triple  qaantlty,  and  so  on.  Therefore  the  mass 
is  in  the  compound  ratio  of  the  magnitude  and  density. 

17.  Corol.  1.  In  similar  bodies,  the  masses  are  as  the  den- 
sities and  cubes  of  the  diameters,  or  of  any  like  linear  di- 
mensions.-^For  the  magnitudes  of  bodies  are  as  the  cubes  of 
the  diameters,  &C. 

18.  Corol.  2.  The  masses  are  as  the  magnitudes  and 
specific,  gravities.— For,  by  art.  4  and  12,  the  densities  of 
bodies  are  as  the  specific  gravities. 

19.  Scholium,  Hence,  if  b  denote  any  body,  or  the  quan- 
tity of  matter  in  it,  m  its  magnitude,  d  its  density,  g  its 

specific 
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icj^ecifiC  gravity,  and  a  its  diameter  or  other  dimension  ;  then, 
oc  (pronounced  or  named  as)  being  the  mark  for  general 
proportion,  from  this  proposition  and  its  corollaries  we  have 
these  general  proportions : 


b  OC"  md 

oc 

mg 

oc 

ady 

b 
m  oc  — - 
a 

oc 

b 

oc 

a\ 

in 

oc 

g 

oc 

mg  ^ 
a' 

3           ^ 

oc 

m 

oc 

mg 
~d' 

PROPOSITION  II. 

20.  77je  Momentum^  or  Qiiantity  of  Motion^  gejierated  by  a 
Single  ImpidsCy  or  any  Mome?itary  Forces  is  as  the  Ge7ierating 
Force. 

That  is,  m  is  as  /;  where  m  denotes  the  momentum, 
and  f  the  force. 

For  every  elFect  is  proportional  to  its  adequate  cause.  So 
that  a  double  force  will  impress  a  double  quantity  of  mo- 
tion J  a  triple  force,  a  triple  motion  ;  and  so  on.  That  is, 
the  motion  impressed,  is  as  the  motive  force  which  pro- 
duces it. 

PROPOSITION  III. 

21.  The  Momenta y  or  Quantities  of  Motion,  in  Moving  Bodies, 
are  in  the  Compouncl  Ratio  of  the  Masses  and  Velocities* 

That  is,  m  is  as  bv. 

For,  the  motion  of  any  body  being  made  up  of  the  mo- 
tions of  all  its  parts,  if  the  velocities  be  equal,  the  momenta 
will  be  as  the  masses  •,  for  a  double  mass  will  strike  with  a 
double  force  ;  a  triple  mass,  with  a  triple  force  j  ?nd  so  on. 
Again,  when  the  mass  is  the  same,  it  will  require  a  double 
force  to  move  it  with  a  double  velocity,  a  triple  force  with  a 
triple  velocity,  and  so  on ;  that  is,  the  motive  force  is  as  the 
velocity ;  but  the  momentum  impressed,  is  as  the  force  which 
produces  it,  by  prop.  2  ;  and  therefore  the  momentum  is  as 
the  velocity  when  the  mass  is  the  same.  But  the  momentum 
was  found  to  be  as  the  mass  when  the  velocity  is  the  same. 

Consequently, 
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Consequently,  when  neither  are  the  same,  the  momentum  Is 
in  the  compound  ratio  of  both  the  mass  and  velocity. 


PROPOSITION  IV. 

22.  In  Uniform  Motions,  the  Spaces  described  are  in  the  Com' 
pound  Ratio  of  the  Velocities  -  ana  the  Times  of  their  Descrip- 
tion. 

That  is,  J-  is  as  tv. 

For,  by  the  nature  of  uniform  motion,  the  greater  the 
Telocity,  the  greater  is  the  space  described  in  any  one  and 
the  same  time  ;  that  is,  the  space  is  as  the  velocity,  when 
the  times  are  equal.  And  when  the  velocity  is  the  same,  the 
space  will  be  as  the  time  *,  that  is,  in  a  double  time  a  double 
space  will  be  described  ;  in  a  triple  time,  a  triple  space  ;  and 
so  on.  Therefore  universally,  the  space  is  in  the  compound 
ratio  of  the  velocity,  and  the  time  of  description. 

23.  Corel,  I.  In  uniform  motions,  the  tim.e  is  as  the  space 
directly,  and  velocity  reciprocally ;  or  as  the  space  divided 
by  the  velocity.  And  when  the  velocity  is  the  same,  the 
time  is  as  the  space.  But  when  the  space  is  the  same,  the 
time  is  reciprocally  as  the  velocity. 

24-.  CoroL2.  The  velocity  is  as  the  space  directly  and  the 
tim.e  reciprocally  ;  or  as  the  space  divided  by  the  time.  And 
v^hen  the  time  is  the  same,  the  velocity  is  as  the  space.  But 
when  the  space  is  the  same,  the  velocity  is  reciprocally  as 
the  tim.e. 

Scholium*  t. 

25.  In  uniform  m.otions  generated  by  momentary  impulse, 
let  b   =  any  body  or  quantity  of  matter  to  be  moved, 
f  =  force  of  impulse  acting  on  the  body  ^, 
V  ==  the  uniform  velocity  generated  in  by 
m  =  the  momentum  generated  in  b, 
s  =  the  space  described  by  the  body  h, 
/  =  the  time  of  describing  the  space  s  with  the  veloc.  v. 

Then  from  the  last  three  propositions  and  corollaries,  we 
have  these  three  general  proportions,  namely,  f  o<l  m, 
m  oa  bvy  and  s  oc  tv ;  from  which  is  derived  the  following 
table  of  the  general  relations  of  those  six  quantities,  in  uni- 
form motions,  and  impulsive  or  percussive  forces  : 

/oc  2tt 
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f  oc  7n  oc  bv  oc  —' 
-^  t 

m  oc   /  oc  b-v  oc   — . 
-^  t 

.  f  171  ft  tnf 

^oc  —  oc  —   <yz  •^—   oc   — 

V  V  s  s 

.     ft      ^^« 

S   oc   /'y  oc    •^—  oc  -—. 
bo 

s           f           in 
V  oa    —  oc  :^  oc   • 

/       b       b 

s  bs  bs 

t    oc    —  oc  —  oc    — . 

V         J  m 

By  means  of  which,  may  be  resolved  all  questions  relating 
to  uniform  motions,  and  the  effects  of  momentary  or  impai- 
sive  forces. 

PROPOSITION    V. 

so.  The  Momentum  generated  by  a  Constant  and  Uniform  Force y 
acting  for  any  Time,  is  in  the  Compound  Ratio  of  the  Force 
and  Time  of  Acting. 

That  is,  m  is  as^?. 

For,  supposing  the  time  divided  into  very  small  parts,  by 
prop.  2,  the  momentum  in  each  particle  of  time  is  the  same, 
and  therefore  the  whole  momentum  will  be  as  the  whole 
lime,  or  sum  of  all  the  small  parts.  But,  by  the  same  prop, 
the  momentum  for  each  small  time,  is  also  as  the  motive 
force.  Consequently  the  whole,  momentum  generated,  is  in 
the  compound  ratio  of  the  force  and  time  of  acting. 

27.  CoroL  L  The  motion,  or  momentum,  lost  or  destroyed 
iji  any  time,  is  also  in  the  compound  ratio  of  the  force  and 
time.  For  whatever  momentum  any  force  generates  in  a 
given  time  ;  the  same  momentum  will  an  equal  force  destroy 
in  the  same  or  equal  time  ;  acting  in  a  contrary  direction. 

And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  conspire  with,  or  oppose,  the  motion  of  bodies. 

•2S.  CoroL  2.  The  velocity  generated,  or  destroyed,  in  any 
time,  is  directly  as  the  force  and  tiiite,  and  reciprocally  as 
the  body  or  mass  of  matter. — For,  by  this  and  the  3d  prop. 
the  compound  ratio  of  the  body  and  velocity,  is  as  that  of 
the  force  and  time  ;  and  therefore  tlie  velocity  is  as  the  force 
;^nd  time  divided  by  the  body.  And  if  the  body  and  force 
be  given,  or  constant,  the  velocity  will  be  as  the  time,  j    ;  •-, 

PROPOSITION 
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PROPOSITION    VI. 

29.  The  Spares  passed  over  by  Bodies,  urged  by  any  Constant  and 
Uniform  Forces,  acting  during  any  Titnes,  are  in  the  Compound 
Ratio  of  the  Forces  and  Squares  of  the  Times  directly,  and  the 
Body  or  ALiss  reciprocally. 

Or,  the  Spaces  are  as  the  Squares  of  the  Timesy  when  the  Force 
and  Body  are  given, 

ft" 
That  is,  s  is  as -'-,  or  as  f"  when  f  and  b  are   given. 
b 

For,  let  V  denote  the  velocity  acquired  at  the  end  of  any- 
time t,  by  any  given  body  b,  when  it  has  passed  over  the 
space  s.  Then,  because  the  velocity  is  as  the  time,  by  the 
last  corol.  therefore  ~oV  is  the  velocity  at  ^t,  or  at  the  middle 
point  of  the  time  *,  and  as  the  increase  of  velocity  is  uniform, 
the  same  space  s  will  be  described  in  the  same  time  /,  by  the 
velocity  ^v  uniformly  continued  from  beginning  to  end.  But, 
in  uniform  motions,  the  space  is  in  the  compound  ratio  of 
the  time  and  velocity ;  therefore  s  is  as  \tv,  or  indeed  j-  = 

^^tv.     But,  by  the  last  corol.  the  velocity  i;  is  as  ^ ,    or    as 

the  force  and  time  directly,  and  as  the  body  reciprocally. 

Therefore  s,  or  ^iv,  is  as  •—,    that  is,   the  space  is   as  the 

b 

force  and  square  of  the  time  directly,  and  as  the  body  reci- 
procally. Or  J-  is  as  t^,  the  square  of  the  time  only,  when 
b  and  f  are  given. 

SO.  CoroL  1.  The  space  j*  is  also  as  tv,  or  in  tlie  compound 
ratio  of  the  time  and  velocity  ;  b  and  f  being  given.  For, 
J  =  \tv  is  the  space  actually  described.  But  tv  is  the  space 
which  might  be  described  in  the  same  time  t,  with  the  last 
velocity  v,  if  it  were  uniformly  continued  for  the  same  or  an 
equal  time.  Therefore  the  space  /,  or  \tv,  which  is  actually 
described,  is  just  half  the  space  tv,  which  would  be  described 
with  the  last  or  greatest  velocity,  uniformly  continued  for 
an  equal  time  t, 

31.  CoroL  2.  The  space  j-  is  also  as  v',  the  square  of  the 
velocity  ;  because  the  velocity  v  is  as  the  time  t. 

Scholium. 

32.  Propositions  3,  4,  5,  6,  give  theorems  for  resolving  all 
questions  relating  to  motions  uniformly  accelerated.     Thus, 

put 
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put    h  =  any  body  or  quantity  of  matter, 
f  =  the  force  constantly  acting  on  it, 
/  =  the  time  of  its  acting, 
•y  =  the  velocity  generated  in  the  lime  /, 
s  =  the  space  described  in  ,that  time, 
m  =  the  momentum  at  the  end  of  the  time. 

Then,  from  these  fundamental  relations,  m  oc  Iv,  7n  ocft^ 
s  oc  tvy  and  v  oc  Y"*  we  obtain  the  following  table  of  the 
general  relations  of  uniformly  accelerated  motions : 

J  f.         hs         fs         ffv  ,77  ,-77: — 

m  oc  bv  oc  ft  oz  -^  oc-L-  Od  £_ _  oc  ^ hfs  oc  ^hfiv, 

m       ft        mt       ft^       ft^  in'  nf        fs 

I  oc  — oc  «L_  oc — oc< — cc*'- —   oc    --    oc    — ex:  •^. 

V  >       V         s  s         ins  fs         ft'V        i>^ 

_        m       bv       mv      ms         m"         m^  bv^        bs 

f  oc  — oc  —  oc  — oc-^  oc    —  oc   —    oc  —  oc  — , 

t         t  s        t'v         bs  btv  s  f 

s         ft        m        ms         fs  nr"  ,  fs       f'st 

^   oc    — OC-^— oc oc— —  oc    ii—      oc       OCa/^—OC'^ — -'. 

t         b  b       ft--  m  hft^b         tn' 

ft'       mt      ffv        mv  nr  bv-        //r-y 

^  oc  /i;  oc  -' — oc  — oc-' oc  oc    —  oc    —  oc • 

b         b         m  f  bf         f  ^       jH 

s        m        bv        bs  ,bs  ,ms        nr     . 

/  oc  --  oc  — oc  — oc  —  ocy/  —  oc  ,y/  — oc ,  5cc. 

ii        f       j         m  f  fv       bfv 

S3.  And  from  these  proportions  those  quantities  are  to  be 
left  out  which  are  given,  or  which  are  proportional  to  each 
other.  Thus,  if  the  body  or  quantity  of  matter  be  always 
the  same,  then  the  space  described  is  as  the  force  and  square 
of  the  time.  And  if  the  body  be  proportional  to  the  force, 
as  all  bodies  are  in  respect  to  their  gravity  j  then  the  space 
described  is  as  the  square  of  the  time,  or  square  of  the  velo- 

city ',  and  in  this  case,  if  f  be  put  =  ^,  the  accelerating 

b 

force;  then  will 

'; 

rj  V 

S   oc  ^«y  OC  Ff  OC  — . 
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The  composition  and  RESOLUTION  of  FORCES. 

34.  Composition  of  Forces,  is  the  uniting  of  two 
or  more  forces  into  one,  which  shall  have  the  same  effect ; 
or  the  finding  of  one  force  that  shall  be  equal  to  several 
others  taken  together,  in  any  different  directions.  And  the 
^Resolution  of  Forces,  is  the  finding  of  two  or  more  forces 
which,  acting  in  any  different  directions,  shall  have  the  same 
effect  as  any  given  single  force. 

PROPOSITION    VII. 

35.  If  a  Body  at  A  he  urged  in  the  Directions  AB  and  AC,  by  any 
two  Similar  Forces,  such  that  they  would  separately  cause  the 
Body  to  pass  $ver  the  Spaces  AB,  AC,  in  an  eqtml  Time  ;  then 
if  both  Forces  act  together,  they  ivill  cause  the  Body  fo  move,  in 
the  same  Time,  tldrough  AD  the  Diagonal  of  the  Parallelogram 
ABCD. 

Drav/  cd  parallel  to  AB,  and  bd  pa- 
rallel to  AC.  And  while  the  body  is 
carried  over  Ab  or  cd  by  the  force  in 
that  direction,  let  it  be  carried  over  bd 
by  the  force  in  that  direction;  by  which 
means  it  v/ill  be  found  at  d.     Now,  if  ^  ^ 

the  forces  be  impulsive  or  momentary, 

the  motions  will  be  uniform,  and  the  spaces  described  will 
be  as  the  times  of  description  ; 

theref.  Ab  or  cd  :  ab  or  cd  : :  time  in  Ab  :  time  in  AB, 
and       bd  or  AC  :  bd  or  AC  : :  time  in  Ac  :  time  in  ac  ; 
but  the  time  in  Ab  ^  time  in  Ac,  and  the  time  in  ab  = 
time  in  ac,  therefore  Ab  :  bd  : :  ab  :  bd  by  equality. 

And  as  this  is  always  the  case  in  every  point  d,  d,  &:c, 
therefore  the  path  of  the  body  is  the  straight  line  AdD,  or 
the  diagonal  of  the  parallelogram. 

But  if  the  similar  forces,  by  mean5  of  which  the  body  is 
moved  in  the  directions  ab,  ac,  be  uniformly  accelerating 
ones,  then  the  spaces  will  be  as  the  squares  of  the  times  ; 
in  which  case,  call  the  time  in  bd  or  cd  /,  and  the  time  iiv 
AB  or  AC,  T;  then 

it  will  be         Ab  or  cd  :  ab  or  cd  : :  f  \  7^, 
and        -         bd  or  Ac  :  bd  or  ac  : ;  ^  ;  T'-, 
theref.  by  equality,  Ab  ;  bd  : ;  ab  ;     bd  ; 
and  so  the  body  is  always  found  in  the  diagonal,  as  before. 

36.  CoroL 
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!^6.  CoroL  \.  If  the  forces  be  not  simihr,  by  which  the 
body  is  urged  in  the  directions  AB,  AC,  it  will  move  in  some 
curved  line,,  depending  on  the  nature  of  the  forces. 

^37.  Corol.  2.  Hence  it  appears,  that  the  body  moves  over 
the  diagonal  ad,  by  the  compound  motion,  in  the  very  same 
time  that  it  would  move  over  the  side  ab,  by  the  single  force 
impressed  in  that  direction,  or  that  it  would  move  over  the 
side  AC  by  the  force  impressed  in  that  direction. 

38.  CoroL  3.  The  forces  in  the  directions  ab,  ac,  ad, 
are  respectively  proportional  to  the  lines  ab,  ac,  ad,  and  in 
these  directions. 

39.  CcroL  4.  The  two  oblliiue  forces 

AB,  AC,  are  equivalent  to  the  single  di- 
rect force  AD,  which  may  be  compound- 
ed of  these  two,  by  drawing  the  diagonal 
of  the  parallelogram.  Or  they  are  equi- 
-valent  to  the  double  of  ae  drawn  to  the 
middle  of  the  line  Bc. 

^A.nd  thus  any  force  may  be  compounded  of  two  or  more 
other  forces ;  which  is  the  meaning  of  the  expression,  com- 
position  offerees, 

40.  Exam.  Suppose  it  were 
required  to  compound  the  three 
forces  AB,  AC,  ad;  or  to  find 
the  direction  and  quantity  of  one 
single  force,  which  shall  be  equi- 
valent to,  and  have  the  same 
effect  as  if  a  body  at  A  were 
acted  on  by  three  forces  in  the  directions  ab,  ac,  ad, 
and  proportional  to  these  three  lines.     First  reduce  the  two 

AC,  AD  to  one  ae,  by  completing  the  parallelogram  adec. 
Then  reduce  the  two  ae,  ab  to  one  af,  by  the  parallelogram 
AEFB.  So  shall  the  single  force  af  be  the  direction,  and  as 
the  quantity,  which  shall  of  itself  produce  the  same  effect, 
as  if  all  the  three  ab,  ac,  ad  acted  together. 

41.  CoroL  5.  Any  single  direct 
force  AD,  may  be  resolved  into  two 
oblique  forces,  whgse  quantities  and 
directions  are  AB,  AC,  having  the 
5ame  effect,  by  describing  any  paral- 
lelogram whose  diagonal  may  be 
AD :  and  this  is  called  the  resolu- 
tion of  forces.      So  the  force  ad 

jnay  be  resolved  hito  the  two  ab,  ac,  by  the  parallelogram 

ABDC  ; 
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ABDC  ;  or  into  the  two  ae,  af,  by  the  parallelogram  AEDF  ; 
and  so  on,  for  any  other  two.  And  each  of  these  may  be 
resolved  again  into  as  many  others  as  we  please. 

42.  CoroL  6.  Hence  may  be  found 
the  effect  of  any  given  force,  in  any 
other  direction,  besides  that  of  the 
line  in  which  it  acts  •,  as  of  the  force 
AB  in  any  other  given  direction  CB. 
For  draw  ad  perpendicular  to  CB ; 
then  shall  db  be  the  effect  of  the 
force  AB  in  the  direction  cB.     For, 

the  given  force  ab  is  equivalent  to  the  two  ad,  db,  or 
AE  J  of  which  the  former  ad,  or  eb,  being  perpendicular,- 
does  not  alter  the  velocity  in  the  direction  cB  ;  and  therefore 
db  is  the  whole  effect  of  ab  in  the  direction  CB.  That  is, 
a  direct  force  expressed  by  the  line  db  acting  in  the  direction 
DB,  will  produce  the  same  effect  or  motion  in  a  body  b,  in 
that  direction,  as  the  obliqtie  force  expressed  by,  and  acting 
in,  the  direction  ab,  produces  in  the  same  direction  CB. 
And  hence  a  direct  force  DB,  is  to  an  oblique  force  AB,  as 
ab  to  DB,  or  as  radius  to  the  cosine  of  the  angle  abd  of 
inclination  of  those  forces.  For  the  same  reason,  the  force 
or  effect  in  the  direction  ab,  is  to  the  force  or  effect  in  the 
direction  ad  or  eb,  as  ab  to  ad  ;  or  as  radius  to  sine  of 
the  same  angle  abd,  or  cosine  of  the  angle  dab  of  those 
directions. 

43.  CoroL  7.  Hence  also,  if  the  two  given  forces,  to  be 
compounded,  act  in  the  same  line,  either  both  the  same  way, 
or  the  one  directly  opposite  to  the  other ;  then  their  joint  or 
compounded  force  will  act  in  the  same  line  also,  and  will  be 
equal  to  the  sum  of  the  two  when  they  act  the  same  way,  or 
to  the  difference  of  them  when  they  act  in  opposite  direc- 
tions ;  and  the  compound  force,  whether  it  be  the  sum  or 
difference,  will  always  act  in  the  direction  of  the  greater  of 
the  two. 

PROPOSITION  VIII. 

44.  If  Three  Forces  A,  B,  c,  acting  all  together^  in  the  same 
Plane y  keep  otie  another  in  Equilibrio  ;  they  ivill  he  Proportional 
to  the  Three  Sieles  DE,  EC,  CD,  of  a  Triangle,  which  are  draivti 
Parallel  to  the  Directions  of  the  Forces  AD,  DB,  CD. 

Produce  ad,  bd,  and  draw  cf,   ce  parallel   to   them. 

Then 
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Then  the  force  in  cd  is  equivalent 
to  the  two  AD,  BD,  by  the  supposi- 
tion j  but  the  force  CD  is  also  equi- 
valent to  the  two  ED  and  ce,  or  fd  ; 
therefore,  if  CD  represent  the  force 
c,  then  ED  will  represent  its  opposite 
force  A,  and  ce,  or  fd,  its  opposite 
force  B.  Consequently  the  three 
forces  A,  B,  c,  are  proportional  to  de, 
CE,  CD,  the  three  lines  parallel  to  the 
directions  in  which  they  act. 

45.  Corol.  \.  Because  the  three  sides  CD,  CE,  de,  are 
proportional  to  the  sines  of  their  opposite  angles  E,  D,  c ; 
therefore  the  three  forces,  Vvdien  in  equilibrio,  are  propor- 
tional to  the  sines  of  the  angles  of  the  triangle  made  of  their 
lines  of  direction ;  namely,  each  force  proportional  to  the 
sine  of  the  angle  made  by  the  directions  of  the  other  two. 

46.  CoroL  2.  The  three  forces,  acting  against,  and  keep- 
ing one  another  in  equilibrio,  are  also  proportional  to  the 
sides  of  any  other  triangle  made  by  drawing  lines  either  per- 
pendicular to  the  directions  of  the  forces,  or  forming  any 
given  angle  with  those  directions.  For  such  a  triangle  is  al- 
ways similar  to  the  former,  which  is  made  by  drawing  lines 
parallel  to  the  directions ;  and  therefore  their  sides  are  in  the 
same  proportion  to  one  another. 

47.  Corol. ^,  If  any  number  of  forces  be  kept  in  equilibrio 
by  their  actions  against  one  another  j  they  may  be  all  reduced 
to  two  equal  and  opposite  ones. — For,  by  cor.  4,  prop.  7, 
any  two  of  the  forces  may  be  reduced  to  one  force  acting  in 
the  same  plane ;  then  this  last  force  and  another  may  like- 
wise be  reduced  to  another  force  acting  in  their  plane :  and 
so  on,  till  at  last  they  be  all  reduced  to  the  action  of  only  two 
opposite  forces  ;  which  will  be  equal,  as  well  as  opposite,  be- 
cause the  whole  are  in  equilibrio  by  the  supposition. 

48.  CoroL  4.  If  one  of  the  forces, 
as  c,  be  a  weight,  which  is  sustained 
by  two  strings  drawing  in  the  direc- 
tions DA,  DE :  then  the  force  or 
tension  of  the  string  ad,  is  to  the 
weight  c,  or  tension  of  the  string 
DC,  as  DE  to  DC  J  and  the  force  6r 
tension  of  the  other  string  bd,  is  to 
the  weight  c,  or  tension  of  CD,  as 
CE  to  CD.. 

49,  droL 
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49.  CoroL  5.  If  three  forces  be  in  erjuiiibrio  by  their  nlil- 
tual  actions;  the  hne  of  direction  of  each  force,  as  DC,  passes 
through  the  opposite  angle  c  of  the  parallelogram  formed  by 
the  directions  of  the  other  two  forces. 

50.  Remark  These  properties,  in  this  proposition  and  its 
corollaries,  hold  true  of  all  similar  forces  whatever,  whether 
they  be  instantaneous  or  continual,  or  whether  they  act  by 
percussion,  drawing,  pushing,  pressing,  or  weighing;  and 
are  of  the  utmost  importance  in  mechanics  and  the  doctrine 
of  forces.   . 


]\     K 


On  the  collision  of  BODIES. 

PROPOSITION    IX. 

51.  If  a  Body  impinge  or  act  Obliquely  on  a  Plain  Surface ^  the 
Force  or  Energy  of  the  Stroke^  or  Action,  is  as  the  Sine  of  the 
Angle  of  Incidence. 

Or,  the  Force  on  the  Surface  is  to  the  same  if  it  had  acted  Per  pen" 
dicularly,  as  the  Sine  of  Incidence  is  to  Radius, 

Let  ab  express  the  direction  and 
the  absolute  quantity  of  the  oblique         a 
force  on  the  plane  de  ;  or  let  a  given 
body  A,  moving  with  a  certain  velo- 
city,   impinge  on   the   plane  at   B  ;      r 

then  its  force  will  be  to  the  action      ^^^M^^^m^^^^^^^rj.:^ 
on  the  plane,  as  radius  to  the  sine 

of  the  angle  abd,  or  as  ab  to  Bc,  drawing  Be  perpendicular, 
and  AC  parallel  to  de. 

For,  by  prop.  7,  the  force  ab  is  equivalent  to  the  two 
forces  AC,  CB ;  of  which  the  former  Ac  does  not  act  on  the 
plane,  because  it  is  parallel  to  it.  The  plane  is  therefore 
only  acted  on  by  the  direct  force  cB,  which  is  to  AB,  as  the 
sine  of  the  angle  bac,  or  abd,  to  radius. 

52.  CoroL  1.  If  a  body  act  on  another,  in  any  direction,' 
and  by  any  kind  of  force,  the  action  of  that  force  on  the 
second  body,  is  made  only  in  a  direction  perpendicular  to 
the  surface  on  which  it  acts. 

For  the  force  in  ab  acts  on  de  only  by  the  force  cb,  and 
in  that  direction. 

53.  CoroL  2.  If,  the  plane  de  be  not  absolutely  fixed,  it 
will  move,  after  the  stroke,  in  the  direction  perpendicular 
to  its  surface,  For  it  is  in  that  direction  that  the  force  is 
exerted. 

PROPOSITION 
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PROPOSITION    X- 

54.  If  one  Body  A,  strike  another  Body  B,  which  is  either  at  Rest 
or  moving  towards  the  Body  A,  or  tnoving  from  ity  but  with  a 
less  Velocity  thaii  that  of  k\  then  the  Moment Uy  or  Qjiantitiei 
of  Motion,  of  the  two  Bodies f  estimated  j?i  any  one  l)irectio?iy 
ivill  be  the  very  same  after  the  Stroke  that  they  were  before  it. 

For,  because  action  and  re-action  are  atways  equal,  and 
in  contrary  directions,  whatever  momentum  the  one  body- 
gains  one  way  by  the  stroke,  the  other  must  just  lose  as  much 
in  that  same  direction  ;  and  therefore  the  quantity  of  motion 
in"  that  direction,  resulting  from  the  motions  of  both  the 
bodies,  remains  still  the  same  as  it  was  before  the  stroke. 

55.  Thus,  if  A  with  a  momentum 

of  10,  strike  b  at  rest,  and  commu-       O o ^ 

nicate  to  it  a  momentum  of  4,  in  the      ^  -^^ 

direction  ab.     Then    A   will   have 

only  a  momentum  of  6  In  that  direction ;  which,  together 
with  the  momentum  of  b,  viz.  4,  make  up  still  the  same 
momentum  between  them  as  before,  namely  10. 

56.  If  b  were  In  motion  before  the  stroke,  with  a  mo- 
mentum of  5,  in  the  same  direction,  and  receive  from  A  an 
additional  momentum  of  2.  Then  the  motion  of  a  after 
the  stroke  will  be  8,  and  that  of  b,  7  j  which  between  them 
make  15,  the  same  as  10  and  5,  the  motions  before  the 
stroke. 

57.  Lastly,  If  the  bodies  move  In  opposite  directions,  and 
meet  one  another,  namely,  a  with  a  m^otion  of  10,  and  b, 
of  5  ;  and  A  communicate  to  B  a  motion  of  6  in  the  direc- 
tion ab  of  Its  motion.  Then,  before  the  stroke,  the  whole 
motion  from  both,  in  the  direction  of  ab,  is  10  —  5  or  5. 
But,  after  the  stroke,  the  motion  of  A  is  4  in  the  direction 
AB,  and  the  motion  of  B  Is  6  —  5  or  1  in  the  same  direction 
ABj  therefore  the  sum  4  -j-  1,  or  5,  is  still  the  same  motion 
from  both,  as  it  was  before. 

PROPOSITION    XI. 

58.  The  Motion  of  Bodies  itichided  in  a  Given  Space ^  is  the  Sffme, 
with  regard  to  each  ether y  whether  that  Space  be  at  Rest,  or 
move  uniformly  in  a  Right  Line. 

For,  if  any  force  be  equally  impressed  both  on  the  body 
and  the  line  in  which  it  moves,  this  will  cause  no  change  inr 

the 
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the  motion  of  the  body  along  the  right  line.  For  the  same 
reason,  the  motions  of  all  the  other  bodies,  in  their  several 
directions,  will  still  remain  the  same.  Consequently  their 
motiors  among  themselves  will  continue  the  same,  whether 
the  including  space  be  at  rest,  or  be  moved  uniformly  for- 
ward. And  therefore  their  mutual  actions  on  one  another, 
must  also  remain  the  same  in  both  cases. 


PROPOSITION    XII. 

59.  If  n  Hard  a?:d  Fixed  Plane  he  struck  hy  either  a  Soft  or  a 
Hard  Unelasiic  Body^  the  Body  ivill  adhere  to  it.  But  if  the 
Pkme  he  struck  by  a  Perfectly  Elastic  Body,  it  will  rebound 
from  it  again  with  the  same  Velocity  with  which  it  struck  the 
'Plane, 

For,  since  the  parts  which  are  strutk,  of  the  elastic  body, 
suddenly  yield  and  give  way  by  the  force  of  the  blow,  and  as 
suddenly  restore  themselves  again  with  a  force  equal  to  the 
force  which  impressed  them,  by  the  definition  of  elastic  bo- 
dies ;  the  intensity  of  the  action  of  that  restoring  force  on 
the  plane,  v/iil  be  equal  to  •  the  force  or  momentum  with 
which  the  body  struck  the  plane.  And,  as  action  and  re- 
action are  equal  and  contrary,  the  plane  will  act  with  the 
same  force  on  the  body,  and  so  cause  it  to  rebound  or 
move  back  again  with  the  same  velocity  as  it  had  before  the 
stroke. 

But  hard  or  soft  bodies,  being  devoid  of  elasticity,  by  the 
definition,  having  no  restoring  force  to  throw  them  oiF  again, 
they  must  necessarily  adhere  to  the  plane  struck. 

60.  CoroL  1 .  The  effect  of  the  blow  of  the  elastic  body, 
on  the  plane,  is  double  to  that  of  the  unelastic  one,  the  ve- 
locity and  mass  being  equal  in  each. 

For  the  force  of  the  blow  from  the  unelastic  body,  is  as 
its  mass  and  velocity,  which  is  only  destroyed  by  the  resist- 
ance of  the  plane.  But  in  the  elastic  body,  that  force  is  not 
only  destroyed  and  sustained  by  the  plane  ;  but  another  also 
equal  to  it  is  sustained  by  the  plane,  in  consequence  of  the 
restoring  force,  and  by  virtue  of  which  the  body  is  thrown 
back  again  with  an  equal  velocity.  And  therefore  the  in- 
tensity of  the  blow  is  doubled. 

61.  Cord.  2.  Hence  unelastic  bodies  lose,  by  their  coliision, 
only  half  the  motion  lost  by  elastic  bodies  •,  their  mass  and 
velocities  being  equal. — For  the  latter  communicate  double 
the  motion  of  the  former. 

PROPOSITION 
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PROPOSITION    XIII. 

62.  If  aft  Elastic  Body  A  impinge  on  a  Firm  Plane  de  at  the 
Point  B,  it  ijoill  rebound  from  it  in  an  Angle  equal  to  that  in 
which  it  struck  it ;  or  the  A?ig!e  of  Incidence  ivill  he  equal  to 
the  Angle  of  Reflexion ;  namely^  the  Angle  ABD  equal  to  the 
Angle  FBE.      - 

Let  ab  express  the  force  o£  A  q  j  ;F 

the  body  a  in  the  direction  ae;  iX"  j  yi  ' 

which  let  be  resolved  into  the  :     \.       j     y^    \ 

two  AC,  CB,  parallel   and  per-  !)■      _     l\h^         'E 

pendlcular  to  the  plane. — Take  ^'^^^^^^-^^^=^^^^^^^^^" 
BE  and  CF  equal  to   AC,   and 

draw  BF.  Now,  action  and  re-action  being  equal,  the  plane 
will  resist  the  direct  force  cb  by  another  bc  equal  to  it,  and 
in  a  contrary  direction;  whereas  the  other  ac,  being  pa- 
rallel to  the  plane,  is  not  acted  on  nor  diminished  by  it, 
but  still  continues  as  before.  The  body  is  therefore  reflected 
from  the  plane  by  two  forces  bc,  be,  perpendicular  and  pa- 
rallel to  the  plane,  and  therefore  moves  in  the  diagonal  bf 
by  composition.  But,  because  ac  is  equal  to  be  or  cf,  and 
that  BC  is  common,  the  two  triangles  bca,  bcf  are  mutually 
similar  and  equal;  and  consequently  the  angles  at  a  and  f 
are  equal,  as  also  their  equal  alternate  angles  ABD,  FBE, 
which  are  the  angles  of  incidence  and  reflexion. 

PROPOSITION    XIV. 

63.  To  determine  the  Motion  of  No?i-elastic  Bcdies,  when  they 
strike  each  other  Directly y  or  in  the  Same  Line  of  Direction. 

L?:t  the  nori-elastic  body  b,  mov- 
ing with  the  velocity  v  In  the  di-       ^ -O  q 

rection  ^h^   and   the   body  h  with       ^ 
the  velocity  i;,   strike   each  other. 

Then,  because  the  momentum  of  any  moving  body  is  as' 
the  mass  into  the  velocity,  Bv  =  M  is  the  momentum  of 
the  body  b,  and  hv  =  m  the  momentum  of  tjie  body  b^ 
which  let  be  the  less  powerful  of  the  two  motions.  Then, 
by  prop.  10,  the  bodies  will  both  move  together  as  one 
mass  in  the  direction  bc  after  the  stroke,  whether  before 
the  stroke  the  body  h  moved  towards  c  or  towards  B. 
Now,  according  as  that  motion  of  h  was  from  or  towards  b, 
that  is,  whether  the  motions  were  in  the  same  or  contrary 
ways,  the  momentum  after  the  stroke,  in  direction  bc,  will 

Vol.  II.  L  be 
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he  the  sum  or  difference  of  the  momentums  before  the 
stroke  j    namely,  the  momentum  in  direction   bc  will  be 

BV  +  hvy  if  tlie  bodies  moved  the  same  way,  or 
BV  —  l;v,  if  they  moved  contrary  ways,  and 
BV  only,  if  the  body  Z*  were  at  rest. 

Then  divide  each  momentum  by  the  common  mass  of 
matter  b  -f  ^h  ^^^  the  quotient  will  be  the  connnon  velocity 
after  the  stroke  in  the  dirj:ction  bc  ;  namely,  the  common 
velocity  will  be, 

BV  +  /"y   ,        ^                             BY  —  l7V   ^                                        BV 
-—7—7-  in  the  first  case, r—T   '^^  the  2nd,  and ; — r 

in' the  third. 

•  64.  For  example,  if  the  bodies,  or  weights,  b  and  If  be 
as  5  to  3,  and  their  velocities  v  and  v,  as  b  to  4-,  or  as  3  to 
^,  before  the  stroke  5  then  15  and  6  will  be  as  their  momen- 
tums, and  8  the  sum  of  their  weights  ;  consequently  after' 
the  stroke  the  common  velocity  will  be  as 

=     -  or  2-e-  m  the  nrst  case* 

8  8^ 

=    -     or  1-^  in  the  second,  and 


8  8 


15 


or  1|  in  the  third. 


PROPOSITION  XV. 


65.  If  two  Pcrfccily  Elastic  Bodies  impinge  on  one  another  / 
their  Relative  Velocity  luill  he  the  same  both  Before  and  After 
the  Impulse ;  that  is,  they  ivill  recede  from  each  other  with 
the  Same  Velocity  ivith  ivhich  they  approached  and  met* 

For  the  compressing  force  is  as  the  intensity'-  of  the  stroke ; 
which,  in  given  bodies,  is  as  the  relative  velocity  with  which 
they  meet  or  strike.  But  perfectly  elastic  bodies  restore 
themselves  to  their  former  figure  by  the  same  force  by  which 
they  were  compressed  ;  that  is,  the  restoring  force  is  equal  to 
the  com.pressing  force,  or  to  the  force  with  which  the  bodies 
approach  each  other  before  the  impulse.  But  the  bodies  are 
impelled  from  each  other  by  this  restoring  force  ;  and  there- 
fore this  force,  acting  on  the  same  bodies,  will  produce  a 
relative  velocitv  equal  to  that  >v^hich  tliey  had  before;  or  it 
will  make  the  bodies  recede  from  each  other  with  the  same 

velocity 
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velocity  with  which  they  before  approached,  or  so  as  to  be 
equally  distant  from  one  another  at  equal  times  before  and 
after  the  impact. 

6G.  Remark.  It  is  not  meant  by  this  proposition,  that  each 
body  will  have  the  same  velocity  after  the  impulse  as  it  had 
before ;  for  that  will  be  varied  according  to  the  relation  of 
the  masses  oi^  the  two  bodies  •,  but  that  the  velocity  of  the^ 
one  will  be,  after  the  stroke,  as  much  increased  as  that  of 
ihe  other  is  decreased,  in  one  and  the  same  direction.  So  if 
the  elastic  b6dy  b  move  with  a  velocity  v,  and  overtake  the 
elastic  body  3  moving  the  same  way  with  the  velocity  v;  then 
their  relative  velocity,  or  that  with  which  they  strike,  is 
V  —  Vj  and  it  is  with  this  same  velocity  that  they  separate 
from  each  other  after  the  stroke.  But  if  they  meet  each 
other,  or  the  body  I?  move  contrary  to  the  body  b  ;  then  they 
meet  and  strike  with  the  velocity  v  -{-  v,  and  it  is  with. the 
same  velocity  that  they  separate  and  recede  from  each  other 
after  the  stroke.  But  whether  they  move  forward  or  back- 
ward after  the  impulse,  and  with  what  particular  velocities, 
are  circumstances  tiiat  depend  on  the  various  masses  and.  ve- 
locities of  the  bodies  before  the  stroke,  and  which  make  the 
subject  of  the  next  proposition. 


PROPOSITION  XVI. 

€?.  To  determine  ithe  Motions  of' Elastic  Bodies  after  Stiiking  each 
other  directly. 

Let  the  elastic  body  B  move  in      (^ p  • 

the  direction  bc,  with  the  velocity       B  ^ 

V  ;  and  let  the  velocity  of  the  other 

body  bhe  V  in  the  same  line ;  which  latter  velocity  v  will  be 
positive  if  b  move  the  same  way  as  B,  but  negative  if  b  move 
in  the  opposite  direction  to  E.  Then  their  relative  velocity 
in  the  direction  bc  is  v  —  "y,-  also  the  momenta  before  the 
stroke  are  bv  and  bv,  the  sum  of  which  is  by  +  bv  in  the 
direction  bc. 

Again,  put  x  for  the  velocity  of  b,  and  y  for  that  of  by 
in  the  same  direction  bc,  after  the  stroke ;  then  their  rela- 
tive velocity  is  jy  --  x^  and  the  sum  of  their  momenta  b;v  +  by 
in  the  same  direction. 

But  the  momenta  before  and  after  the  collision,  estimated 
in  the  same  direction,  are  equal,  by  prop.  10,  as  also  the 
relative  velocities,  by  the  last  prop.  Whence  arise  these  two 
equations. 

L  2  viz. 
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viz.  Bv  -^  hv  =  Bx  -{■  by, 
and     V  —    -y  =    y  —    X ; 
the  resolution  of  which  equation  gives 
(b  ~  b)y  +  2bv    ^ 
^  _- ^  tl^g  velocity  of  b, 

—  (b  —  b)v  -f-  2bv    , 
V  =  -T--7 ,  the  velocity  of  b, 

both  in  the  direction  bc,  when  v  and  v  are  both  positive, 

or  the  bodies  both  moved  towards  c  before  the  collision. 

But  if  V  be  negative,  or  the  body  /'  moved  in  the  contrary 

direction  before  collision,  or  towards  B  ;  then,  changing  the 

sign  of  V,  the  same  theorems  become 

(b  -  b)v  -  2bv    ^        ,     •        c    ' 
X  =  -— ,  the  velocity  of  b, 

{b  -  b)v  -{-  2bv  r  ,    .      ,      ,.       . 

V  = ; — ■. ,  the  veloc.  of  b,  m  the  direction  bc. 

And  if  b  were  at  rest  before  the  impact,  making  its  velocity 

•y  =  0,  the  same  theorems  give 

^  —  b  2b 

X  =  — - — :v,  and  y  =  — r— ,v,  the  velocities  in  this  case. 

And,  in  this  case,  if  the  two  bodies  b  and  b  be  equal  to 

2b  2b 

each  other ;  then  b  —  ^  =  0,  and  — ■ — :  =  — -  =  1 1  wliich 

B  -f-  b       2b 

give  ^  =  0,  and  ^  =  v ;  that  is,  the  body  b  will  stand  still, 

and  the  other  body  b  will  move  on  with  the  whole  velocity 

of  the  former  •,  a  thing  which  we  sometimes  see  happen  in 

playing  at  billiards ;  and  which  would  happen  much  oftener 

if  the  balls  were  perfectly  elastic. 

PROPOSITION   XVII. 

6S.  If  Bodies  strike  one  another  Obliquely,  it  is  proposed  to  deter^ 
triifie  their  Alotioiis  after  the  Stroke, 

Let  the  two  bodies  b,  b, 

move  in  the  oblique  directions  ^ Z 

EA,  bA,  and  strike  each  other  i^\        G; \ 

at  A,  with  velocities  which  are  ;       ^^^    ;     ^-^  \ 

in  proportion  to  the  lines  ba,         ....L , .??>vi<r^ ..i^.. 

^Ai  to  find  their  motions  after  ^      p    / -^""^"^^---^ 

the  impact.     Let  cah  repre-  !    /  Gi- -^ 

sent  the  plane  in  which  the  ^T- ■-^-' 

bodies  torch  in  the  point  of 

concourse ;  to  which  draw  the  perpendiculars  bc,  bi>,  and 
complfcie  the  rectangles  ce,  df.  Then  the  motion  in  ba  is  re- 
solved 
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solved  into  the  two  BC,  ca  ;  and  the  motion  in  bx  is  resolved 
into  the  two  ^D,  da  *,  of  which  the  antecedents  bc,  ^d,  are 
the  velocities  with  which  they  directly  meet,  and  the  conse- 
quents CA,  DA,  are  parallel  •,  therefore,  by  these  the  bodies 
do  not  impinge  on  each  other,  and  consequently  the  motions, 
according  to  these  directions,  will  not  be  changed  by  the  im- 
pulse ;  so  that  the  velocities  with  which  the  bodies  meet,  are 
as  EC  and  ^d,  or  their  equals  ea  and  fa.  The  motions  there- 
fore of  the  bodies  b,  k,  directly  striking  each  other  v/ith  the 
velocities  ea,  fa,  will  be  determined  by  prop.  16  or  14,  ac- 
cording as  the  bodies  are  elastic  or  non-elastic ;  which  being 
done,  let  ag  be  the  velocity,  so  determined,  of  one  of  them, 
as  A ;  and  since  there  remains  also  in  the  body  a  force  of 
moving  in  the  direction  parallel  to  be,  with  a  velocity  as  be, 
make  ah  equal  to  BE,  and  complete  the  rectangle  gh  ;  then 
the  two  motions  in  ah  and  ag,  or  Hi,  ?re  compounded  into 
the  diagonal  ai,  which  therefore  will  be  the  path  and  velocity 
of  the  body  b  after  the  stroke.  And  after  the  same  manner 
is  the  motion  of  the  other  body  b  determined  after  the  impact. 
If  the  elasticity  of  the  bodies  be  imperfect  in  any  given 
degree,  then  the  quantity  of  the  corresponding  lines  must  be 
diminished  in  the  same  proportion. 


The  laws  of  GRAVITY;  the  DESCENT  of  HEAVY 
BODIES;  AND  THE  MOTION  of  PROJECTILES  in 
FREE  SPACE. 

PROPOSITION    XVIII. 

€9.  All  the  Properties  of  Motion  delivered  in  Proposition  Vly 
its  Corollaries  and  Scholiumyfor  Constant  Forces ,  are  true  i?i 
the  Alotions  of  Bodies  freely  descending  by  their  own  Gravity  ; 
namely^  that  the  Velocities  are  as  the  Times,  and  the  Spaces  as 
the  Squares  of  the  Times y  or  as  the  Squares  of  the  Velocities. 

For,  since  the  force  of  gravity  is  uniform,  and  constantly 
the  same,  at  all  places  near  the  earth's  surface,  or  at  nearly 
the  same  distance  from  the  centre  of  the  earth ;  and  since 
this  is  the  force  by  v/hich  bodies  descend  to  the  surface ; 
they  therefore  descend  by  a  force  which  acts  constantly  and 
equally;  consequently  all  the  motions  freely  produced  by 
gravity,  are  as  above  specified,  by  that  proposition,  &c. 

SCHOLIUM. 

70.  Now  it  has  been  found,  by  numberless  experiments, 

that 
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tliat  gravity  Is  a  force  of  such  a  nature,  that  all  bodies^  wliethsr 
light  or  heavy,  fall  perpendicularly  through  equal  spaces  iii 
the  same  time,  abstracting  from  the  resistance  of  the  air ;  as 
lead  or  gold  and  a  feather,  which  in  an  exhausted  receiver 
fall  from  the  top  to  the  bottom  in  the -same  time.  It  is  also 
found,  that  the  velocities  acquired  by  descending,  are  in  the 
exact  proportion  of  the  times  of  descent :  and  further,  that 
the  spaces  descended  are  proportional  to  the  squares  of  the 
times,  and  therefore  to  the  squares  of  the  velocities.  And 
hence  it  follows,  that  the  weights,  or  gravities,  of  bodies 
near  the  surface  of  the  earth,  are  proportional  to  the  quan- 
tities of  matter  contained  in  them;  and  jthat  the  spaces, 
times,  and  velocities,  generated  by  gravity,  have  the  rela- 
tions contained  in  the  three  general  proportions  before  laid 
down.  Moreover,  as  it  Is  found,  by  accurate  experiments, 
that  a  body  In  the  latitude  of  London,  falls  nearly  16- j  feet 
in  the  first  second  of  time,  and  consequently  that  at  the  end 
of  that  time  It  has  acquired  a  velocity  double,  or  of  32-J  feet, 
by  corol.  1,  prop.  6  ;  therefore.  If  g  denote  IG^V  feet,  the 
space  fallen  through  In  one  second  of  time,  or  2g  the  velocity 
generated  in  that  time ;  then,  because  the  velocities  are  dI-» 
rectly  proportional  to  the  times,  and  the  spaces  to  the  squares 
of  the  times  ;  therefore  it  will  be, 

as  l"  r  /'  ','.  ^g  I  ^gt  =  V  the  velocity, 
and  1^  :  i^  \\    g  \  gt^   =  s  the  space. 

So  that  for  the  descents  of  gravity,  we  have  these  general 
equations,  namely, 


gi' 
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Hence,  because  the  times  are  as  the  velocities,  and  the 
spaces  as  the  squares  of  either,  therefore, 

if  the  times  be  as  the  numbs.     1,  2,  3,  4,  5,  &c, 

the  velocities  will  also  be  as        1,  2,  3,  4-,  5,  &c, 

and  the  spaces  as  their  squares.  1,  4,  9,  16,  25,  &c, 

and  the  space  for  each  time  as  1,  3,  5,  7,  9,  &c, 

namely,  as  the  series  of  the  odd  numbers,  which  are  the 
differences  of  the  squares  denoting  the  whole  spaces.  So 
tjiat,  if  the  first  series  cf  natural  numbers  be  seconds  of  time, 

11  am  el  V, 
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r.amely,  the  times  in  seconds 
the  velocity  in  feet  v/ill  be  32^,  64-^-,  96|, 
the  spaces  in  the  whole  times  l6-^^y  G^-},  14>4i, 
aGci  the  space  for  each  second  16^V,  48-^-,    SO-j^j 


128|, 
2574-, 
112A; 


1-?J 

&c, 

&c. 


71.  These  relations  of  the  times,  veloci- 
ties, and  spaces,  may  be  aptly  represented  by 
certain  lines  anti  geometrical  figures.  Thus 
if  the  line  ab  d-enote  the  time  of  any  body's 
descent,  and  bc  at  right  angles  to  it,  the  ve- 
locity gained  at  the  end  of  that  time,  by  join- 
ing AC,  and  dividing  the  time  ab  into  any  ""  " 
numbtr  of  parts  at  the  points  a,  b,  c  ;  then 
shall  ad,  be,  cf,  parallel  to  bc,  be  the  velocijti.es  at  the  points 
of  time  a,  b,»c,  or  at  the  ends  of  the  times  Aa,  Ab,  Ac  ; 
because  these  latter  lines,  by  similar  triangles,  are  propor- 
tional to  the  former  ad,  be,  cf,  and  the  times  are  propor- 
tional to  the  velocities.  Also,  the  area  of  the  triangle  abc 
will  represent  the  space  descended  by  the  force  of  gravity  in 
tlie  time  ab,  in  which  it  generates  the  velocity  bc  ;  be- 
cause that  area  is  equal  to  ^ab  x  bc,  and  the  space  descend- 
ed is  j-  =  ^tv,  or  half  the  product  of  the  time  and  the  last 
velocity.  And,  for  the  same  reason,  the  less  triangles  Aad, 
Abe,  Acf,  will  represent  the  several  spaces  described  in  the 
corresponding  times  Aa,  Ab,  Ac,  and  velocities  ad,  be,  cf ; 
those  triangles  or  spaces  being  also  as  the  squares  of  their  like 
sides  Aa,  Ab,  Ac,  which  represent  the  times,  or  of  ijd,  be,  cf, 
which  represent  the  velocities. 

72.  But  as  areas  are  rather  unnatural 
representations,  of  the  spaces  passed  over 
bva  body  in  motion,  which  are  lines,  the 
relations  may  better  be  represented  by 
the  abscisses  and  ordinates  of  a  parabola. 
Thus,  if  PQ  be  a  parabola,  PR  its 
axis,  and  rq.  its  ordinate;  and  pa,  Pb, 
PC,  &c,  parallel  to  rq,  represent  the 
times  from  the  beginning,  or  the  velo- 
cities, then  ae,  bf,  eg,  Szc,  paraUel  to  the  axis  PR,  will  re- 
present the  spaces  described  by  jji  falling  body  in  those  times ; 
for,  in  a  parabola,  the  abscisses  ph,  pi,  rk.  Sec,  or  ae,  bf,  c^, 
^c,  which  are  the  spaces  described,  are  as  the  squares  of  the 
ordinates  he,  if,  kg,  Sec,  or  Pa,  pb,  Pc,  &c,  which  represent 
the  times  or  velocities.  ' 


•7,3.  And  because  the  laws  for  the  destruction  of  motion, 


are 
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are  the  same  as  those  for  the  generation  of  It,  by  equal 
forces,  but  acting  in  a  contrary  direction ;  therefore, 

Isty  A  body  thrown  directly  upwards,  with  any  velocity, 
will  lose  equal  velocities  in  equal  times. 

2^,  If  a  body  be  projected  upwards,  with  the  velocity  it 
acquired  in  any  time  by  descending  freely ;  it  will  lose  all  its 
velocity  in  an  equal  time,  and  will  ascend  just  to  the  same 
height  from  whence  it  fell,  and  will  describe  equal  spaces  in 
equal  times,  in  rising  and  falling,  but  in  an  inverse  order  ; 
and  it  will  have  equal  velocities  at  any  one  and  the  same  point 
of  the  line  described,  both  in  ascending  and  descending. 

Sd,  If  bodies  be  projected  upwards,  with  any  velocities, 
the  height  ascended  to,  will  be  as  the  squares  of  those  velo- 
cities, or  as  the  squares  of  the  times  of  ascending,  till  they 
lose  all  their  velocities. 

74.  To  illustrate  now  the  rules  for  the  natural  descent  of 
bodies  by  a  few  examples,  let  it  be  required, 

Isty  To  find  the  space  descended  by  a  body  in  7  seconds 
of  time,  and  the  velocity  acquired. 

Ans.  788^^2-  space;  and  225-  velocity. 

2cly  To  find  the  time  of  generating  a  velocity  of  100  feet 
per  second,  and  the  v/hole  space  descended. 

Ans.  3  Wt  ^^^^  »  I^-^tVj  space. 
Sdy  To  find  the  time  of  descending  400  feet,  and  the  ve- 
locity at  the  end  of  that  time. 

Ans.  4"ff- time  j  an4  160ff  velocity, 

PROPOSITION   XIX, 

75.  Jf  a  Body  be  projected  m  Free  Space y  either  Parallel  to  the 
Horizoriy  or  i?i  an  Oblique  Directiotiy  by  the  Force  of  Gun- 
Poiudery  or  any  other  Impulse ;  it  ivilly  by  this  Motion,  in 
Conjunction  with  the  Action  of  Gravity,  describe  the  Curve 
Line  of  a  Parabola. 


...:AJJ 


Let  the  body  be  projected  from  the  point  A,  in  the  dl- 
section  ad^  with  any  uniform  velocity  \  then,  in  any  equal 

portions 
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portions  of  time,  It  would,  by  prop.  4,  describe  the  equal 
spaces  AB,  EC,  cd,  &c,  in  the  hne  ad,  if  it  were  not 
drawn  continually  down  below  that  line  by  the  action  of 
gravity.  Draw  be,  cf,  dg,  &c,  in  the  direction  of  gra- 
vity, or  perpendicular  to  the  horizon,  and  equal  to  the  spaces 
through  which  the  body  would  descend  by  its  gravity  in  the 
same  time  in  which  it  would  uniformly  pass  over  the  corre- 
sponding spaces  AB,  AC,  ad,  &c,  by  the  projectile  motion. 
Then,  since  by  these  two  motions  the  body  is  carried  over 
the  space  ab,  in  the  same  time  as  over  the  space  be,  and  the 
space  AC  in  the  same  time  as  the  space  cf,  and  the  space 
AD  in  the  same  time  as  the  space  dg,  &c  ;  therefore  by 
the.com.position  of  motions,  at  the  end  of  those  times,  the 
body  will  be  found  respectively  in  the  points  e,  f,  g,  &c  ; 
and  consequently  the  real  path  of  the  projectile  will  be  the 
curve  line  aefg,  &c.  But  the  spaces  AB,  Ac,  ad,  &c, 
described  by  uniform  motion,  are  as  the  times  of  description  j 
and  the  spaces  be,  cf,  dg,  &c,  described  in  the  same  times 
by  the  accelerating  force  of  gravity,  are  as  the  squares  of  the 
times  ;  consequently  the  perpendicular  descents  are  as  the 
squares  of  the  spaces  in  ad,  that  is  BE,  cf,  dg,  &c,  are  re- 
spectively proportional  to  ab',  ac'-,  ad'',  &c;  which  is  the 
property  of  the  parabola  by  theor.  8,  Con.  Sect.  Therefore 
the  path  cf  the, projectile  is  the  paraboHc  line  AEFG,  &c,  to 
tv^hich  AD  is  a  tangent  at  the  point  A. 

76.  Corol.  1.  The  horizontal  velocity  of  a  projectile,  is 
always  the  same  constant  quantity,  in  every  point  of  the 
curve ;  because  the  horizontal  motion  is  in  a  constant  ratio 
to  the  motion  in  ad,  which  is  the  uniform  projectile  mo- 
tion. And  the  projectile  velocity,  is  in  proportion  to  the 
constant  horizontal  velocity,  as  radius  to  the  cosine  of  the 
angle  dah,  or  angle  of  elevation  or  depression  of  the  piece 
above  or  below  the  horizontal  line  ah. 

77.  Corol.  2.  The  velocity  of  the  projectile  In  the  direction 
of  the  curve,  or  of  its  tangent  at  any  point  a,  is  as  the  secant 
of  it^s  angle  bai  of  direction  above  the  horizon.  For  the 
motion  in  the  horizontal  direction  Ai  is  constant,  and  Ai  is 
to  AB,  as  radius  to  the  secant  of  the  angle  A ;  therefore  the 
motion  at  a,  in  ab,  is  everywhere  as  the  secant  of  the 
angle  a. 

78.  Corol.  3.  The  velocity  In  the  direction  dg  of  gravity, 
or  perpendicular  to  the  horizon,  at  any  point  G  of  the  curve, 
is  to  the  first  uniform  projectile  velocity  at  A,  or  point  of 
contact  of  a  tangent,  as  2gd  is  to  ad.  For,  the  times  in  ad 
and  dg  being  equal,  and  the  velocity  acquired  by  freely 

descending 
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descending  tlurough  dg  being  such  as  would  carry  the  body 
tiniformly  over  twice  dg  in  an  equal  time,  and  the  spaces 
described  with  uniform  motions  being  as  the  velocities,  there- 
fore the  space  ad  is  to  the  space  2dg,  as  the  projectile 
velocity  at  a,  to  the  perpendicular  velocity  at  g. 
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Tj).  The  Velocity  in  the  Direction  of  the  CurvCy  at  any  Point  cf 

ity   as  A,  is  equal  to  that  ivhlch  is  generated  hy  Gra'Oity  Jn 

freely  descending  through  a  Space  nvhich  is  equal  to  One-Fourth 

'  of  the  Parameter  of  the  Diameter  of  the  Parabola  at  that 

Point. 

Let  pa  or  ab  be  the  height 
due  to  the  velocity  of  the  projec- 
tile at  any  point  a,  in  the  direction 
of  the  curve  or  tangent  ac,  or 
the  velocity  acquired  by  failing 
tJirough  that  height ;  and  com- 
plete the  parallelogram  acdb. 
Then  is  cd    =   ab   or  ap,   the 

height  due  to  the  velocity  in  tfie  curve  at  a  ;  and  cd  is  also 
the  height  due  to  the  perpendicular  velocity  at  d,  vvdiich 
must  be  equal  to  the  former  •,  but  by  the  last  corol.  the  velo^ 
city  at  A  is  to  the  perpendicular  velocity  at  d,  as  AC  to 
^CD  j  and  as  these  velocities  are  equal,  therefore  ac  or  bd 
is  equal  to  2cd,  or  2ab  ;  and  hence  ab  or  ap  is  ec][ual  to 
4bd,  or  ~  of  the  parameter  of  the  diameter  ab,  by  corol.  to 
theor.  1 S  of  the  Parabola. 

80.  Ccrol.  1.  Hence,  and  from  cDr.  2,  _  h  h  11  I?, 
theor.  13  of  the  Parabola,  it  appears 
that,  if  from  the  directrix  of  the  para- 
bola which  is  the  path  of  the  projectile, 
several  lines  ke  be  drawn  perpen- 
dicular  to  the  directrix,  or  parallel  to 

the  axis;  then  the  velocity  of  the  projectile  in  the  direction 
of  the  curve,  at  any  point  E,  is  always  equal  to  the  velocity 
acquired  by  a  body  falling  freely  through  the  perpendicular 
Kne  HE. 

81.  C^rol.  2.  If  a  body,  after  falling  through  the  height 
pa  (last  fig.  but  one),  which  is  equal  to  ab,  and  when  it  ar^ 
i-ives  at  a,  have  its  course  changed,  by  reflexion  from  an 
elastic  plane  ai,  or  otherwise,  into  any  direction  AC,  without 
.altering  tlie  velocity  j   and  if  ac  be  taken  ==  2ap  or  2ae, 

''         ^  and 


PROJECTILES. 


159 


z\nd  the  parallelogram  be  completed ;  tlien  the  body  will  de- 
scribe the  parabola  passing  through  the  point  d. 

82.  CoroL  3.  Because  ac  =  2ab  or  2cd  or  2ap,  there- 
fore Ac'-^  =  2ap  X  2cD  or  ap  .  4cd  ;  and  because  all  the 
perpendiculars  ef,  cd,  GH  are  as  ae'"^,  ac',  ag";  there- 
fore-also  AP  .  4ef  =  ae'^,  and  ap  .  4gh  =  ag",  &c  j  and, 
because  the  rectangle  of  the  extremes  is  equal  to  the  rectangle 
of  the  means  of  four  proportionals,  therefore  always 

it  is  AP  :  AE  : :  ae  :  4ef, 

and  AP  ;  AC  : ;  AC  r  4cD, 
and  AP  :  AG  : ;  AG  ;  4gh, 
and  so  on. 


PROPOSITION    XXI. 

S3.  Havwg  given  the  Direction^  and  the  Impetus^  or  Altitude 
due  to  the  First  Velocity  of  a  Projectile ;  to  determine  the 
Greatest  Height  to  which  it  ivill  riscy  and  the  Random  or 
Horizontal  Range, 

Let  ap  be  the  height  due  to  the 
prGJectile  velocity  at  a,  AG.  the  di- 
rection, and  AH  the  horizon.  Upon 
AG  let  fall  the  perpendicular  pq, 
and  on  ap  the  perpendicular  qr  ;  so 
shall  AR  be  equal"  to  the  greatest  alti- 
tude cv,  and  4qr  equal  to  the  hori- 
zontal range  ah.     Or,  having  drawn 

PQ^perp.  to  AG,  take  ag   =   4Aq_,  and  draw  gm  perp.  to 
AH  y  then  AH  is  the  range. 

For,  by  the  last  corollary,        Ap    :    AG   W      AG   .'    4gh  •, 
and,  by  similar  triangles,         ap   '.   AG   .* :      aq^  ;     gh, 
or         -         -       AP   :   AG   :  :   4aq^  :   4gh  ; 
therefore  AG  =  4aq  j   and,  by  similar  triangles,  ah  =  4qr.; 

Also,  if  V  be  the  vertex  of  the  parabola,  then  ab  or  ^ag 
s=  2a Q,  or  AQ  =  QB ;  consequently  AR  =  Bv,  which  is 
«=  cv  by  the  property  of  the  parabob,. 

84.  Corel.  1.  Because  the  angle 
Q^is  a  right  angle,  v/hich  is  the  angle 
in  a  semicircle,  therefore  if,  upon  A? 
as  a  diameter,  a  semicircle  be  de- 
scribed, it  will  pass  through  the 
point  Q. 

85.  Corol.  2.  If  the  horizontal  range 
and  the  projectile  velocity  be  given, 

the 
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the  direction  of  the  piece  so  as  to  hit  the  object  it,  will  be 
thus  easily  found :  Take  ad  =  ^-ah,  draw  dq  perpendicular 
t-o  AH,  meeting  the  semicircle,  described  on  the  diameter  ap, 
in  a  and  q  •,  then  aq  or  Aq  will  be  the  direction  of  the 
piece.  And  hence  it  appears,  that  there  are  two  direc- 
tions AB,  Ab,  which,  with  the  same  projectile  velocity,  give 
the  very  same  horizontal  range  ah.  And  these  two  direc- 
tions make  equal  angles  qAD,  qap  with  AH  and  AP,  because 
the  arc  pq  =  the  arc  Aq. 

86.  Corol.  3.  Or,  if  the  range  AH,  and  direction  AB,  be 
given  j  to  iind  the  altitude  and  velocity  or  impetus.  Take 
AD  =  "l-AH,  and  erect  the  perpendicular  dq,  meeting  ab 
in  Q ;  so  shall  dq  be  equal  to  the  greatest  altitude  cv.  Also, 
erect  ap  perpendicular  to  ah,  and  qp  to  AQj  so  shall 
A?  be  the  height  due  to  the  velocity. 

87.  CoroL  4.  When  the  body  is  projected  with  the  same 
velocity,  but  in  different  directions  :  the  horizontal  range* 
AH  will  be  as  the  sines  of  double  the  angles  of  elevation.— 
Or,  which  is  the  same,  as  the  rectangle  of  the  sine  and  co- 
sine of  elevation.  For  ad  or  rq,  which  is  -^-ah,  is  the 
sine  of  the  arc  aq,  which  measures  double  the  angle  qad 
of  elevation. 

And  when  the  direction  is  the  same,  but  the  velocities 
diflferent ;  the  horizontal  ranges  are  as  the  square  of  the 
velocities,  or  as  the  height  AP,  which  is  as  the  square  of  the 
velocity ;  for  the  sine  ad  or  rq  or  ^ah  is  as  the  radius, 
or  as  the  diameter  ap. 

Therefore,  when  both  are  different,  the  ranges  are  in  the 
compound  ratio  of  the  squares  of  the  velocities,  and  the  sines 
of  double  the  angle?  of  elevation, 

88.  CoroL  5.  The  greatest  range  is  when  the  angle  of  ele- 
vation is  4-5'^,  or  half  a  right  angle ;  for  the  double  of  45  is 
90,  which  has  the  greatest  sine.  Or  the  radius  os,  which 
is  ~  of  the  range,  is  the  greatest  sine. 

And  hence  the  greatest  range,  or  that  at  an  elevation  of 
^5°,  is  just  double  the  altitude  ap  which  is  due  to  the  velof 
city,  or  equal  to  4vc.  And  consequently,  in  that  case,  c 
is  the  focus  of  the  parabola,  and  ah  its  parameter.  Also, 
the  ranges  are  equal,  at  angles  equally  above  and  below  45''. 

89.  Carol.  6.  When  the  elevation  is  lo^y  the  double  of 
which,  or  30°,  has  its  sine  equal  to  half  the  rndius ;  conse- 
quently then  its  range  will  be  equal  to  aI^,  or  half  the  greatest- 
range  at  the  elevation  of  45""  j  that  is,  the  range  at  15°,  is 
equal  to  the  impetus  or  height  duQ  to  the  projectile  velocity. 

90.  Coj-qL  7,. 
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$0.  Corol.  7.  The  greatest  altitude  cv,  being  equal  to 
AR,  is  as  the  versed  sine  of  double  the  angle  of  elevation, 
and  also  as  AP  or  the  square  of  the  velocity.  Or  as  the 
square  of  the  sine  of  elevation,  and  the  square  of  the  velo- 
city ;  for  the  square  of  the  sine  is  as  the  versed  sine  of  the 
double  angle. 

91.  Corol.  8.  The  time  of  flight  of  the  projectile,  which  is 
equal  to  the  time  of  a  body  falling  freely  through  gh  or 
4c V,  four  times  the  altitude,  is  therefore  as  the  square  root 
of  the  altitude,  or  as  the  projectile  velocity  and  sine  of  the 
elevation. 

SCHOLIUM. 

92.  From  the  last  proposition,  and  its  corollaries,  may  be 
deduced  the  following  set  of  theorems,  for  finding  all  the 
circumstances  of  projectiles  on  horizontal  planes,  having  any 
two  of  them  given.  Thus,  let  s,  c,  t  denote  the  sine,  cosine, 
and  tangent  of  elevation ;  s,  n)  the  sine  and  versed  sine  of 
the  double  elevation  ;  r  the  horizontal  range  ;  T  the  time  of 
flight ;  v  the  projectile  velocity;  H  the  greatest  height  of  the 
projectile,  g  =  Ib'-pV  feet,  and  a  the  impetus,  or  the  altitude 
due  to  the  velocity  v.     Then, 


sv 
R  =       2flS  =      4:asc  =  — — ■ 


2p-R  ,je"R         £T         2 


JV  a  JR.  SR  H 

T  =       —  =  2V-  =  V-  =  ^/-  =  2v/-, 
g  g  g  ^'         ,^  / 

„  ,  SR        rv-        vv'^       g   ^ 

^  4^  4^  8^        4? 

And  from  any  of  these,  the  angle  of  direction  may  be 
found.  Also,  in  these  theorems,  g  may,  in  many  cases,  be 
taken  =16,  without  the  small  fraction  -jij,  which  will  be 
near  enough  for  common  use. 


PROPOSITION   XXII. 

93.  To  determine  the  Range  on  an  Oblique  Plane ,-  having  given 
the  Impetus  or  Velocity y  and  the  Angle  of  Direction. 

Let  ae  be  the  obhque  plane,  at  a  given  angle,  either 
above  or  below  the  horizontal  piune  ah  ;  AG  the  direction 

of 
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of  th^  piece,  and  af  the  alti- 
tude due  to  the  projectile  velo- 
city at  A. 

.  By  the  last  proposition,  Unci 
the  horizontal  range  ah  to  the 
given  velocity  and  direction ; 
draw  HE  perpendicular  to  ah, 
meeting  the  oblique  phme  in  Ej 
draw  EF  parallel  to  AG,  and 
Fi  parallel  to  he  j  so  shall  the      . 

projectile  pass  through  i,  and  the  range  on  the  obliqufp 
plane  will  be  Ai.  As  is  evident  by  theor.  15  of  the  Para- 
bola, where  it  is  proved,  that  if  ah,  ai  be  any  two  Jines 
terminated  at  the  curve,,  and  if,  he  parallel  to  the  axis ; 
then  is  EF  parallel  to  the  tangent  AG. 

94.  Cthcrnvlse^  ^without  the  Horizontal  Range. 

Draw  VQ.  perp.  to  AG,  and  qd  perp.  to  the  horizontal 
plane  af,  meeting  the  inclined  plane  in  K*,  take  ae  =  4ak, 
draw  p:f  parallel  to, AG,  and  fi  parallel  to  ap  or  dq;  so  shaM 
AI  be  the  range  on  the  oblique  plane.  For,  ah  =  ^ad 
tlierefore  eh  is  parallel  to  fi,  and  so  on,  as  above. 

Otherivise* 

95.  Draw  pq  making  the  angle  apq  =  the  angle  gai  ; 
tlien  take  ag  =  4Aq,  and  draw  Gi  perp.  to  ah.  Or,  draw 
qk  perp.  to  AH,  and  take  Al  =  4Ak.  Also,  kq  will  be  equal 
to  (Tj  the  greatest  height  above  the  plane. 

For,  by  cor.  2,  prop.  20,  AP  :  AG  : :  AG  :  4gi  $ 
and  by  sini.  triangles,  AP  :  AG  : :  Aq  :  Gi, 
or  -         -         -  AP  :  AG  : :  4Aq  :  4gi  ; 

therefore  AG  =  4Aq ;  and  by  sim.  triangles,  ai  =  4Ak. 
Also,  qk,  or  ~Gi^  is  =  to  cv  by  theor.  13  of  the  Parabola. 


Corel  1.  If  Ao  be  drawn  perp.  to  ttic  plane  ai,  and 

AP  be 
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AP  be  bisected  by  riie  perpendicular  sto  ;  tlien  with  the 
Centre  o  describing  a  circle  through  a  and  p,  the  same  will 
also  pass  through  q,  because  the  angle  gai,  formed  by  the 
tangent  Ai  and  AG,  is  equal  to  the  angle  APq,  which  will 
therefore  stand  on  the  same  arc  Aq. 

97.  Coi'cL  2.  If  there  be  given  the  range  Ai,  and  the  ve- 
locity, or  the  impetus,  the  direction  will  hencTe  be  easily 
found  thus:  Take  Ak  =  {>Ai,  draw  kq  perp.  to  ah;  meeting 
the  circle  described  with  the  radius  Ao  in  two  points  q  and 
q ;  then  Aq  or  Aq  will  be  the  direction  of  the  piece.  And 
hence  it  appears,  that  there  are  two  directions,  which,  with 
the  same  impetus,  give  the  very  same  range  at.  And  these 
two  directions  make  equal  angles  with  ai  and  ap,  because 
the  arc  pq  is  equal  the  arc  Aq.  They  also  make  equal  angles 
with  a  line  drawn  from  A  through  s,  because  the  arc  sq  is 
equal  the  arc  sq. 

98.  Carol.  3.  Or,  if  there  be  given  the  range  ai,  and  the 
direction  Aq  ;  to  find  the  velocity  or  impetus.  Take  Ak  = 
^Ai,  and  erect  kq  perp.  to  AH,  meeting  the  line  of  direction 
in  q  ;  then  draw  qp  making  the  Z.  Aqp  =  Z.  Akq  ;  so  shall 
AP  be  the  impetus,  or  tlie  altitude  due  to  the  projectile  ve- 
locity. 

99.  Coi'cL  4.  The  range  on  an  oblique  plane,  with  a  given 
elevation,  is  directly  proportional  as  the  rectangle  of  the  co- 
sine of  the  direction  of  the  piece  above  the  horizon,  and  the 
sine  of  the  direction  above  the  oblique  plane,  and  reciprocally 
us  the  square  of  the  cosine  of  the  angle  of  the  plane  above 
©r  below  the  horizon. 

For,  put  s  =  sin.   ^qAi  or  APq, 

c  =  cos.  Z.  qAH  or  sin.  PAq, 

c  — •  cos.  Z.  lAH  or  sin.  Akd  or  Akq  or  Aqp. 

Then,  in  the  triangle  APq, 

and  in  the  triangle  Akq, 

theref.  by  composition,  c^  ;  <:.r  : :  ap  :  Ak  =  ~M. 

So  that  the  oblique  range  Ai  =  -^  x  4  A  P. 

100.  The  range  is  the  greatest  when  Ak  is  the  greatest ; 
that  is,  when  kq  touches  tlie  circle  in  the  middle  point  s  ; 
and  then  the  line  of  direction  passes  through  s,  and  bisects 
the  angle  formed  by  the  oblique  plane  and  the  vertex.  Also, 
the  ranges  are  equal  at  equal  angles  above  and  below  this  di- 
rection for  the  maximum. 

101.  Ccrof.  5.  The  greatest  he'ght  r-f  or  kq  of  the  projec- 

tile, 


c 
c 

If    * ! 

rs 

AP  ; 

Aq  : 

AP  ; 

:  Aq; 

:  Ak; 

:  Ak  = 
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tile,  above  the  plane,  is  equal  to—  x  ap.     And  therefore 

it  is  as  the  impetus  and  square  of  the  sine  of  direction  above 
the  plane  directly,  and  square  of  the  cosine  of  the  plane's 
inclination  reciprocally. 

For     -     c  (sin.  Aqp)  :  /  (sin.  APq)  : :  A?  :  Aq, 

and      c  (sin.  Akq)  ;  s  (sin.  kA  q)  .* ;  Aq  :  kq, 

theref.  by  comp.  c^'  I  s'^  \\  a?  ;  kq. 

102.  Corol.  6.  The  time  of  flight  in  the  curve  Aixr  is  =j 

to  f         AP 

—  >/ — ,  where  g  =  16^^  feet.      And  therefore  it  is  as 

^        ^   . 

the  velocity  and  sine  of  direction  above  the  plane  directly, 

and  cosine  of  the  plane's  inclination  reciprocally.     For  the 

time  of  describing  the  curve,  is  equal  to  the  time  of  falling 

freely  through  Gi  or  4kq  or  — ^   x    AP.     Therefore,  th^ 

time  being  as  the  square  root  of  the  distance, 

2s  „      2s     AP     , 

Vs  .'  —  \/ap  : :  1    :   —  \/  — ,  the  time  of  flight. 

o 
SCHOLIUM. 

103.  From  the  foregoing  corollaries  may  be  collected  the 
following  set  of  theorems,  relating  to  projects  made  on  any 
given  inclined  planes,  either  above  or  below  the  horizontal 
plane.     In  which  the  letters  denote  as  before,  namely, 

c  =  cos.  of  direction  above  the  horizon, 

c  =  COS.  of  inclination  of  the  plane, 

s  =  sin.  of  direction  above  the  plane, 

R       the  range  on  the  oblique  plane, 

T       the  time  of  flight, 

V       the  projectile  velocity, 

H       the  greatest  height  above  the  plane, 

a       the  impetus,  ar  alt.  due  to  the  velocity  v, 

g  =  16-2^  feet.     Then, 

cs  cs    „  gc  „  Ac 

C  CT  s  s 


J- 


2 

s-v- 
-  4sc- 

s 

J-R 

-c^e 

s 

5". 


c-  4cc^  4^  4 

^4^ag       =    Cv^^  =  Y"^     =  y  ^gu. 
2s     a  .fv  TR  H 

c     ^  ^c  g(^  g 

And  from  any -of  these,  the  angle  of  direction  maybe  found. 

PRA€- 
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104.  THE  twD  foregoing  propositions  contain  the  whole 
theory  of  projectiles,  with  theorems  for  all  the  cases,  regu- 
larly arranged  for  use,  both  for  oblique  and  horizontal  planes. 
But,  before  they  can  be  applied  to  use  in  resolving  the  several 
cases  in  the  practice  of  gunnery,  it  is  necessary  that  some 
more  data  be  laid  down,  as  derived  from  good  experiments 
made  with  balls  or  shells  discharged  from  cannon  or  mortars, 
by  gunpowder,  under  different  circumstances.  For,  without 
such  experiments  and  data,  those  theorems  can  be  of  very 
little  use  in  real  practice,  on  account  of  the  imperfections  and 
irregularities  in  the  firing  of  gunpowder,  and  the  expulsion 
of  balls  from  guns,  but  more  especially  on  account  of  the 
enormous  resistance  of  the  air  to  all  projectiles  that  are  made 
with  any  velocities  that  are  considerable.  As  to  the  cases  in 
which  projectiles  are  made  with  small  velocities,  or  such  as 
do  not  exceed  200,  or  300,  or  400  feet  per  second  of  time, 
they  may  be  resolved  tolerably  near  the  truth,  especially  for 
the  larger  shells,  by  the  parabolic  theory,  laid  down  above. 
But,  in  cases  of  great  projectile  velocities,  that  theory  is  quite 
inadequate,  without  the  aid  of  several  data  drawn  from  many 
and  good  experiments.  For  so  great  is  the  effect  of  the  re- 
sistance of  the  air  to  projectiles  of  considerable  velocity,  that 
some  of  those  which  in  the  air  range  only  between  2  and  3 
miles  at  the  most,  would  in  vacuo  range  about  ten  times  as 
far,  or  between  20  and  30  miles.  ^ 

The  effects  of  this  resistance  are  also  various,  according  to 
the  velocity,  the  diameter,  and  the  weight  of  the  projectile. 
So  that  the  experiments  made  with  one  size  of  ball  or  shell 
will  not  serve  for  another  size,  though  the  velocity  should  be 
the  same;  neither  will  the  experiments  made  with  one  velocity 
serve  for  other  velocities,  though  the  ball  be  the  same.  And 
therefore  it  is  plain,  that,  to  form  proper  rules  for  practical 
gunnery,  we  ought  to  have  good  experiments  made  with  each 
size  of  mortar,  and  w4th  every  variety  of  charge,  from  the 
least  to  the  greatest.  And  not  only  so,  but  these  ought  also 
to  be  repeated  at  many  different  angles  of  elevation,  namely, 
for  every  single  degree  between  30"  and  60^  elevation,  and  at 
intervals  of  5°  above  60°  and  below  30^,  from  the  vertical 
direction  to  point  blank.  By  such  a  course  of  experiments 
it  will  be  found,  that  the  greatest  range,  instead  of  being 
constantly  that  for  an  elevation  of  45°,  as  in  the  parabolic 
theory,  will  be  at  all  intermediate  degrees  between  30  and  45, 
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being  more  or  less,  both  according  to  the  velocity  and  the 
weight  of  the  projectile ;  the  smaller  velocities  and  larger 
shells  ranging  farthest  when  projected  almost  at  an  elevation 
of  45°  *,  while  the  greatest  velocities,  especially  with  the 
Smaller  shells,  range  farthest  with  an  elevation  of  about  30°. 

105.  There  have,  at  different  times,  been  made  certain 
small  parts  of  such  a  course  of  experiments  as  is  hinted  at 
aBove.  Such  as  the  experiments  or  practice  carried  on  in 
the  year  1773,  on  "Woolwich  Common;  in  which  all  the 
sizes  of  mortars  were  used,  and  a  variety  of  small  charges 
of  powder.  But  they  were  all  at  the  elevation  of  45° ;  and 
consequently  these  are  defective  in  the  higher  charges,  and 
ii;i  aU  the  other  angles  of  elevation. 

^., Other  experiments  were  also  carried  on  in  the  same  place 
in  the  years  1784  and  17S6,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  only  one 
charge  of  powder,  and  that  but  a  small  one  too  :  so  that  all 
those  nearly  agree  with  the  parabolic  theory.  Other  experi- 
ments have  also  been  carried  on  with  the  ballistic  pendulum, 
at  different  times ;  from  which  have  been  obtained  some  of 
the  laws  for  the  quantity  of  powder,  the  weight  and  velocity 
of  the  ball,  the  length  of  the  gun,  &c.  Namely,  that  the 
velocity  of  the  ball  varies  as  the  square  root  of  the  charge 
directly,  and  as  the  square  root  of  the  weight  of  ball  reci- 
procally ;  and  that,  some  rounds  being  fired  with  a  medium 
length  of  one-pounder  gun,  at  15°  and  45°  elevation,  and 
with  2,  4,  8,  and  12  ounces  of  powder,  gave  nearly  the  ve- 
locities, ranges,  and  times  of  flight,  as  they  are  here  set  down 
in  the  following  Table. 


Pov/der. 

Elevation 
of  gun. 

Velocity 
of  ball. 

Range. 

Time  of 
flight. 

oz. 
2 
4 
8 

12 
2 

15° 

35 

15 

15 

45 

feet. 

860 
1230 
1640 
1680  . 

860 

feet. 
4100 
5100 
6000 
6700 
5100 

9'' 
12 

m 

154 
21 

106.  But  as  we  are  not  yet  provided  with  a  sufficient 
^number  and  variety  of  experiments,  on  which  to  establish 
true  rules  for  practical  gunnery.  Independent  of  the  parabolic 
theoi-y,  we  must  content  ourselves  with  the  data  of  some  one 
c    ^  -  certain 
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certain  experimented  range  and  time  of  flight,  at  a  given 
angle  of  elevation  j  and  then  by  help  of  these,  and  the  rules 
in  the  parabolic  theory,  determine  the  like  circumstances  for 
other  elevations  that  are  not  greatly  different  from  the  for- 
mer, assisted  by  the  following  practical  rules. — 

Some  PRACTICAL  RULES  in  GUNNERY. 

I.  To  find  the  Velocity  of  any  Shot  or  Shell, 

Rule.  Divide  double  the  weight  of  the  charge  of  powder 
by  the  weight  of  the  shot,  both  in  lbs.  Extract  the  square 
root  of  the  quotient.  Multiply  that  root  by  1600,  and  the 
product  will  be  the  velocity  in  feet,  or  the  number  of  feet 
the  shot  passes  over  per  second. 

Or  say — As  the  root  of  the  weight  of  the  shot,  Is  to  the 
root  of  double  the  weight  of  the  powder,  so  is  1600  feet,  to 
the  velocity. 

IL    Given  the  Range  at  one  Elevation ;  to  find  the  Range  at 
another  Elevation, 

Rule.  As  the  sine  of  double  the  first  elevation,  is  to  its 
range ;  so  is  the  sine  of  double  another  elevation,  to  its 
range. 

IIL   Given  the  Range  for  one  Charge ;  to  find  the  Range  for 
another  Charge^  or  the  Charge  for  miother  Range. 

Rule.  The  ranges  have  the  same  proportion  as  the 
charges ;  that  is,  as  one  range  is  to  its  charge,  so  is  any  other 
range  to  its  charge :  the  elevation  of  the  piece  being  the 
same  in  both  cases. 

107.  Example  1.  If  a  ball  of  1  lb.  acquire  a  velocity  of 
1600  feet  per  second,  when  fired  with  8  ounces  of  powder; 
it  is  required  to  find  with  what  velocity  each  of  the  several 
kinds  of  shells  will  be  discharged  by  the  full  charges  of 
powder,  viz. 

Nature  of  the  shells  in  inches 
Their  weight  in  lbs. 
"Charge  of  powder  in  lbs. 

Ans.  The  velocities  are    - 

\0^.'  Exam,  2.  If  a  shell  be  found  to  range  1000  yards, 
"When  discharged  at  an  elevation  ef  45"" ;  how  far  will  it 

M  2  range 


13 

10 

8 

5^1  44 

196 

90 

48 

16 

8 

9 

4 

2 

1 

•2" 

485 

477 

462 

566 

566 
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range  when  the  elevation  is  30*  16',  the  charge  of  powder 
being  the  same  ?  Ans.  2612  feet,  or  871  yardsv 

109.  Esn?n.  3.  The  range  of  a  shell,  it  45'  elevation, 
being  found  to  be  3750  feet ;  at  what  elevation'  must  the 
piece  be  set,  to  strike  an  object  at  the  distance  of'  2810  feet, 
with  the  same  charge  of  powder  ? 

Ans.  at  24°  16',  or  at  ^ty"  44', 

110.  Exam,  4.  With  what  impetus,  velocity,  and  charge 
of  powder,  must  a  13-inch  shell  be  fired,  at  an  elevation  of 
32"*  12',  to  strike  an  object  at  the  distance  of  3250  feet? 

Ans.  impetus  1802,  veldc.  340,  charge  41b.  7^oz. 

111.  Exam.  5.  A  shell  being  found  to  range  3500  feet, 
when  discharged  at  an  elevation  of  25°  1 2^ ;  how  far  then 
will  it  range  at  an  elevation  of  36°  15'  with  the  same  charge 
of  powder?  Ans.  4332  feet. 

112.  Exam.  6.  If,  with  a  charge  of  9lb.  of  powder,  a 
shell  range  4000  feet ;  what  charge  will  suffice  to  throw  it 
3000  feet,  the  elevation  being  45°  in  both  cases  ? 

Ans.  6  Jib.  of  powder. 

113.  Exam*  7.  What  will  be  the  time  of  flight  for  any 
given  range,  at  the  elevation  of  45°  ? 

Ans.  the  time  in  sees,  is  ^  the  sq.  root  of  the  range  in  feet. 

114.  Exam.  8,  In  what  time  will  a  shell  range  3250  feefi, 
at  an  elevation  of  32*  ?  Ans.  1 1|  sec.  nearly. 

115.  Exam.  9.  How  far  will  a  shot  range  on  a  plane  which 
ascends  8"  15',  and  on  another  which  descends  8°  15';  the 
impetus  being  3000  feet,  and  the  elevation  of-  the  piece 
32"  30'  ?  Ans.  4244  feet  on  the  ascent, 

and  6745  feet  on  the  descent. 

116.  Exam.  10.  How  much  powder  will  throw  a  13-incli 
5hell  4244  feet  on  an  inclined  plane,  w^hich  ascends  8'  15', 
the  elevation  of  the  mortar  being  32"^  30'  ? 

Ans.  7-3765lb.  or  71b.  6oz. 

117.  Exam.  1 1.  At  what  elevation  must  a  IS-inch  mortar 
be  pointed,  to  range  6745  feet,  on  a  plane  which  descends 
8°  15'j  the  charge  being  7|lb.  of  powder  ?         Ans.  32"  30'. 

118.  Exam.  12.  In  what  time  will  a  13-inch  shell  strike  a 
plane  which  rises  8"  30',  when  elevated  45%  and  discharged 
with  an  impetus  of  2304  feet  ?  Ans.  14|-  seconds. 

The 
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The  descent  of  BODIES  on  INCLINED  PLANES 
AND  CURVE  SURFACES. The  MOTION  of  PEN- 
DULUMS. 


PROPOSITION    XXIII, 


119.  If  a  Weight  w  be  sustained  on  an  Indhied  Plane  ab,  by  a 
Power  p,  acting  in  a  Direction  WP,  parallel  to  the  Plane,  Then 


The  Length  ab, 
The  Height  BC,  and 
The  Base  AC, 
of  the  Plane, 


The  Weight  of  the  Body^  \v 
The  Sustaining  Power,  p,  and 
The  Pressure  on  the  Plane,  p, 
are  respectively  as 

For,  draw  cd  perpendicular 
to  the  plane.  Nowhere  are  three 
forces,  keeping  one  another  in 
■equilibrio ;  namely,  the  weight, 
or  force  of  gravity,  acting  per- 
pendicular to  AC,  or  parallel  to 
Bc ;  the  power  acting  parallel 
to  DB  •,  and  the  pressure  perpen- 
dicular to  AB,  or  parallel  to  DC  :  but  when  three  forces  keep 
one  another  in  equilibrio,  they  are  proportional  to  the  sides, 
of  the  triangles  cbd,  made  by  lines  in  the  direction  of  those 
forces,  by  prop.  8 ;  therefore  those  forces  are  to  one  another 
as  CB,  BD,  DC.  But  the  two  triangles  abc,  cbd,  are  equian- 
gular, and  have  their  like  sides  proportional ;  therefore  the 
three  CB,  bd,  DC,  are  to  one  another  respectively  as  the 
three  ab,  bc,  AC ;  which  therefore  are  as  the  thi-ee  forces 


w. 


P,A 


120.  Carol.  1.  Hence  the  weight  w,  power  p,  and  pressure/*, 
are  respectively  ^s  radius,       sine,        and  cosine, 

of  the  plane's  elevation  Bac  above  the  horizon. 

For,  since  the  sides  of  triangks  are  as  the  sines  of  their 
opposite  angles,  therefore  the  three  ab,  bc,  ac. 


a?-e  respectively  as 
or  as 


sin.  c,  sm.  a,  sm:  b, 


radius,  sine,      cosine, 
of  the  angle  a  of  elevation. 

Or,  the  three  forces  are  as  AC,  cd,  ad  ;  perpendicular  to 
their  directions. 

121.  CoroL  2.  The  power  or  relative  weight  that  urges  a 

Be 

i)ody  w  4own  the  inclined  plane,  is  =  —   x   w  j   or  the 

AB 

force 
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force  with  which  it  descends,  or  endeavours  to  descend,  is 
as  the  sine  of  the  angle  A  of  inclination. 

122.  Corol.S.  Hence,  if  there  be 
two  planes  of  the  same  height,  and 
two  bodies  be  laid  upon  them  which 
are  proportional  to  the  lengths  of 
the  planes ;  they  will  have  an  equal 
tendency  to  descend  down  the  planes. 
And  consequently  they  will  mutually  sustain  each  other  if 
they  be  connected  by  a  string  acting  parallel  to  the  planes. 

123.  Corol.  4.  In  the  same  man- 
ner, when  the  power  p  acts  in  any 
other  direction  whatever,  wp  *,  by 
drawing  cde  perpendicular  to  the 
direction  wp,  the  three  forces  in 
equilibrio,  namely,  the  weight  w, 
the  power  p,  and  the  pressure  on 
the  plane,  will  still  be  respectively 
as  AC,  CD,  AD,  drawn  perpendicular 
to  the  direction  of  those  forces. 


PROPOSITION    XXIV. 

124.  If  a  Weight  w  on  an  Inclined  Plane  AB,  be  in  Equilibrio 
ivith  another  Weight  p  hangiiig  freely  ;  then  if  they  be  set 
a-moving,  their  Perpendicular  Velocities^  in  that  Place ^  ivill  be 
Reciprocally  as  those  Weights, 

Let  the  weight  w  descend  a  very 
small  space,  from  w  to  A,  along  the 
plane,  by  which  the  string  pfw  will 
come  into  the  position  pfa.  Draw 
WH  perpendicular  to  the  horizon  AC, 
and  WG  perpendicular  to  af  :  then 
WH  will  be  the  space  perpendicularly 
descended  by  the  weight  w  ;  and  AG, 
or  the  difference  between  fa  and  fw, 
will  be  the  space  perpendicularly  ascended  by  the  weight  P ; 
and  their  perpendicular  velocities  are  as  those  spaces  wh 
and  AG  passed  over  in  those  directions,  in  the  same  time. 
Draw  CDE  perpendicular  to  af,  and  Di  perpendicular  to  ac. 

Then, 
in  the  sim.  figs,  agwh  and  AEDI,        ag  :  wh  : :  ae  :  di  ; 
and  in  the  sim.  tri.  aec,  dic,  ac  ;  CD    : ;  ae  :  Di  •, 

but,  by  cor.  4,  prop.  23,  AC  ;  CD    : :  w    :  P  j 

therefore,  by  equality,  AG  :  wh  I ;  w    :  p  : 

That 
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That  is,  their  perpendicular  spaces,  or  velocities,  are  reci- 
procally as  their  weights  or  masses. 

125.  Cord.  1.  Hence  it  follows,  that  if  any  two  bodies  be 
in  equllibrio  on  two  incHned  planes,  and  if  they  be  set  a- 
moving,  their  perpendicular  velocity  will  be  reciprocally  as 
their  weights.  Because  the  perpendicular  weight  which  sus- 
tains the  one,  would  also  sustain  the  other. 

126.  Corol,  2,  And  hence  also,  if  two  bodies  sustain  each 
other  in  equihbrio,  on  any  planes,  and  they  be  put  in  mo- 
tion j  then  each  body  multiplied  by  its  perpendicular  velo- 
city, will  give  equal  products. 


PROPOSITION  XXV. 

127.  The  Velocity  acquired  by  a  Body  descending  freely  down  an 
Inclined  Plane  ab,  is  to  the  Velocity  acquired  by  a  Body  falling 
Perpe?idicularly,  in  the  same  Time ;  as  the  Height  of  the  Plane 
Be,  is  to  its  Length  ab. 

For  the  force  of  gravity,  both  per- 
pendicularly and  on  the  plane,  is 
constant ;  and  these  two,  by  corol.  2, 
prop.  23,  are  to  each  other  as  ab  to 
EC.  But,  by  art.  28,  the  velocities 
generated  by  any  constant  forces,  in 
the  same  time,  are  as  those  forces.  Therefore  the  velocity 
down  BA  is  to  the  velocity  down  Rc,  in  the  same  time,  as  the 
force  on  ba  to  the  force  on  Bc :  that  is,  as  Bc  to  ba. 

128.  Corol.  1.  Hence,  as  the  motion  down  an  inclined 
plane  is  produced  by  a  constant  force,  it  will  be  a  motion 
uniformly  accelerated ;  and  therefore  the  laws  before  laid 
down  for  accelerated  motions  in  general,  hold  good  for  mo- 
tions on  inclined  planes;  such,  for  instance,  as  the  following : 
That  the  velocities  are  as  the  times  of  descending  from  restj 
that  the  spaces  descended  are  as  the  squares  of  tiie  velacities, 
or  squares  of  the  times;  and  that,  if  a  body  be  thrown  up  an 
inclined  plane,  with  the  velocity  it  acquired  in  descending,  it 
will  lose  all  its  motion,  and  ascend  to  the  same  height,  in  the 
same  time,  and  will  repass  any  point  of  the  plane  with  the 
same  velocity  as  it  passed  it  in  descending. 

129.  CoroL  2.  Hence  also,  the  space  descended  down  an 
Inclined  plane,  is  to  the  space  descended  perpendicularly,  in 
the  same  time,  as  the  height  of  the  plane  CB,  to  its  length 
AB,  or  as  the  sine  of  inclination  to  radius.     For  the  spaces 

described 
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described  by  any  forces,  in  the  same  time,  are  as  tlie  forces, 
or  as  the  velocities. 

130.  Carol.  3.  Consequently  the  velocities  and  spaces  de- 
scended by  bodies  down  different  inclined  planes,  arc  as  the 
sines  of  elevation  of  the  planes. 

131.  Ccrol.  4.'.  If  CD  be  drawn  perpendicular  to  AB ; 
then,  while  a  body  falls  freely  through  the  perpendicular 
space  BC,  another  body  willj  in  the  same  time,  descend  down 
the  part  of  the  plane  bd.  For,  by  similar  triangles,  -  - 
BC  :  BD  : :  BA  :  bc,  that  is,  as  the  spaces  descended,  by 
corol.  2. 

Or,  in  any  right-angled  triangle  BDC, 
having  its  hypothenuse  BC  perpendicular  to 
the  horizon,  a  body  will  descend  down  any 
of  its  three  sides  bd,  bc,  dc,  in  the  same 
time.  And  therefore,  if  upon  the  diameter 
BC  a  circle  be  described,  the  times  of  de- 
scending down  any  chords  bd,  be,  bf, 
DC,  EC,  FC,  &c,  will  be  all  equal,  and 
each  equal  to  the  time  of  falling  freely 
through  the  perpendicular  diameter  bc. 


PROPOSITION    XXVI. 


132.  The  Time  cf  descendmg  down  the  Inclined  Plane  BA,  //  to 
the  Time  of  falling  through  the  Height  of  the  Pla?ie  EC,  as  the 
Length  BA  is  to  the  Height  Bq. 

Draw  cd  perpendicular  to  ab. 
Then  the  times  of  describing  bd  and 
BC  are  equal,  by  the  last  corol.  Call 
that  time  /,  and  the  time  of  describing 
BA  call  T. 

Now,  because  the  spaces  described 
by  constant  forces,  are  as  the  squares  of  the  times ;  therefore 

t^ :  t'  : :  bd  :  ba. 

But  the  three  bd,  bc,  ba,  are  in  continual  proportion ; 
therefore  bd  :  ba  : :  Bc'-^  : :  BA- ; 
hence,  by  equality,  /^  .*  T^  .* :  Bc'^  ;  ba^, 

or        -      -      ^  :  T  : :  BC  :  ba. 

133.  Corol.  Hence  the  times  of  descending  down  dijfferent 
planes,  of  the  same  height,  are  to  one  another  as  the  lengths 
of  the  planes. 


PROPOSITION 


DESCENTS  ON  INCLINED  PLANES,         17S 


PROPOSITION    XXVII. 

134".  A  Body  acquires  the  Sajne  Velocity  m  descending  down  anf 
Inclined  Plane  ba,  as  by  falling  perpendicular  through  the 
Height  of  the  Plafje  BC. 

For,  the  velocities  generated  by  any  constant  forces,  are 
in  the  compound  ratio  of  the  forces  and  times  of  acting. 
But  if  we  put 

F  to  denote  the  whole  force  of  gravity  in  Bc, 
y  the  force  on  the  plane  ab, 
/  the  time  of  describing  Bc,  and 
T  the  time  of  descending  down  AB  ; 
then,  by  art.  119,  F    I  f  ll  ba  ;  BC; 
and  by  art.  132,      /     ;    T  ::  BC  :  BAj 
theref.  by  comp.      Ft  I  fr  1 1    1    :    1. 

That  is,  the  compound  ratio  of  the  forces  and  times,  or  the 
ratio  of  the  velocities,  is  a  ratio  of  equality. 

135.  Corol.  1.  Hence  the  velocities  acquired,  by  bodies 
descending  down  any  planes,  from  the  same  height,  to  the 
same  horizontal  line,  are  equal. 

136.  Corol,  2.  If  the  velocities  be  equal,  at  any  two  equal 
altitudes,  d,  e  ;  they  will  be  equal  at  all  other  equal  alti- 
tudes A,  c. 

137.  Corol.  3.  Hence  also,  the  velocities  acquired  by  de- 
scending down  any  planes,  are  as  the  square  roots  of  the 
heights. 

PROPOSITION   XXVIII.    . 

138.  If  a  Body  descend  down  any  Number  of  Contiguous  Planes^ 
AB,  BC,  CD  j  it  ivill  at  last  acquire  the  Same  Velocity^  as  a 
Body  falliftg  perpendicularly  through  the  Same  Height  ED, 
supposing  the  Velocity  not  altered  by  changing  from  one  Plane  t» 

another. 

Produce  the  planes  dg,  cb,  to 
meet  the  horizontal  line  ea  pro- 
difced  in  f  and  G.  Then,  by 
art.  135,  the  velocity  at  b  is  the 
same,  whether  the  body  descend 
through  AB  or  fb.  And  therefore 
the  velocity  at  c  will  be  the  same, 

whether  the  body  descend  through  adc  or  through  ic, 

which 
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which  IS  also  again,  by  art.  135,  the  same  as  by  descending 
tlirough  GC.  Consequently  it  will,  hay e  the  same  velocity 
at  D,  by  descending  through  the  planes  ab,  bc,  cd,  as  by  de- 
scending through  the  plane  gd  ;  supposing  no  obstruction 
to  the  motion  by  the  body  impinging  on  the  planes  at  B  and 
c :  and  this  again  is  the  same  velocity  as  by  descending 
through  the  same  perpendicular  height  ED. 

13SL  CoroL  1.  If  the  lines  abcd,  &c,  be  supposed  inde- 
finitely small,  they  will  form  a  curve  line,  which  will  be  the 
path  of  the  body ;  from  which  it  appears,  t|iat  a  body  ac- 
quires also  the  same  velocity  in  descending  along  any  curve, 
as  in  falling  perpendicularly  through  the  same  height. 

140.  CoroL  2.  Hence  also,  bodies  acquire  the  same  velo- 
city, by  descending  from  the  same  height,  whether  they 
descend  perj>endicularly,  or  down  any  planes,  or  down  any 
curve  or  curves.  And  if  their  velocities  be  ecjualj  at  any  one 
height,  they  will  be  equal  at  all  other  equal  heights.  There- 
fore the  velocity  acquired  by  descending  do^m  any  lines  or 
curves,  are  as  the  sc^uare  roots  of  the  perpendicular  heights. 

141.  CoroL  3.  And  a  body,  after  its  descent  through  any 
curve,  will  acquire  a  velocity  which  will  carry  it  to  the  same 
height  through  an  equal  curve,  or  through  any  other  curve, 
either  by  running  up  the  smooth  concave  side,  or  by  being 
retained  in  the  curve  by  a  string,  and  vibrating  like  a  pen- 
dulum :  Also,  the  velocities  will  be  equal,  at  all  equal  alti- 
tudes ;  and  the  ascent  and  descent  will  be  performed  in  the 
same  time,  if  the  curves  be  the  same. 


PROPOSITION    XXIX. 

1 42.  The  Times  in  which  Bodies  descetid  through  Siim/ar  Parts 
of  Similar  Curves,  ABC,  abc,  placed  alike y  are  as  the  Square 
Roots  of  their  Lengths. 

That  is,  the  time  in  ac  is  to  the  time  in  ac,  as  -v^ac 
to  ^ac. 

For,  as  the  curves  are  similar,  they  may 
be  considered  as  made  up  of  an  equal 
number  of  corresponding  parts,  which  are 
every  where,  each  to  each,  proportional  to 
the  whole.  And  as  they  are  placed  alike, 
the  corresponding  small  similar  parts  will 
also  be  parallel  to  each  other.  But  the 
time  of  describing  each  of  these  pairs  of  corresponding  pa- 
rallel parts,  by  art.  li'8,  are  a^  th^  square  roots  of  their 

lengths. 
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lengths,  which,  by  the  supposition,  are  as  ^ac  to  v'ac,  the 
roots  of  the  whole  curves.  Therefore,  the  whole  times  are 
in  the  same  ratio  of  >v/ac  to  -y/ac. 

143.  Corol.  1.  Because  the  axes  dc,  dc,  of  similar  curves, 
are  as  the  lengths  ef  the  similar  parts  ac,  ac ;  therefore  the 
times  of  descent  in  the  curves  ac,  ac,  are  as  y'DC  to  v/dc, 
or  the  square  roots  of  their  axes. 

144.  Carol.  2.  As  it  is  the  same  thing,  whether  the  bodies 
run  down  the  smooth  concave  side  of  the  curves,  or  be  made 
to  describe  those  curves  by  vibrating  like  a  pendulum,  the 
lengths  being  dc,  dc  ;  therefore  the  times  of  the  vibration 
of  pendulums,  in  similar  arcs  of  any  curves,  are  as  the  square 
roots  of  the  lengths  pf  the  pendulums. 

SCHOLIUM. 

145.  Having,  in  the  last  corollary,  mentioned  the  pen- 
dulum, it  may  not  be  improper  here  to  add  some  remarks 
concerning  it. 

A  pendulum  consists  of.  a  bail,  or  ^ 

any  other  heavy  body  B,  hung  by  a 
fine  string  or  thread,  moveable  about  / 

a  centre  a,    and  describing  the  arc  / 

CBD ;   by  which  vibration  the  same  ^/ 

motions  happen  to  this  heavy  body,  as  ^^^^^^ 

would  happen  to  any  body  descends 
ing  by  its  gravity  along  the  spherical 

superAcies  cbd,  if  that  superficies  were  perfectly  hard  and 
smooth.  If  the  pendulum  be  carried  to  the  situation  ac, 
and  then  let  fall,  the  ball  in  descending  will  describe  the  arc 
CB  \  and  in  the  point  B  it  will  have  that  velocity  which  is 
acquired  by  descending  through  CB,  or  by  a  body  falling 
freely  through  eb.  This  velocity  will  be  sufficient  to  cause 
the  ball  to  ascend  through  an  equal  arc  BD,  to  the  same 
height  D  from  whence  it  fell  at  c :  having  there  lost  all  its 
motion,  it  will  again  begin  to  descend  by  its  own  gravity ; 
and  in  the  lowest  point  B  it  will  acquire  the  same  velocity  as 
before ;  which  will  cause  it  to  r^-ascend  to  c  :  and  thus,  by 
ascending  and  descending,  it  will  perform  continual  vibrations 
in  the  circumference  cbd.  And  if  the  motions  of  pendu- 
lums met  with  no  resistance  from  the  air,  and  if  there  were 
no  friction  at  the  centre  of  motion  A,  the  vibrations  of  pen- 
dulums would  never  cease.  But  from  these  obstructions, 
.though  small,  it  happens,  that  the  velocity  of  the  ball  in  the 
point  B  is  a  little  diminished  in  every  vibration  j  and  conse- 
quently it  does  not  return  precii:ely  to  the  same  points  c  or 

D,  but 
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r>,  but  the  arcs  described  continually  become  shorter  and 
shorter,  till  at  length  they  grow  insensible  j  unless  the  motion 
be  assisted  by  a  mechanical  contrivance,  as  in  clocks,  called 
a  maintaining  power. 

DEFINITION. 

146.  If  the  cir- 
cumference of  a  cir- 
cle be  rolled  on  a 
right  line,  begin- 
ning at  any  point  A, 
and  continued  till 
the  same  point  a 
arrive  at  the   line 

again,  making  just  one  revolution,  and  thereby  measuring 
out  a  straight  Hne  aba  equal  to  the  circumference  of  the  cir- 
cle, while  the  point  a  in  the  circumference  traces  out  a  curve 
line  ACAGA ;  then  this  curve  is  called  a  cycloid ;  and  some 
of  its  properties  ar^  contained  in  the  following  lemma, 

LEMMA. 

147,  If  the  generating  or  revolving  circle  be  placed  in  the 
middle  of  the  cycloid,  its  diameter  coinciding  with  the  axis 
AK,  and  from  any  point  there  be  drawn  the  tangent  gf,  the 
cwdinate  cde  perp.  to  the  axis,  and  the  chord  of  the  circle 
AD  :  Then  the  chief  properties  are  these  : 

The  right  line         CD  =r  the  circular  arc  ad; 
The  cycloidal  arc    ac  =  double  the  chord  ad  ; 
The  semi-cycloid  aca  =  double  the  diameter  AB,  and 
The  tangent  cf  is  parallel  to  the  chord  ad. 

PROPOSITION    XXX. 

148.  When  a  Pendulum  nnbrates  in  a  Cycloid;  the  Time  of  one 
Vibration)  is  to  the  Time  in  ivhich  a  Body  falls  through  Half 
the  Length  of  the  Pendulum^  as  the  Circiimfei'ence  of  a  Circle  is 
to  its  Diameter. 

Let  ABa  be  the  cycloid  ; 
DB  its  axis,  or  the  diameter 
of  the  generating  semicircle 
DEB  ;  CB  =  2db  the  length 
of  the  pendulum,  or  radius 
of  curvature  at  B.  Let  the 
ball  descend  from  F,  and,  in 
vibrating,  describe  the  arc 
Ffif.  Divide  fb  into  innu- 
merable small  parts,  one  of 
which    is  eg ;    draw   fel. 
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CM,  gm,  perpendicular  to  db.  On  lb  describe  the  semi- 
circle LMB,  whose  centre  is  o  ;  draw  Mp  parallel  to  DB ; 
also  draw  the  chords  be,  bh,  eh,  and  the  radius  OM. 

Now  the  triangles  beh,  bhk,  are  equiangular;  therefore 
BK  :  BH  : :  BH  :  be,  or  bh-  =  bk  .  be,  or  bh  =  -y/BK  .  be. 
And  the  equiangular  triangles  Mmp,  mon,  give 
jvrp  ;  Mm  : :  mn  :  Mo.      Also,  by  the  nature  of  the  cy- 
cloid, nil  is  equal  to  Gg. 

If  another  body  descend  down  the  chord  eb,  it  will  have 
the  same  velocity  as  the  ball  in  the  cycloid  has  at  the  same 
height.  So  that  Kk  and  Gg  are  passed  over  with  the  same 
velocity,  and  consequently  the  time  in  passing  them  will  be 
as  their  lengths  Gg,  Kk,  or  as  Hh  to  Kk,  or  bh  to  BK  by 
similar  triangles,  or  ^/bk  .  be  to  BK,  or  -y/BE  to  v^^K,  or  as 
-y/BL  to  -v/bn  by  similar  triangles. 

That  is,  the  time  in  Gg  :  time  injdc  y,  ^^Bh  :  a/bi^. 

Again,  the  time  of  describing  any  space  with  an  uniform 
jcnotion,  is  directly  as  the  space,  and  reciprocally  as  the  ve- 
locity ;  also,  the  velocity  in  k  or  Kk,  is  to  the  velocity  at  B, 
as  -y/EK  to  -y/EB,  or  as  v^ln  to  -y/LB;  and  the  uniform  velo- 
city for  EB  is  equal  to  half  that  at  the  point  B,  therefore  the 

.        .  Kk  EB  ,,       . 

time  m  Kk  :  tune  m  eb  : :  — —   :  --— - —    : :  (by  sim.  tn.) 

^LN        4y/LB  ^    ^  ' 

Nn  LB  

•— ; —     ,*     7— ;; :  :   Nn  or  Mp  \   S-v/BL  .  LN. 

<y/LN         4^  LB  ^ 

That  Is,  the  time  In  Kk  :  time  in  eb  : :  Mp  ;  2y/BL  .  ln. 
But  it  was,  time  in  Gg  :  time  in  Kk  ; ;  ^bl  :  y^BN;  theref. 
by  comp.  time  in  Gg  :  time  in  eb  : :  Mp  :  2y^BN  .  nl  or  2nm. 
But,  by  sim.  tri.  Mm  :  2oM  or  bl  : :  Mp  :  2nm. 
Theref.  time  in  Gg  r  time  in  eb  : ;  Mm  ;  bl. 

Consequently  the  sum  of  all  the  times  in  all  the  Gg's,  is  to 
the  time  in  eb,  or  the  time  in  db,  which  is  the  same  thing, 
as  the  sum  of  all  the  Mm's,  is  to  lb  ; 
that  is,  the  time  in  Fg  ;  time  in  db  \\     Lm     ;  lb, 
and  the  time  in       fb  :  time  in  db  : ;     lmb  \  lb, 
or  the  time  in        FBf  :  time  in  db  : :  2lmb  :  lb. 

That  is,  the  time  of  one  whole  vibration, 

is  to  the  time  of  falling  through  half  CB, 
as  the  circumference  of  any  circle, 
is  to  its  diameter. 

149.  CoroL  1.  Hence  all  the  vibrations  of  a  pendulum  j'n 
a  cycloid,  whether  great  or  small,  are  performed  in  tlie  same 
time,  which  time  is  to  the  time  of  falling  tlxrough  the  axis, 

or 
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or  half  the  length  of  the  pendulum,  as  3*1416  to  1,  the  ratio 
of  the  circumference  to  its  diameter ;  ^nd  hence  that  time 
is  easily  found  thus.  Put  ^  =  3*1416,  and  /  the  length  of 
the  pendulum,  also  g  the  space  fallen  by  a  heavy  body  in  1" 
of  time. 

then  ^/g  :  \/il  ::  I"  :  \/—  the  time  of  falling  through  4/, 

th^ef.  I  :  p  ::  \/~-  :  p*/--y  which  therefore  is  the  time 

...  %  2^ 

of  one  vibration  of  the  pendulum. 

150.  And  if  the  pendulum  vibrate  in  a  small  arc  of  a  circle; 
because  that  small  arc  nearly  coincides  with  the  small  cycloidal 
arc  at  the  vertex  B  j  therefore  the  time  of  vibration  in  the 
small  arc  of  a  circle,  is  nearly  equal  to  the  time  of  vibration 
in  tlie  cycloidal  arc  ;  consequently  the  time  of  vibration  in 

a  small  circular  arc>  is  equal  to  p\/  ^y  where  /  is  the  radius 

of  the  circle. 

151.  So  that,  if  one  of  these,  g  or  I,  be  found  by  expe- 
riment, this  theorem  will  give  the  other.  Thus,  if  g,  or  the 
space  fallen  through  by  a  heavy  body  in  l"  of  time,  be  found, 
then  this  theorem  will  give  the  length  of  the  seconds  pendu- 
lum. Or,  if  the  length  of  the  seconds  pendulum  be  ob- 
served by  experiment,  which  is  the  easier  way,  this  theorem 
will  give  g  the  descent  of  gravity  in  l".  Now,  in  the  lati- 
tude of  London,  the  length  of  a  pendulum  which  vibrates 
seconds,  has  been  found  to  be  39-g-  inches ;  and  this  being 

391 
written  for  /  in  the  theorem,  it  gives  p\/-~  =  l":  from 

hence  is  found  g  =  4/  /  =  \f  X  39|  =  193-07  inches  == 
IG-^  feet,  for  the  descent  of  gravity  in  l";  which  it  has  also 
been  found  to  be,  very  exactly,  by  many  accurate  experi- 
ments. 

SCHO-LIUM. 

152.  Hence  is  found  the  length  of  a  pendulum  that  shall 
make  any  number  of  vibrations  in  a  given  time.  Or,  the 
number  of  vibrations  that  shall  be  made  by  a  pendulum  of 
a  given  length.  Thus,  suppose  it  were  required  to  find  the 
length  of  a  half-seconds  pendulum,  or  a  quarter-seconds 
pendulum 'j  that  is,"  a  pendnltim  to  vibrate  twice  in  a  second, 
or  4  times  in  a  second,  listen,  since  the  time  of  vibration 
is -as  the  .s<juaiic  foicft  of  the  length, 

therefore 
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therefore  1  :  i  : :  V'SOI  :  -/A 
or    -    -  1  :  i  : :     39|    1-^  =  9^  inches  nearly,  the 

length  of  the  half-seconds  pendulum. 

And  1  :  -^g  : :  39|-  :  2^  inches,  the  length  of  the  quarter- 
seconds  pendulum. 

Again,  if  it  were  required  to  find  how  many  vibrations  a 
pendulum  of  80  inches  long  will  make  in  a  minute.     Here 

39i. 
-v/80  :  -v/394  ::  60"or  l'  :  ^0^~-  =  74^/31•3  =    -     - 

41 '95987,  or  almost  42  vibrations  in  a  minute. 

153.  In  these  propositions,  the  thread  is  supposed  to  be 
very  fine,  or  of  no  sensible  weight,  and  the  ball  very  small, 
or  all  the  matter  united  in  one  point;  also,  the  length  of 
the  pendulum,  is  the  distance  from  the  point  of  suspension, 
or  centre  of  motion,  to  this  point,  or  centre  of  the  small 
ball.  But  if  the  ball  be  large,  or  the  string  very  thick,  or 
the  vibrating  body  be  of  any  other  figure ;  then  the  length 
of  the  pendulum  is  different,  and  is  measured,  from  the 
centre  of  motion,  not  to  the  centre  of  magnitude  of  the 
body,  but  to  such  a  point,  as  that  if  all  the  matter  of  the 
pendulum  were  collected  into  it^  it  would  then  vibrate  in 
the  same  time  as  the  compound  pendulum ;  and  this  point  is 
called  the  Centre  of  Oscillation  ;  a  point  which  will  be  treated 
©f  in  what  follows. 
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154.  WEIGHT  and  Power,  when  opposed  to  each  other, 
signify  the  body  to  be  moved,  and  the  body  that  moves  it ; 
or  the  patient  and  agent.  The  power  is  the  agent,  which 
moves,  or  endeavours  to  move,  the  patient  or  weight. 

155.  Equilibrium,  is  an  equality  of  action  or  force,  be- 
tween two  or  more  powers  or  weights,  acting  against  each 
other,  by  which  they  destroy  each  other's  effects,  and  remain 
at  rest. 

156.  Machine,  or  Engine,  is  any  mechanical  instrument 
contrived  to  move  bodies.  And  it  is  composed  of  the  me- 
chanical powers. 

157.  Mechanical  Powers,   are   certain   simple   machines, 
trhich  are  commonly  employed  for  raising  greater  weights, 
or  overcoming  greater  resistances,  than  could  be  effected  by 
the  natural  strength  without  them. — ^lliese  are  usually  ac- 
counted 
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counted  six  in  number,  viz.  the  Lever  and  Balance,  the 
Pulley,  the  Wheel  and  Axle,  the  Wedge,  the  Inclined 
Plane,  and  the  Screw. 

158.  Mechanics,  is  the  science  of  forces,  and  the  effects 
they  produce,  when  applied  to  machines,  in  the  motion  of 
bodies. 

159.  Statics,  is  the  science  of  weights,  especially  when 
considered  in  a  state  of  equilibrium. 

160.  Centre  of  Motion,  is  the  fixed  point  about  which  a 
body  moves.  And  the  Axis  of  Motion,  is  the  fixed  line 
about  which  it  moves. 

161.  Centre  of  Gravity,  is  a  certain  point,  upon  which  a 
body  being  freely  suspended,  it  will  rest  in  any  position. 


Of  the  lever. 

162.  A  Lever  is  any  inflexible  rod,  bar,  or  beam,  which 
serves  to  raise  weights,  while  it  is  supported  at  a  point  by  a 
fulcrum  or  prop,  which  is  the  centre  of  motion.  The  lever 
is  supposed  to  be  void  of  gravity  or  weight,  to  render  the 
demonstrations  easier  and  simpler.  There  are  four  kinds  of 
levers. 

163.  A  Lever  of  the  First     vv -1' f f '4 ^ 

Kind  has   the   prop   c  be-        :  I  ^ 

tween    the  weight   \v   and 

the  power  p.     And  of  this 

kind    are   balances,    scales, 

crows,  hand-spikes,  scissors, 

pinchers,  &c. 


^.J> 


164.  A  Lever  of  the  Se- 
cond Kind  has  the  weight 
between  the  power  and  the 
prop.  Such  as  oars,  rud- 
ders, cutting  knives  -that  are 
fixed  at  one  end,  &c. 


W 


165.  A  Lever  of  the 
Third  Kind  has  the  power 
between  the  weight  and 
the  prop.  Such  as  tongs, 
the  bones  and  muscles  of 
animals,  a  man  rearing  a 
ladder,  &c. 


166.  A  © 
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The  lever. 

166.  AToiirthKInd  is  some- 
times added,  called  the  Bended      "J^ 
Lever.      As  a  hammer  drawing      x# 
a  nail. 

167.  In  all  these  machines,  the  power  may  be  represented 
by  a  weight,  which  is  its  most  natural  measure,  acting  down- 
ward :  but  having  its  direction  changed,  when  necessary,  by 
means  of  a  fixed  pulley. 


i-4' 


PROPOSITION  XXXI. 

168.  When  the  Weight  and  Power  keep  the  Lever  in  EquilihriOi 
they  are  to  each  other  Reciprocally  as  the  Distances  of  their 
Lines  of  Direction  from  the  Prop.  That  is,  P  I  W  :  :  CD  :  CE ; 
ivhere  CD  and  CE  are  perpendicular  to  wo  and  AO,  which 
are  the  Directions  of  the  two  Weights,  or  the  Weight  and 
Power  \v  und  a. 

For,  draw  cf  parallel  to  ao,  and 
CB  parallel  to  wo  :    Also,  join  co, 
which  will  be  the  direction  of  the 
pressure  on  the  prop  c ;  for  there  can- 
not be  an  equilibrium  unless  the  di- 
rections of  the  three  forces  all  meet 
in,  or  tend  to,  the  same  point,  as  o. 
Then,   because   these   three    forces 
keep  each  other  in  equillbrio,  they  are 
proportional  to  the  sides  of  the  tri- 
angle CBO  or  cFO,  which  are  drawn 
in   the   direction   of  those   forces; 
therefore      -         -         -         - 
But,  because  of  the  parallels,  the 
two  triangles  cdf,  ceb  are  equi- 
angular, therefore       -       -     CD 
Hence,  by  equaUty,      -      -     i»  . 

That  is,  each  force  Is  reciprocally  proportional  to  the 
distance  of  its  direction  from  the  fulcrum. 

And  it  will  be  found  that  this  demonstration  will  serve  for 
all  the  other  kinds  of  levers,  by  drawing  the  lines  as  directed. 

169.  CoroL  1.  When  the  two  forces  act  perpendicularly  on 
the  lever,  as  two  weights,  &c ;  then,  in  case  of  an  equili- 
brium, D  coincides  with  w,  and  e  with  p  ;  consequently 
then  the  above  proportion  becomes  p  :  w  : :  cw  ;  cp,  or 
the  distances  of  the  "two  forces  from  the  fulcrum,  taken  on 
the  lever,  are  reciprocally  proportional  to  those  forces. 

170.  CoroL  2.  If  any  force  p  be  applied  to  a  lever  at  a; 
Vol.  IL  N  its 
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OF  : 

FO  or  CB. 

CE 

::  CF 

:  CB. 
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: :  CD 

:  CE. 
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its  eitect  on  the  lever,  to  turn  it  about  the  centre  of  mO" 
xihfi  c,  is  as  the  length  of  the  K'ver  ca,  and  the  sine  of  the 
angle  of  direction  cae.     For  the  perp.  ce  is  as  ca\x  s..  4-  A* 

171.  CcroL  i^.  Becanse  the  product  of  the  extvet^ds  h 
equal  to  the  product  of  the  means,  therefore  the  product  of 
the  power  by  the  distance  of  its  direction,  is  equal  to  the 
product  of  the  weight  by  the  distance  of  its  direction. 

That  is,  P  X   CE  =  w  x   CD. 

172.  CsroL  4.  If  the  lever,  with  the  weight  and  power 
fixed  to  it,'  be  made  to  move  about  the  centre  c;  the  mo- 
mentum of  the  power  will  be  equal  to  the  momentum  of  the 
\veight ;  and  their  velocities  will  be  in  reciprocal  propOrtioA 
t6  each  other.  For  the  weight  and  power  will  describe 
circles  whose  radii  are  the  distances  cd,  ce  •,  and  since  the 
,'eircumfcrences  or  spaces  described,  are  as  the  radii,  and  also 
^s  the  vdocitl^s,  therefore  the  velocities  are  as  the  radii  ^(I:d, 
CK  ;  and  tlie  momenta,  which  are  as  the  masses 'and  vMo- 
cities,  are  as  the  momenta  and  radii ;  that  is,  as  p  X  CE  and 
vt  X  CD,  which  are  equal  by  cor.  3. 

173.  CcrcL  5.  In  a  straight  tever,^'kept  in  equllibrlo  by  a 
Avoight- and  pov^^er  acting  perpendicularly V  then,  of  these 
three,  the  power,  weight,  and  pressure  on  the  prop,  any  one 
is  as  the  distance  of  the  other  two. 

174.  Coro/.e.  Ifse- 


A 


T> 


^s 


vera]  weights  p,  a,  k, 

s,    act    on   a  straight 

lever,  and  keep  it  in 

equiiibrio ;    then  the      .  , 

suiji  of  the  products       I?         ^Q„' 

on   one   side   of  the 

prop,  will  be  equal  to  ..  ^    -  ;  j^ 

the  sum   oa   the  .othex;   sid^,j  mide  ^Ky  ^nultiplying   each. 

weight  by  its  distance  ;  aiamely,  .      .       -.- 

f  .X    AC  -f.  *'i.  ;<.  Be  =r,R    X  ,DC  -f:;S    X   V^". 

'I^or,  the  cfit^ct  of  each  weight  to 'turn  the  lever,  Is  as  the 
weight  1  unit i plied 'by  Its  dist.ince  ;  and  in  tlie"  case  of  an 
rqnllibriuni,  the  sum.s  of  [lie  cillcts,  or  of  "the  pro^tfcts  on 
both  sides,  are  equah 
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ISS. 


That  is,  the  sum  of  the  weights  is  to  either  of  theiTj,,a» 
the  sum  of  their  distances  is  to  the  distance  of  the  other.     ' 


SCHOLIUM. 

176.  On  the  foregoing  prin-* 
ciples  depends  the  nature  of 
scales  and  beams,  for  weigh- 
ing all  Sorts  of  commodities. 
For,  if  the  weights  be  equal, 
then  will  the  distances  be  equal 
also;  which  gives  the  construc- 
tion of  the  common  scales, 
which  ought  to  have  these 
properties : 

Ij-^,  That  tlie  points  of  suspension  of  the  scales  and  the 
centre  of  motion  of  the  beam,  A,  fi,  c,  should  be  in  a 
straight  line:  2^/,  That  the  arms  ab,  bc,  be  of  an  equal 
length :  Sdy  That  the  centre  of  gravity  be  in  the  centre  of 
motion  B,  or  a  little  below  it :  42^/6,  That  they  be  in  equilibria 
when  empty  :*  5//?,  That  there  be  as  little  friction  as  possible 
at  the  centre  B,.  A  defect  in  any  of  these  properties,  makes 
the  scales  either  imperfect  or  false.  But  it  often  happens  that 
the  one  side  of  the  beam  is  made  shorter  than  the_other,  and 
the  defect  covered  by  making  that  scale  the  Jheavier,  by  which 
means  the  scales  hang  in  equilibrio  when  empty;  but  when 
they  are  charged  with  any  weights,  so  as  to.  be  still  in  equili- 
brio, those  weights  are  not  equal ;  but  the  deceit  will  be  de- 
tected by  changing  the  weights  to  the  contrary  sides,  for  then 
the  equilibrium  will  be  immediately  destroyed. 

177.  To  find  the  true  weight  of  arty  body  by  such  a  false, 
balance : — First  weigh  the  body  in  one  scale,  and  afterwards 
weigh  it  in  the  other ;  then  the  mean  proportional  betv/een 
these  two  weights,  will  be  the  true  weight  required.  For,  if 
any  body  h  weigh  w  pounds  or  ounces  in  the  scale  d,  and 
only  IV  pounds  or  ounces  in  the  scale  E :  then  we  have  these 
two  equations,  namely,  ab  .  ^  =  bc  .  w. 

and  BC  w  ^  =  AB  .  w ; 
the  product  of  the  two  is  ab  .  bc  .  ^-  =  ab  .  bc  .  v/w ; 
hence  then  -        -        *        ^'-  =  ww, 

and  -         -         -         b   ■=  -y/Ww, 

the  mean  proportional,  which  is  the  true  weight  of  the  body*^. 

178.  The  Roman  Statera,  or  Steelyard,  is  also  a  lever,  but 
of  unequal  brachia  or  arms,  so  contrived,  that  one  weight 
only  may  serve  to  weigh  a  great  many,  by  sliding  it  back- 

N  2  ward 
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ward  and  forward,  to  different  distances,  on  the  longer  ann 
cf  the  lever ;  and  it  is  thus  constructed  :  .       't 


l1]^i;|i.wnfr.imimniimiiiiiii!)llillll[lllllllllHlhlllll.liyHililli 
J.'       ^        3       6        J 


Let  AK  be  the  steelyard,  and  c  its  centre  of  motion,  from 
whence  the  divisions  must  commence  if  the  two  arms  just 
balance  each  other :  if  not,  slide  the  constant  moveable  weight 
t  along  from  B  towards  c,  till  it  just  balance  the  other  end 
without  a  weight,  and  there  make  a  notch  in  the  beam, 
marking  it  with  a  cipher  0.  Then  hang  cmi  a-:  a  a  weight  w 
equal  to  i,  and  slide  i  back  towards  B  till  they  balance  each 
other;  there  notch  the  beam,  and  mark  it  with  1.  Then 
make  the  weight  w  double  of  i,  and  sliding  i  back  to  balance 
it,  there  mark  it  with  2,  Do  the  same  at  3,  4',  5,  &c,  by 
making  \v  equal  to  3,  4,  5,  &c,  times  i;  and  the  beam  is 
hnished.  Then,  to  find  the  weight  of  any  body  b  by  the 
steelyard  ;  take  oiF  the  weight  w,  and  hang  on  the  body  b 
at  A  ;  then  slide  the  weight  i  backward  and  forward  till  it 
just  balance  the  body  b^  which  suppose  to  be  at  the  number 
5 ;  then  is  b  equal  to  5  times  the  weight  of  i.  So,  if  i  be 
one  pound,  then  b  is  5  pounds ;  but  if  i  be  2  pounds,  then 
^  is  10  pounds  -,  and  so  on. 


Of  thf  wheel  and  AXLE. 

PROPOSITION  XXXII. 

'9.  lii  the  WheeJ-and'Axle ;  the_  Weight  and  Ponuer  ivilt  he 
if)  Eqii'dihnoy  nvhen  the  Power  p  is  to  the  Weight  w,  Red" 
pyocidly  as  the  Radii  of  the  Circles  ivhere  they  act  ;  that  is,  as 
ihe  Radius  of  the  Axle  CA,  nvhere  the  Weight  hafigSy  to  the 
Radius  of  the  Wheel  cb,  ivhere  the  Power  acts*     That  is, 

p  : :  w  ; :  ca  :  cb. 

HERE  the  cord,  by  which  the  power  p  acts,  goes  about 

the 


The  wheel  and  AXLE.  ISi 

the  circumference  of  the  wheel,' While 
that  of  the  weight  w  goes  round  its 
axle,  or  another  smaller  wheel,  attach- 
ed to  the  larger,  and  having  the  same 
axis  or  centre  c.  So  that  ba  is  a  lever 
moveable  about  the  point  c,  the  power 
p  acting  always  at  the  distance  Bc, 
and  the  weight  w  at  the  distance  ca  ; 
therefore  p  ;  w  : :  ca  r  cb. 

180.  Carol.  1.  If  the  wheel  be  put 
In  motion  5    then,   the  spaces   moved 

being  as  the  circumferences,  or  as  th«^  radii,  the  velocity  of 
w  will  be  to  the  velocity  of  ?,  as  ca  to  cB  ;  that  is,  the 
weight  is  moved  as  much  slower,  as  it  is  heavier  than  the 
power ;  so  that  what  is  gained  in  power,  is  lost  in  time. 
And  this  is  the  universal  property  of  all  machines  and 
engines. 

181.  Carol.  2.  If  the  power  do  not  act  at  right  angles  to' 
the    radius  cb,    but    obliquely ;    draw  cd  perpendicular   to 
the  direction  of  the  power';  then,  by  the  nature  of  the  lever, 

p  :  w  :;  ca  :  cd. 

scholium. 

182.  To  this  power  be- 
long all  turning  or  wheel 
machines,  of  differentradli. 
Thus,  in  the  roller  turning 
on  the  axis  or  spindle  ce, 
by  the  handle  cbd  ;  the 
power  applied  at  B  is  to 
the  weight  w  on  the  roller, 
as  the  radius  of  the  roller 
is  to  the  radius  cB  of  the  handle. 

183.  And  the  s^mie  for  all  cranes,  capstans,  windlasses-,  and 
such  like ;  the  power  being  to  the  weight,  always  as  the  ra- 
dius or  lever  at  which  the  weight  acts,  to  that  at  which  the 
power  acts ;  so  that  they  are  always  in  the  reciprocal  ratio 
of  their  velocities.  And  to  the  same  principle  may  be  re- 
ferred the  girablet  and  augur  for  boring  holes. 

1 84.  But  all  this,  however,  is  on  supposition  that  the  ropes 
or  cords,  sustaining  the  weights,  are  of  no  sensible  thickness, 
por,  if  the  thickness  be  considerable,  or  if  there  be  several 
folds  of  them,  over  one  another,  on  the  roller  or  barrel ;  then 
wc  must  measure  to  the  middle,  of  the  outermost  rope,  for 

the 
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the  radius  of  the  roller ;  or,  to  the  radius  of  the  roller  we 
must  add  half  the  thickness  of  the  cord,  when  there  is  but 
one  fold. 

185.  The  wheel-and-axje  has  a  great  advantage  over  the 
smiple  lever,  in  point  of  convenience.  For  a  weight  can  be 
raised  but  a  little  way  by  the  lever ;  whereas,  by  the  conti- 
nual turning  of  the  wheel  and  roller,  the  weight  maybe 
raised  to  any  height,  or  from  any  depth. 

186,  By  increasing  the  number  of  wheels  too,  the  power 
may  be  multipled  to  any  extent,  making  always  the  less 
wheels  to  turn  greater  ones,  as  far  as  we  please  :  and  this  is 
comm.only  called  Tooth  and  Pinion  Work,  the  teeth  of  one 
circumference  working  in  the  rounds  or  pinions  of  another, 
to  turn  the  wheel.  And  then,  in  case  of  an  equilibrium,  the 
pov/er  is  to  the  weight,  as  the  continual  product  of  the  radii 
cf  all  the  axles,  to  that  of  all  the  wheels.    So,  if  the  power  p 


turn  the  wheel  q,  and  this  turn  the  small  wheel  or  axle  R, 
and  this  turn  the  wheel  s,  and  this  turn  the  axle  T,  and 
this  turn  the  wheel  v,  and  this  turn  the^axle  x,  which  raises 
the  weight  w  j  then  ?  :  w  : :  CB  .  de  .  tg  :  AC  .  bd  .  ili\ 
And  in  the  same  proportion  is  the  velocity  of  w  slower  than 
that  of  P.  Thus,  if  each  wheel  be  to  its  axle,  as  10  to  1  ; 
then  p  :  w  ::  1'^  :  lO'  or  as  1  to  1000.  So  that  a  power 
of  one  pound  will  balance  a  weight  of  1000  pounds  -,  but 
then,  when  put  in  motion,  the  power  will  move  1000  times 
faster  than  the  weight,     - 

Of 


The  pulley.  1S7 


Of  the  pulley. 

187.  A  Pulley  Is  a  small  wheel,  commonly  made  of  \rooJ 
or  brass,  which,  turns  about  an  iron  axis  passing  through  the 
centre,  and  fixed  in  a  block,  by  means  of  a  cord  passed 
round  its  circumference,  which  serves  to  draw  up  any 
weiight.  The  pulley  is  either  single,  or  combined  together, 
to  increase  the  poWer.  It  is  also  either  fixed  or  moveable, 
according  as  it  is  fixed  to  one  place,  or  moves  up  and  down 
with  the  weight  and  power. 


PROPOSITION    XXXIIL  ' 

188.  If  a  Power  sustain  a  J'l^cight  by  means  of  a  Fixed  PuPwy 
the  Power  and  Weight  are  KquaL 

For  through  the  centre  c  of  the  pulley 
draw  the  horizontal  diameter  ab  :  then 
•will  A  B  represent  a  lever  of  the  lirst  knid, 
its  prop  being  the  fixed  centre  c  j  from 
which  the  points  A  and  B,  where  the 
power  and  weight  act,  being  equally 
distant,  the  power  p  is  consequently  equal 
to  the  weight  w. 

189.  CoroL  Hence,  if  the  pulley  be  put 
in  motion,  the  power  p  will  descend  as 
fast  as  the  weight  w  ascends.  So  that 
the  power  is  not  increased  by  the  use  of 
the  tixed  pulley,  even  though  the  rope  go  over  several  of 
them.  It  is,  however,  of  great  service  in  the  raising  of 
weights,  both  by  changing  the  direction  of  the  force,  for 
the  convenience  of  acting,  and  by  enabling  a  person  to  raise 
a  weight  to  any  height  without  moving  from  his  place,  and 
also  by  permitting  a  great  many  persons  at  once  to  exert 
their  force  on  the  rope  at  p,  which  they  could  not  do  to  the 
weight  itself;  as  is  evident  in  raising  the  hammer  or  weight 
of  a  pile-driver,  as  well  as  on  many  other  occasions. 


PROPOSITION    XXXIV. 

190.  If  a  Power  sustain  a  Weight  by  means  of  One  Moveable 
Pulley  ;  the  Power  is  but  Half  the  Weight. 

For,  here  ab  may  be  considered  as  a  lever  of  the  second 

kind. 
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kind,  the  power  acting  at  a, 
the  weight  at  c,  and  the  prop 
or  fixed  point  at  B ;  and  be- 
cause p  :  w  : :  cb  :  ab, 

and  CB  =  4-AB,  therefore 
p  =  j-Wj  or  w  =  2p. 

191.  Corol.  1.  Hence  it  is 
evident,  that,  when  the  pul- 
ley is  put  in  motion,  the  ve- 
locity of  the  power  will  be 
double  the  velocity  of  the 
weight,  as  the  point  ?  de- 
scends twice  as  fast  as  the  point  c  and  weight  w  rises.  It 
is  also  evident,  that  the  fixed  pulley  f  makes  no  difference 
in  the  power  ?,  but  is  only  used  to  change  the  direction  of 
it,  from  upwards  to  downwards. 

192.  Corol.  2.  Hence  we  may  estimate  the  effect  of  a  combi- 
nation of  any  number  of  fixed  and  moveable  pulleys;  by  which 
we  shall  find  that  every  cord  going  over  a  moveable  pulley, 
always  doubles  the  powers ;  since  each  end  of  the  rope  bears 
an  equal  share  of  the  weight ;  while  each  rope  that  is  fixed 
to  a  pulley,  only  increases  the  power  by  unity. 


Here  p  =  Iw^ 


Here  p  =  liv  = 
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Of  the  inclined  PLANE. 

193.  THE  Inclined  Plane,  is  a  plane  incHned  to  the 
horizon,  or  making  an  angle  with  it.  It  is  often  reckoned 
one  of  the  simple  mechanic  powers;  and  the  double  inclined 
plane  makes  the  wedge.  It  is  employed  to  advantage  in 
raising  heavy  bodies  in  certain  situations,  diminishing  their 
weights  by  laying  them  on  the  inclined  planes. 

PROPOSITION 


The  inclined  PLANE.  1B9 

PROPOSITION    XXXV. 

X9i,  The  Power  gained  by  the  Lidined  Plane ^  is  in  Proportion  of 
the  Length  of  the  Plane  is  to  its  Height,  That  is^  ivh^n  a 
IVeight  w  is  sustained  on  an  Inclined  Plane  BC,  h^  a  Poivcr 
p,  acting  in  the  Direction  DW,  parallel  to  the  Plane  ;  then  the 
Weight  w,  is  in  proportion  to  the  Power  P,  as  the  Length  of  thf 
Plant  is  to  its  Hi'ight ;  that  iSyW  \v  W  EC  .*  AB. 

For,  draw  ae  perp.   to         ^P^^t^^>---^ 
the   plane  Be,  or  to  dw.  W^^^^^^^^^^^'^ 

Thenwe  are  to  consider  that  ^    if^^^^^ij^^lL 

the  body  w  is  sustained  by  p     ^1^^^^^^^^^^^>^ 

three  forces.  Viz.    1st,   its  A  G 

own  weight  or  the  force  of 

gravity,  acting  perp.  to  AC,  or  parallel  to  BA  ;  2d,  by  the 
power  P,   acting  in  the  direction  wd,   parallel  to  Be,   or 
BE;  and  3dly,  by  the  re-action  of  the  planes,   perp.  to  its 
face,  or  parallel  to  the  line  ea.     But  when  a  body  is  kept 
in  equilibrio  by  the  action  of  three  forces,  it  has  been  proved, 
that  the  intensities  of  these  forces  are  proportional  to  the  sides 
of  the  triangle,  a  be,  made  by  lines  drawn  in  the  directions 
of  tlieir  actions ;  therefore  those  forces  are  to  one  another  as 
the  three  lines     -         -         -         *•         ab,  be,  ae  ;  that  is, 
the  weight  of  the  body  w  is  as  the  line  ab, 
the  power  p  is  as  the  line      -         -         BE, 
and  the  pressure  on  the  plane  as  the  line  ae. 
But  the  two  triangles  abe,  ABe  are  equiangular,  and  have 
therefore  their  like  sides  proportional ;  that  is, 
the  three  lines  -         -        -        -         ab,  be,  ae, 

are  to  each  other  respectively  as  the  three  Be,  ab,  ac, 
or  also  as  the  three  -         -         -         BC,  ae,  cEj 

which  therefore  are  as  the  three  forces        w,   p,    p, 
where  p   denotes  the    pressure    on    the   plane.      That  Is, 
w  :  p  : :  BC  :  ab,   or  the  weight  is  to  the  power,  as  the 
length  of  the  plane  Is  to  Its  height. 

See  more  on  the  Inclined  Plane,  at  p.  1 69,  &:c. 

195.  Schortum.  The  inclined  plane  comes  into  use  In  some 
situations  in  which  the  other  mechanical  powers  cannot  be 
conveniently  applied,  or  in  combination  with  them.  As,  in 
sliding  heavy  weights  either  up  or  down  a  plank  or  other 
plane  laid  sloping :  or  letting  large  casks  down  into  a  cellar, 
or  drawing  them  out  of  it.  Also,  In  removing  earth  from  a 
lower  situation  to  a  higher  by  means  of  wheel-barrows,  or 
otherwise,  as  In  making  fortifications,  &:c ;  inclined  planes, 
made  of  boards,  hid  aslope,  serve  for  the  barrows  to  run 
upon. 

Of 
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Of  all  the  various  directions  of  drawing  bodies  up  an  in- 
clined plane,  or  sustaining  tliem  on  it,  the  most  favourable 
is  where  it  is  parallel  to  the  plane  BC,  and  passing  through 
the  centre  of  the  weight ;  a  direction  v/hich  is  easily  given 
to  it,  by  fixing  a  pulley  at  D,  so  that  a  cord  passing  over  it, 
3nd  fixed  to  the  weight,  may  act  or  draw  parallel  to  the  plane. 
In  every  other  position,  it  would  require  a  greater  power  to 
support  the  body  on  the  plane,  or  to  draw  it  up.  For  if  one 
end  of  the  Hue  be  fixed  at  v/,  and  the  other  end  inclined  down 
towards  £,  below  the  direction  wd,  the  body  would  be  drawn 
down  against  the  plane,*^  and  the  power  must  be  increased  in 
proportion  to  the  greater  difHculty  of  the  traction.  And,  on 
the  other  hand,  if  the  line  were  carried  above  the  direction 
of  the  plane,  the  power  must  be  also  increased;  but  here  only 
in  proportion  as  it  endeavours  to  lift  the  body  off  the  plane. 

If  the  length  bc  of  the  plane  be  equal  to  any  number  of 
times  its  perp.  height  ab,  as  suppose  3  tim-es;  then  a  power 
p  of  1  pound,  hanging  freely,  will  balance  a  weight  w  of  3 
pounds,  laid  on  the  plane  v  and  a  power  p  of  2  pounds,  will 
balance  a  weight  w  of  6  pounds ;  and  so  on,  always  3  times 
as  much.  But  then  if  they  be  set  a-moving,  the  perp.  descent 
of  the  power  p,  will  be  equal  to  3  times  as  much  as  the  perp. 
ascent  of  the  v/eight  w.  For,  although  the  weight  w 
ascends  up  the  direction  of  the  oblique  plane  BC,  just  as  fast 
as  the  po>ver  p  descends  perpendicularly,  yet  the  weight  rises 
only  the  perp.  height  ae,  while  it  ascends  up  the  whole 
l^^ngth  of  the  plane  BC,  which  is  3  times  as  much;  that  is, 
for  every  foot  of  the  perp.  rise  of  the  weight,  it  ascends  3  feet, 
up  in  the  direction  of  the  plane,  and  the  power  P  descends. 
lUst  as  much,  or  3  feet. 


Of  the  wedge. 


196.  THE  Wedge  is  a  piece  of 
^^ood  or  metal,  in  form  of  half  a  rec- 
tangular prism.  AF  or  BG  is  the  breadth 
of  its  back  ;  CE  its  height ;  GC,  BC  its 
sides ;  and  its  end  gec  is  composed  of 
two  *iqual  inclined  planes'  gce,  bce. 


proposition; 


The  wedge.  191: 


PROPOSITION    XXXVI. 

197.  When  a  Wedge  is  in  Eqiiilihrio ;  the  Power  acting  against 
the  Back,  is  to  the  Force  acting  Perpendicularly  against  cither 
Side,  as  the  Breadth  of  the  Back  AB^  is  to  the  Length  of  the' 
Side  AC  cr  BC.  T 

For,  any  three^forces^  which  sustain  one 
another  in  oquilibrio,  are  ns  the  corre- 
sponding sides  of  a  triangle  drawn  per- 
pendicular to  the  directions  in  which  they 
act.  But  AB  is  perp.  to  the  force  acting 
jon  the  back,  to  urge  the  wedge  forward ; 
and  the  sides  AC,  BC  are  perp.  to  the 
forces  acting  upon  them ;  therefore  the, 
three  forces  are  as  ab,  ac,  bc. 


198.  Corel.  The  force  on  the  back,  Tab, 
Its  eifect  in  direct,  perp.  to  ac,  )  ac. 
And  its  effect  parallel  to  ab  ;     ^'dc, 

are  as  the  three  iines  (.whichareperp.tothcm. 

And  therefore  the  thinner  a  wedge  is,  the  greater  is  its 
effect,  in  splitting  any  body,  or  in  overcoming  any  resistance 
against  the  sides  of  the  wedge. 

SCHOLIUM. 

199.  But  It^u<^t  be  observed,  that  the  resistance,  or  the 
forces  above-mentioned,  respect  one  side  of  the  wedge  only. 
For  if  those  against  both  sides  be  taken  in,  then,  in  the  fore- 
going proportions,  we  must  take  only  half  the  back  ad,  or 
else  we  must  take  double  the  line  AC  or  dc. 

In  the  wedge,  the  friction  against  the  sides  is  very  great,  at 
least  equal  to  the  force  to  be  overcome,  because  the  wedge 
retains  any  position  to  which  it  is  <lriven  ;  and  therefore  the 
resistance  is  doubled  by  the  friction.  But  then  the  wedge  has 
a  great  advantage  over  all  the  other  powers,  arising  from  the 
force  of  percussion  or  blow  with  v/hich  the  back  is  struck, 
which  is  a  force  incomparably  greater  than  any  dead  weight 
or  pressure,  such  as  is  employed  in  other  machines.  And  ac- 
cordingly we  fmd  it  produces  etiects  vastly  superior  to  those 
of  any  other  pov/er ;'  such  as  the  splitting  and  raising  the 
largest  and  hardest  rocks,  the  raising  and  lifting  the  largest 
ship,  by  driving  a  wedge  below  it,  which  a  man  can  do  by 
the  blow  of  a  mallet :  and  thus  it  appears  that  the  small 
blow  of  a  hammer,  on  the  back  of  a  wedge,  is  incomparably 
greater  than  any  mere  pressure,  and  will  overcojnt*  it. 
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Of  THE  SCREW. 


200,  THE  Screw  is  one  of  the  six  mechanical  powers, 
chiefly  used  in  pressing  or  squeezing  bodies  close,  though 
sometimes  also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  groove  cut  round  a  cy- 
linder, and  everywhere  making  the  same  angle  with  the 
length  of  it.  80  that  if  the  surface  of  the  cylinder,  with 
this  spiral  thread  on  it,  were  unfolded  and  stretched  into  a 
plane,  the  spiral  thread  would  form  a  straight  inclined  plane, 
whose  length  would  be  to  its  height,  as  the  circumference  of 
the  cylinder,  is  to  the  distance  between  two  threads  of  the 
screw ;  as  is  evident  by  considering  that,  in  making  one 
round,  the  spiral  rises  along  the  cylinder  the  distance  be- 
tween the  two  threads. 

PROPOSITION    X5j:XVII. 

201 .  The  Force  of  a  Power  applied  to  turn  a  Screw  rounds  is 
I0  the  Force  with  luhich  it  presses  upivard  or  doivnwardy  settijig 
aside  the  Friction^  as  the  Distance  between  two  Threads^  is  to 
the  Circunifere?tce  where  the  Power  is  applied. 

The  screw  being  an  inclined  plane,  or  half  wedge,  whose 
height  is  the  distance  between  two  threads,  and  its  base  the 
circumference  of  the  screw  ;  and  the  force  in  the  horizontal 
direction,  beiiig  to  that  in  the  vertical  one,  as  the  lines  per- 
pendicular to  them,  namely,  as  the  height  of  the  plane,  or 
distance  of  the  two  threads,  is  to  the  base  of  the  plane,  or  cir- 
cumference of  the  screw ;  therefore  the  power  is  to  the  pres- 
sure, as  the  distance  of  two  threads  is  to  that  circumference. 
33ut,  by  means  of  a  handle  or  lever,  the  gain  in  power  is  in- 
creased in  the  proportion  of  the  radius  of  the  screw  to  the 
radius  of  the  power,  or  length  of  the  handle,  or  as  their  cir- 
cumferences. Therefore,  finally,  the  power  is  to  the  pressure, 
as  the  distance  of  the  threads,  is  to  the  circumference  de* 
scribed  by  the  power. 

.  202.  CcroL  When  the  screw  is  put  in  motion ;  then  the 
power  is  to  the  weight  which  would  keep  it  in  equilibrio,  as 
the  velocity  of  the  latter  is  to  that  of  the  former  j  and  hence 
their  tv/o  momenta  are  equal,  which  are  produced  by  mul- 
tiplying each  weight  or  power  by  its  own  velocity.  So  that 
this  is  a  general  property  in  all  the  mechanical  powers, 
namely,  that  the  momentum  of  a  power  is  equal  to  that  of 
the  weight  which  would  balance  it  in  equilibrio  j  or  that 
each  of  them  is  reciprocally  proportional  to  its  velocity. 

SCHOLIUM. 


The  screw. 
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-  203.  Hence  we  can  easily 
compute  the  force  of  any  ma- 
chine turned  by  a  screw.  Let 
the  annexed  iigure  represent  a 
press  driven  by  a  screw,  whose 
threads  are  each  a  quarter  of 
an  inch  asunder ;  and  let  the 
screw  be  turned  by  a  handle 
of  4  feet  long,  from  a  to  B ; 
then,  if  the  natural  force  of 
a  man,  by  which  he  can  lift, 
pull,  or  draw,  be  150  pounds;  and  it  be  required  to  deter- 
mine with  what  force  the  screw  will  press  on  the  board  at  d, 
when  the  man  turns  the  handle  at  a  and  b,  with  his  whole 
force.  Now  the  diameter  ab  of  the  power  being  4  feet,  or 
48  inches,  its  circumference  is  48  x  5*1416  or  150|  nearly  j 
and  the  distance  of  the  threads  being  ^  of  an  inch ;  there- 
fore the  power  is  to  the  pressure,  as  1  to  603y;  but  the 
power  is  equal  to  1501b ;  theref.  as  1  :  603^  : :  150  :  90480; 
and  consequently  the  pressure  at  d  is  equal  to  a  weight  of 
,90480  pounds,  independent  of  friction. 

204.  Again,  if  the  end- 
less screw  AB  be  turned 
by  a  handle  AC  of  20 
inches,  the  threads  of 
the  screw  being  distant 
half  an  inch  each ;  and 
the  screw  turns  a  tooth- 
ed wheel  E,  whose  pinion 
L  turns  another  wheel  f, 
and  the  pinion  M  of  this 
another  wheel  G,  to  the 
pinion  or  barrel  d£  which 
is  hung  a  weight  w  ;  it  is 
required  to  determine  what 
weight  the  man  will  be  able 
to  raise,  working  at  the 
handle  c ;  supposing  the 
diameters  of  the  wheels  to 
be  18  inches,  and  those  of 
the  pinions  and  barrel  2 
inches ;  the  teeth  and  pi- 
nions being  all  of  a  size. 

Here 
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Here  20  x  3-1416  x  2  =  125*664,  is  the  circumference 
of  the  powftr. 

And  125-6G4  to  i,  or  251-S28  to  1,  is  the  fofce  of  the 
screw  alone. 

Also,  18  to  2,  or  9  to  1,  being  the  proportion  of  th« 
wheels  to  the  pinions ;  and  as  there  are  three  of  them, 
therefore  9"^  to  1,  or  729  to  1,  is  the  power  gained  by  the 
ivlieels. 

Consequently  251-328  X  729  to  1,  or  1832 18-^  to  I  nearly, 
^s  the  ratio  of  the  power  to  the  we ip;ht,  arising  from  the  ad- 
vantage both  of  the  screw  and  the  wheels. 

But  the  power  is  1501b;  therefore  150  x  183218-^j  or 
S7482716  pounds,  is  the  weight  the  man  can  sustain,  which 
is  equal  to  12269  tons  Weight. 

But  the  power  lias  to  overcome,  .not  only  the  weight,  but 
also  the  friction  of  the  screw,  which  is  very  great,  in  some 
cases  equal  to  the  weight  itself,  since  it  is  soTOCtimes  sufHcient 
TO  sustain  the  weight,  when  the  power  is  taken  oif. 


On  the  centre  of  GRAVITY. 

205.  THE  Centre  of  Gravity  of  a  body,  is  a  certain' 
point  within  it,  on  which  the  body  being  freely  suspended, 
jt  will  rest  in  any  position ;  and  it  will  always  descend  to  the 
lowest  place  to  which  it  can  get,  in  other  positions. 


PROPOSITION    XXXVIII. 

^06,  If  a  Perpendicular  to  the  HorhoJT,  from  the  Centre  of 
Gravity  of  any  Body,  fill  Within  the  Base  of  the  Bodyy  it 
tvill  rest  in  that  Position;  but  if  the  Perpendicular  fait 
Without  the  BasCy  the  Body  ivill  not  rest  in  that  Position y  but 
^vill  tumble  down^ 

For,  if  cb  be  the  perp. 
from  the  centre  of  gravity  c, 
within thebase:  thenthebody 
cannot  fall  over  tovv^ards  A  ; 
because,  in  turning  on.  the 
piDint  A,  the  centre  of  gravity 
c  would  describe  an  arc  which 
would  rise  from  c  to  E ;  con- 
trary to  the  nature  of  that  centre,  which  only  rests  when  in 
the  lowest  place.  For  the  same  reason,  the  body  will  not 
fall  towards  d.     And  therefore  it  will  stand  in  that  position- 

But 
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But  if  the  perpendicular  fall  without  the  base,  as  cb ; 
then  the  body  will  tumble  over  on  that  side  :  because,  in 
turning  on  the  point  a,  the  centre  c  descends  by  describing 
the  descending  arc  ce. 

207.  Conl,  1.  If  a  perpendicular,  drawn  from  the  centre 
of  gravity,  fall  just  on  the  extremity  of  the  biise  j  tlie  body 
may  'stand  ;  but  any  the,  least  force  will  cause  it  to  fall  that 
Avay.  And  -  the  iiearer  the  perpendicular  is  to  any  side,  or 
the  narrower  the  base  is,  the  easier  it  will  be  made  to  fall, 
or  be  pushed  over  that  way ;  because  the  centre  of  gravity 
has  the  less  height  to  rise  :  which  is  the  reason  that  a  globe 
is  made  to  roll  on  a  smooth  plane  by  any  the  least  force. 
But  the  nearer  the  perpendicular  is  to  the  middle  of  the 
base,  or  the  broader  the  base  is,  the  firmer  the  body  stands. 

208.  Corel.  2.  Hence,  if  the  centre  of  gravity  of  a  body 
be  supported,  the  whole  body  is  supported.  And  the  place 
of  the  centre  of  gravity  must  be  accounted  the  place  of  the 
body ;  for  into  that  point  the  whole  matter  of  the  body  mav 
be  supposed  to  be  collected,  and  therefore  ail  the  force  also 
with  which  it  endeavours  to  descend. 

209.  Coro/.  3.  From  the  property  which 
the  centre  of  gravity  has,  of  always  de- 
scending to  the  lowest  point,  is  derived 
an  easy  mechanical  method  of  finding  that 
centre.  ^ 

Thus,  if  the  body  be  hung  up  by  any 
point  A,  and  a  plumb  fine  ab  be  hung  by 
'the' same  point,  it  will  pass  through  the 
centre  of  gravity;  because  that  centre  is 
not  in  the  lowest  point  till  it  fall  in  the 
plumb  line.  JViark  the  line  ab  upon  it. 
Then  hang  the  body  up  by  any  other 
point  D,  with  a  plumb  line  de,  which 
will  also  pass  through  the  centre  of  gra- 
vity, for  the  same  reason  as  before ;  and 
therefore  that  centra  must  be  at  c'where 
the  two  plumb  lines  cross  each  other. 


210.  Or,  if  the  body  be  suspended  by 
two  or  more  cords  gf,  gh,  &c,  then 
u  plarnb  line  from  the  point  g  will  cui 
ihe  body  in  its  centre  of  gravity  c. 


211.  Like. 
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i?ll.  Likewise,  because  a  body  rests  when  Its  centre  ofgra- 
•vity  is  supported,  but  not  else  ;  we  hence  derive  another  easy 
method  of  finding  that  centre  mechanically.  For,  if  the 
body  be  laid  on  the  edge  of  a  prism,  and  moved  backward 
•dnd  forward  till  it  rest,  or  balance  itself;  then  is  the  centre 
of  gravity  just  over  the  line  of  the  edge.  And  if  the  body 
be  then  shifted  into  another  position^  and  balanced  on  the 
edge  again,  this  line  will  also  pass  by  the  centre  of  gravity ; 
and  consequently  the  Intersection  of  the  two  will  give  the 
centra  itself. 

PROPOSITION   XXXIX. 

212.  T/je  Common  Centre  of  Gravity  c  of  any  two  Bodies  A,  P, 

divides  the  Line  joining  their  Centres ^  into  two  PartSy  ivhich 
are  Reciprocally  as  the  Bodies, 

That  is,  AC :  Bc : :  B  :  A. 

For,  If  the  centre  of  gravity  c  be  supported,   the  two 
bodies  a  and  b  will  be  supported,       y:^ 
and  will  rest  In  equilibrio.     But,        ^         c  ? 

by  the  nature  of  the  lever,  when         "^ 
two  bodies  are  in  equilibrio  about  a  fixed  point  c,  they  are 
reciprocally  as  their   distances  from  that  point ;   therefore 

A  :  B  : :  CB  :  ca. 

213.  Corol.  1.  Hence,  ab  :  ac  : :  a  -j-  B  !  b  ;  or,  the 
whole  distance  between  the  two  bodies,  is  to  the  distance  of 
either  'of  them  from  the  common  centre,  as  the  sum  of  the 
bodies  is  to  the  other  body. 

214.  Corol,  2.  Hence  also,  ca  .  a  =  cb  .  b  ;  or  the  two 

products  are  equal,  which  are  made  by  multiplying  each 
body  by  Its  distance  fror^  the  centre  of  gravity. . 

215.  Corol.  3.  As  the  centre  c  is  pressed  with  a  force  equal 
to  both  the  weights  A  and  B,  while  the  points  a  and  b  are 
each  pressed  with  the  respective  weights  a  and  b.  There- 
fore, if  the  two  bodies  be  both  united  in  their  common 
centre  c,  and  only  the  ends  a  and  b  of  the  line  ab  be 
supported,  each  will  still  bear,  or  be  pressed  by  the  same 
weights  A  and  b  as  before.  So  that,  if  a  weight  of  ;iOOlb, 
be  laid  on  a  bar  at  c,  supported  by  two  men  at  A  and  b, 
distant  from  c,  the  one  4  feet,  and  the  other  6  feet ;  then 
the  neai-er  will  bear  the  weight  of  601b,  and  the  farther  only 
40lb.  weight. 

216.  CoroL 
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216.  Corol.  4.  Since  the 
effect  of  any  body  to  turn 
a  lever  about  the  fixed 
point   c,   is  as  that  body 

and  its  distance  from  that  point;  therefore,  if  c  be  the 
common  centre  of  gravity  of  all  the  bodies  A,  e,  t),  E,  f, 
placed  in  the  straight  line  af;  then  is  ca  .  A  -f  cb  .  b  = 
CD  .  D  -|-  CE  .  E  +  CF  .  F;  Or,  the  sum  ,o#  the  products 
on  one  side,  equal  to  the  sum  of  the  products  on  the  other, 
made  by  multiplying  each  body  by  its  distance  from  that 
centre.  And  if  several  bodies  be  in  equilibrium  upon  any 
straight  lever,  then  the  prop  is  in  the  centre  of  gravity. 

217.  CoroLB.  And  although 
the  bodies  be  not  situated  in  a 
straight  line,  but  scattered  about 
in  any  promiscuous  manner,  the 
same  property  as  in  the  last  co*- 
rollary' still  holds  true,  if  per- 
pendiculars to  anyline  whatever 
af  be  drawn  tkrough  the  several 
bodies,  and  their  common  centre  of  gravity,  namely,  that 
ca  .  A  -f"  cb  .  B  =  cd  .  D  +  ce  .  E  -f  cf .  F.  For  the  bo- 
dies have  the  same  effect  on  the  line  af,  to  turn  it,  about  tha 
point  c,. whether  they  are  placed  at  the  points  a,  b,  d,  e,  f> 
or  in  any  part  of  the  perpendiculars  Aa,  Bb,  Dd,  Ee^  ff. 

PROPOSITION    XL. 

218.  If  there  he  three  or  more  Bodies ^  aful  if  a  Line  be  draivfi- 
from  any  one  Body  D  to  the  Ce?itre  of  Gravity  of  the  rest  C  j 
then  the  Common  Centre  of  Gravity  E  of  all  the  Bodies ^  divide* 
the  line  CD  into  two  Parts  in  E,  lulnch  are  Reciprocally  Pro-*' 
portio7jal  as  the  Body  D  to  the  Sum  of  all  the  other  Bodies. 

That  is,  CE  :  ED  : :  D  :  A  +  B  &c. 

For,  suppose  the  bodies  a  and  b 
to  be  collected  into  the  common 
centre  of  gravity  c,  and  let  their  sum 
be  called  s.  Then,  by  the  last  prop. 

CE  :  ED  : :  D  :  s  or  A  +  B  &c. 

219.  CoroL  Hence  w^  have  a  method  of  finding  the  com- 
mon centre  of  gravity  of  any  number  of  bodies ;  nameh^,  by 
first  findmg  the  centre  of  any  two  of  them,  then  the  centre 
of  that  centre  and  a  third,  and  so  on  for  a  fourth,  or  fifth, 
&c. 

Vol.  II.  O  PROPOSITION 
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220.  If  there  he  taken  any  Point  p,  in  the  Line  passing  through 
the  Centres  of  tnuo  Bodies  ;  then  the  Sum  of  the  iivo  Products y 
of  each  Body  multiplied  by  its  distance  from  that  Pointy' is  equal 
to 'the  Product  of  the  Sum  of  the  Bodies  multiplied  by  the  Di- 
stance  of  their  Common  Centre  of  Gravity  c  from  the  sanx 
Point  P. 

That  is,  PA  .  A  -f  I'H  .  B  =±  PC  *  A  -f  0. 
FoRj  by  the  3Sth,  CA  .  A  =  CB  .  B, 

that  is,  "^I^l^  .  A  =:t  PC  -  PB  .  B  ;     Q ^i— f— O 1. 

therefore,  by  adding, A         ^      ^       Ji        ^ 

PA  .  A   +   PB  .  B   c=   PC  .  A   4-  B* 

v..    ,  ■'■ 

£21.  Coral,  r.  Hence,  the  two  bodies  A  and  b  have  the 
same  force  to  turn  the  lever  about  the  point  p,  as  if  they 
were  both  placed  in  c  their  common  centre  of  gravity. 
;  Or,  if  the  line,  with  the  bodies,  move  about  the  point  p ; 
"the  sum  of  the  momenta  of  A  and  b,  is  equal  to  the  mo- 
mentum of  the  sum  s  or  a  +  b  placed  at  the"  centte  c. 

^-  2i'2.  Corol.  2.  The  same  is  also  true  of  any  number  of 
bodies  whatever,  as  will  appear  by  cor.  4,  prop.  39,  namely, 

pa    .   a    +    PB   .    B    -f    PD   .   D   &C.    =    PC   .    A    -h    B    -f    D    &C, 

where  p  is  in  any  point  whatever  in  the  line  AC. 

And,  by  cor.  5,  prop.  39,  the  same  thing  is  true. when  the 
bodies  are  not  placed  in  that  line,  but  any  where  in  the  per- 
pendiculars passing  through  the  points  a,  b,  d,  &c  ;  namely, 

ra  .  A  +  pb  .  B  +  pd  .  d  &c.  =  pc  .  a  -}-  b  +  i>  &c. 

223.  CoroL  3,  And  if  a  plane  pass  through  the  point  p  per- 
pendicular to  the  line  cp  ;  then  the  distance  of  the  common, 
centre  of  gravity  from  that  plane,  is 
pa  .  A  -f-  pb  .  B  -|-  pd  .  D  &c 

PC  = 1 ; -^ ,  that  is,  equal  to  the 

A  -f  B  -f  D  ixc  '     ^ 

sum  of  all  the  forces  divided  by  the  sum  of  all  the  bodies. 
Or,  if  .'A,  B,  D,  &c,  be  the  several  particles  of  one  mass  or 
compound  body;  then  the  distance  of  the  centre  of  gravity 
of  the  body,  below  any  given  point  p,  is  equal  to  the  forces 
of  all  the  particles  divided  by  the  whole  masfj  or  body,  that 
is,  equal  to  all  the  pa  .  a,  pb  .  b,  pd  .  d,  &e,  divided  by  the 
body  or  sum  of  the  particles  A,  b,  d,  $:c. 

rp:oposiTiON 
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PROPOSITION    XLII. 

224.  Torrid  the  Centre  of  Gravity  of  any  Bo(ly,  or  of  any  System' 
of  Bodies. 

Through  any  point  p  dr'aw 

a  plane,  and  let  pa,  pb,  pd,  &e, 

be  the  distance  of  the  bodies 

A,  B,  D,  &c,  from  the  plane ; 

then,  by  the  last  cor.  the  di-^ 

stance  of  the  common  centre  of 

gravity  from  the  plane,  will  be 

pa  .  A  +  pb  .  B  -(-  pd  .  D  &c 
PC  =  ; ; 5 . 

^25.   Or,  if  ^  be  any  body,  and  qpr  any  plane;  clra\tf' 

PAB    &c,    perpendicular   to    qr,    and    through   a,   b,    &c, 

draw  innumerable  sections  of  the  body 

h  parallel  to  the  plane  qr.  Let  s  denote 

any  of  these  sections,  and  d  =  pa,  or 

PB,  &c,  its  distance  from  the  plane  QR. 

Then  will  the  distance  of  the  centre  of 

gravity  of  the  body  from  the  plane  be 

sum  of  all  the  ds       ^     ,  .^   , 
PC  = ,     And  if  the 

0 

distance  be  thus  found  for  two  inter- 
secting planes,  they  will  give  the  point 
in  which  the  centre  is  placed. 

226.  But  the  distance  from  one  plane  is  sufficient  for  any 
regular  body,  because  it  is  evident  that,  in  such  a  figure,  the 
centre  of  gravity  is  in  the  axis,  or  line  passing  through  the 
Centres  of  all  the  parallel  sections, 

Thus,  if  the  ngure  be  a  parallelogram,  or  a 
cylinder,  or  any  prism  whatever  j  then  the  axis 
or  line,  or  plane  ps,  which  bisects  all  the  sec- 
tions parallel  to  gR^  will  pass  through  the 
centre  of  gravity  of  all  those  sections,  and 
consequently  through  that  of  the  whole  figiire 
C.  Then,  all  the  sections  s  being  equal,  and 
the  body  ^  =  ps  .  j-,  the  distance  of  the  centre 

FA  .  s  -r  VB  .  s  -\-  Sec 

Will  be  PC  = 1 =     -      - 

a 

PA   +  PB   -f  PD    &C«  PA   H-  PB   -f    &C 

, X    /  =   — — -* 

0  PS 


PR. 


— &- 


^ 
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But  PA  -f  PB  +  &c,  is  the  sum  of  an  aritliiruotical  pr6-^ 
gression,  beginning  at  0,  arid  increasing  to  the  greatest  term 
PS,  the  number  of  the  terms  being  also  equal  to  PS ; 
therefore  the  sum  pa  +  bp  +  &:e  =  ^?s  .  ps;  and  con- 

-^  p  s      p  s 
sequently  PC  =  - — •* — ^   =   ^ps  >    that   is,   the   centre   of 

gravity  is  in  the  middle  of  tlie  axis  of  arty  figure  whose  pa- 
rallel sections  are  equal. 

227.  In  other  figures,  whose  parallel  sections  are  not  equal, 
bxit  varying  according  to  some  general  law,  it  will  not  be 
easy  to  find  the  sum  of  all  the  pa  .  /,  pb  .  /,  pd  .  /,  &c, 
except  by  the  general  method  of  Fluxions ;  which  case,, 
therefore,  will  be  best  reserved  till  we  come,  to  treat  of  that 
doctrine.  It  will  be  proper,  however,  to  add  here  some  ex- 
amples of  another  method  of  finding  the  centre  of  gravity  of 
a  triangle,  or  any  other  right-lined  plane  figure. 


I'ROPOSinoN   XLtll. 
2^8.  Tg  find  the  Centre  of  Gravity  of  a  Triangle* 

From  any  two  of  the  angles  draw 
lines  AD,  CE,  to  bisect  the  opposite 
sides;  so  will  their  intersection  G  be 
the  centre  of  gravity  of  the  triangle. 

For,  because  ad  bis'ects  bc,  it  bi- 
sects also  all  its  parallels,  namely,  all 
the   parallel   sections  of  tlie  figure  j  .1^  X) 

therefore  ad  passes  through  the  centres 
of  gravity  of  all  the  parallel  sections  or 

Component  parts  of  the  figure  ;  and  consequently  the  centre 
of  gravity  of  the  whole  figure  lies  in  the  line  ad.  For  the 
same  reason,  it  also  lies  in  the  line  ce.  And  consequently 
it  is  in  their  common  point  of  intersection  G. 

229.  Coi'oL  The  distance  of  the  point  G,  is  kO  =  -|A0y 
and  CG  =  -|CE  :  or  AG  =  2gd,  and  CG  =  2ge. 

For,  draw  bf  parallel  to  ad,  and  produce  ce  to  meet 
it  in  F.  Th^n  the  triangles  aEG,  Bef  are  similar,  and  also 
equal,  because  ae  =  be;  consequently  AG  =  bf.  But 
the  triangles  CT)G,  cbf  are  also  equiangular,  and  CB  being' 
=  2cD,  therefore  bf  =  2gd.  But  bf  is  also  =  AG ; 
consequently  ag  =  2gd  or  f  ad.  In  like  manner, 
CG  =:  2ge  or  -|CE. 

proposition 
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PROPOSITION    XLIV, 

230.  To  find  the  Centre  of  Gravity  of  a  Trapezium, 

Divide  the  trape^Jum  abcd  into 
two  triangles,  by  the  diagonal  bd,  and 
iind  E,  F  the  centres  of  gravity  of  these 
two  triangles;  then  shjill  the  centre  of 
gravity  of  the  trapezium  lie  in  the  Hne 
EF  connecting  them.  And  therefore 
if  EF  be  divided,  in  G,  in  the  alternate 
ratio  of  the  two  triangles,  namely, 
EG  ;  GF  r  .*  triangle  bcd  :  triangle  abd,  then  G  will  be  the 
centre  of  gravity  of  the  trapezium^ 

231.  Or,  having  found  the  two  points  E,  f,  if  the  trape- 
zium be  divided  into  two  other  triangles  bac,  dac,  by  the 
other  diagonal  ac,  and  the  centres  of  gravity  h  and  i  of 
these  two  triangles  be  also  found  5 .  then  the  centre  of  gravity 
of  the  trapezium  will  also  lie  in  the  line  hi. 

So  that,  lying  in  both  the  lines,  ef,  hi,  it  must  necessarily 
lie  in  their  intersection  G. 

232.  And  thus  we  are  to  proceed  for  a  figure  of  any 
greater  number  of  sides,  finding  the  centres  of  their  com- 
ponent triangles  and  trapeziums,  and  then  finding  the  com- 
mon centre  of  every  two  of  these,  till  they  be  all  reduced 
into  one  only. 

Of  the  use  of  the  place  of  the  centre  of  gravity,  and  the 
nature  of  forces,  the  following  practical  problems  are  added, 
to  find  the  force  of  a  bank  of  earth  pressing  against  a  wall, 
and  the  force  of  the  wall  to  support  it ;  also  the  push  of  an 
arch,  with  the  thickness  of  the  piers  necessary  to  support  it. 


PROPOSITION    XLV, 

233.  To  determine  the  Force  with  ivhich  a  Bank  of  Earthy  or 
such  likcy  presses  against  a  IVally  and  the  Dimensions  of  the 
Tf^all  ?2ecessary  to  support  it. 

Let  acde  be  a  vertical  section  of  a 
bank  of  earth,  and  suppose  that,  if  It 
were  not  supported,  a  triangular  part  of 
it,  as  ABE,  would  slide  down,  leaving 
it  at  what  is  called  the  natural  slope  be; 
but  that,  by  means  of  a  wall  aefg,  it 
is  supported,  and  kept  in  its  plac^. — It 
is  required  to  find  the  force  of  a  be, 
and  the  dimensions  of  the  wall  aefg.  / 

Let 
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.  Let  H  be  the  centre  of  gravity  of  the  triangle  ABE, 
from  which  draw  hi  perpendicular  to  the  horizontal  line 
AB,  HK  to  the  upright  face  of  the  wall  ae,  and  hl  to  the 
slope  face  of  the  earth  be.  Nbw  the  centre  of  gravity  H 
may  be  accounted  the  place  of  the  triangle  abe,  or  the 
point  into  which  it  is  all  collected ;  and  it  is  sustained  by 
three  forces,  namely,  its  weight  acting  in  the  direction  ih, 
the  resistance  of  the  plane  be  in  the  direction  lh,  and  the 
resistance  of  the  plane  ae  in  the  direction  kh  ;  and  these 
three  forces,  sustaining  the  body  in  equilibrio,  are  as  the  three 
lines  perpendicular  to  their  directions,  namely,  as  the  three 
lines  AB,  BE,  AE ;  therefore  the  weight  of  the  body  abe, 
is  to  its  pressure  against  k,  as  ab  is  to  ae.  But  -^ae  .  ab 
is  the,  area  of  the  triangle  abe  j  and  if  m  be  the  specific 
gravity  of  the  earth,  then  ^ae  .  ab  .  /«  is  as  its  weight. 
Therefore,  as  ab  ;  ae  !  I  ^ae  »  ab  .  m  '  -^ae^  .  w,  the 
force  or  pressure  against  K  !  which  therefore  is  proportional 
to  the  square  of  the  altitude  ae,  whatever  be  the  breadth 
ab,  or  the  angle  of  the  slope  aeb.  And  the  effect  of  this 
pressure  to  overturn  the  wall,  is  also  as  the  length  of  the 
lever  ke  or  -Jae  :  consequently  its  effect  is  4ae~  .  m  .  -jAE, 
or  -jAE^  .  m.  Which  must  be  balanced  by  the  counter  re- 
sistance of  the  wall,  in  order  that  it  may  at  least  be  sup- 
ported. 

Now,  if  M  be  the  centre  of  gravity  of  the  wall,  into 
which  its  whole  matter  may  be  supposed  to  be  collected,  and 
acting  in  the  direction  mnw,  its  effect  will  be  the  same  as 
if  a  weight  w  were  suspended  from  the  point  N  of  the 
lever  fn.  Hence,  if  a  be  put  for  the  area  of  the  wall 
AEFG,  and  fi  its  specific  gravity;  then  A  .  n  will  be  equal 
to  the  weight  w,  and  a  .  /z  .  FN  its  effect  on  the  lever  to 
prevent  it  from  turning  about  the  point  f.  And  as  this 
effort  must  be  equal  to  that  of  the  triangle  of  earth,  that  it 
may  just  support  it,  which  was  before  found  equal  to 
^AE^  .  m;  therefore  a  .  ;;  .  FN  =  -jAE^  .  ?;/,  in  case  of  an 
equilibrium. 

234.  But  now,  both  the  breadth  of  the  wall  fe,  and  the 
lever  fn,  or  place  of  the  centre  of  gravity  m,  will  depend 
on  the  figure  of  the  wall.  If  the  wall  be  rectangular, 
or  as  broad  at  top  as  bottom ;  then  fn  ==  iFE,  and  the 
area  A  =  ae  .  FE ;  consequently  the  effort  of  the  wall 
A  ,  n  f  FN  is  =;:  4-FE"  .  AE  .  ;/  J  which  must  be  =  -J-ae^  .  ;«, 
the  effort  of  the  earth.     And  the  resolution  of  this  equation 

gires  the  breadth  of  the  wall  f£  =  ae  v^  •:;^-    So  that  the 

breadth 


I 
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breadth  of  the  wall  is  always  proportional  to  Its  height,  and 
is  always  the  same  at  the  same  height,  whatever  the  slope 
may  be.  But  the  breadth  must  be  made  a  little  more  than 
the  above  value  of  it,  that  it  may  be  more  than  a  bare  ba- 
lance to  the  earth. 

235.  If  the  wall  te  of  brick,  its  specific  gravity  is  about 
2000,   and  that  of  earth  about  1984';   namely,  m  to  ?i  as 

1984.  to  2000:  then  ^-^  =  -813  =  4|- very  nearly ;  and 

hence  fe  =  ^-J  ^^*  That  is,  whenever  a  brick  rectangular 
wall  is  made  to  support  earth,  its  thickness  must  be  at  least 
41-  of  its  height.     But  if  the  wall  be  of  stone,  whose  specific 

gravity  is  about  2520^  then  -y/—  =  •7246-  =  tt  nearly:  that 

is,  when  the  rectangular  wall  is  of  stone,  the  breadth  must 
be  at  least  ^-V  of  its  height. 

2S6.  But  if  the  figure  of  the  wall 
be  a  triangle,  the  outer  side  tapering 
to  a  point  at  top.  Then  the  lever 
FN  =:  ^FE,  and  the  area  A  = 
4fe  .   AE  ;   consequently   its   effort 

A  .  «  .  FN  is  =  yFE"^  .  AE  .  //  ;    which 

being  put  =  -i-AE^  .  m,  the  equation 

eives  fe  =  ae a/— for  the  breadth 

of  the  wall  at  the  bottom  for  an  equilibrium  in  this  case 
also.  Where  again  fe  is  as  AE,  and  indeed  equal  to  it 
•yvhen  the  two  specific  gravities  are  equal ;  which  is  nearly 
the  case  when  this  wall  is  of  brick.     But  when  it  is  of  stone ; 


then  y/—  =  -8873  =  |.  nearly:  that  is,  the  triangular  stone 

wall  must  have  its   thickness  at  bottom  equal  to  |-  of  its 
height. 

And  in  like  manner,  for  other  figures  of  the  wall. 


PROPOSITION    XLVI. 

237.  To  determine  the  Thichiess  of  a  Fiery  necessary  to  support  a 
Given  Arch, 

Let  a  BCD  be  half  the  arch,  and  defg  the  pier.     As  the 

one 
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one  half  arch  bears  against 
the  other,  in  the  whole 
length  of  the  line  BC,  and 
against  the  pier  in  the 
whole  length  of  the  line 
AD,  there  may  be  several 
ways  of  computing  the  ba- 
lance between  the  arch 
and  the  pier.  On  the  pre- 
sent occasion  we  shall  adopt 

the  following  one,  after  the  manner  of  the  foregoing  prop, 
and  which,  probably,  may  be  nearly  accurate.  Take  k  the 
centre  of  gravity  of  the  arch  abcd,  from  which  draw  kn 
perp.  to  AD,  and  join  ak.  Then  the  pressure  of  the  arch  in 
the  directions  kn  and  na,  will  be  as  those  two  lines  respec- 
tively.    And  the  former  acting  by  the  length  of  lever  gn, 

and  the  latter  by  the  lever  fg  ;   therefore  —  x  on  x   a 

^  ■  AN 

will  denote  the  effect  of  the  push  of  the  arch  to  overturn  the 
pier,  and  fg  x^  the  effect  to  prevent  the  same ;  using  a  to 
denote  the  area  of  the  arch  abcd,  which  is  proportional  to 

.    .  r>  1       1        3-fl:-  KN  ,  GN  —  AN  .  FG 

Its  weight.     Consequently  the  diiierence 

X  ^  is  the  remaining  or  restilting  effect  to  overturn  the  pier, 
arising  from  the  action  of  the  arch. 

Again,  the  area  or  weight  of  the  pier,  is  as  ef  X  FG  j 
theref.  ef  x  fg  X  -s-fg,  or  -^sf  .  fg'^  is  its  e^ct  on  the 
lever  4:FG,  to  resist  the  piej-'s  being  overturned. 

But  that  the  pier  and  arch  may  be  in  equllibrlo, 
these  two   effects   must   be   equal  j   that   is,   4ef  .  fg"  = 

KN  .  GN   —   AN  .  FG  .  ...  .  .        , 

X  ^  m  which  equation  fg  is  the  un- 
known quantity,  or  the  thickness  of  the  pier  required  to  be 
found.  By  resolving  this  quadratic  equation,  gives  the 
thickness,   or   fg   =  aJ p-^  "I"  ?  ~  ^^   which   is   nearly   = 


p  =-^.  and  q 


where   the   values   of  p   and   q   are   thus,   viz, 


EF 


2kn  .  GN 

'an  .'EF 


Example  1.  Suppose  the  arc  abm  to  be  a  semicircle;  and 
that  DC  or  AO  or  ob  =  45,  bc  =  6,  and  ga  =  18  feet.  Then 
an  being  =  40,  and  kn  =  15  nearly,  and  ef  =  69 ;  also 
the  area  abcd  or  «  =  7044.     These  give  p  =  lO-f,  and 
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q  =  444t-'o.     Theref.  fg  =  -//  +  q—  p  =  ISj  nearly, 
which  is  the  thickness  of  the  pier  required. 

Exafnple  2.  Suppose  the  arch  ABM  to  be  a  stgment ;  having 
the  chord  am  =  100,  ob  =  414,  bc  =  6\,  and  AG  =  10. 
Then  ef  =  58,  an  =  411,  kn  =  15  nearly,  and  abcd  or 
a  =  842.  These  give  p  =  14-^,  and  q  =  540 j.  Theref. 
FG  =  ^p-  -{-  q  —  p  =  13  nearly,  the  thicknes  of  the  pier 
in  this  case. 


O:^  THE  CENTRES  of  PERCUSSION,  OSCILLATION, 
AND  GYRATION. 

238.  THE  Centre  of  Percussion  of  a  body,^  or  a  sy- 
stem of  bodies,  revolving  about  a  point,  or  axis,  is  that  point, 
which  striking  an  immoveable  object,  the  whole  mass  shall 
not  incline  to  either  side,  but  rest  as  it  were  in  equilibrjo, 
without  acting  on  the  centre  of  suspension. 

239.  The  Centre  of  Oscillation  is  that  point,  in  a  body  vi- 
brating by  its  gravity,  in  which  if  any  body  be  placed,  or  if 
the  whole  mass  be  collected,  it  will  perform  its  vibrations  in 
the  same  time,  and  with  the  same  angular  velocity,  as  the 
whole  body,  about  the  same  point  or  axis  of  suspension. 

240  The  Centre  of  Gyration,  is  that  point,  in  which  if 
the  whole  mass  be  collected,  the  same  angular  velocity  will 
be  generated  in  the  same  time,  by  a  given  force  acting  at 
any  place,  as  in  the  body  or  system  itself. 

241.  The  angular  motion  of  a  body,  or  system  of  bodies, 
is  the  motion  of  a  line  connecting  any  point  and  the  centre 
or  axis  of  motion ;  and  is  the  same  in  all  parts  of  the  same 
revolving  body.  And  in  different,  unconnected  bodies,  each, 
revolving  about  a  centre,  the  angular  velocity  is  as  the  abso- 
lute velocity  directly,  and  distance  from  the  centre  inverse- 
ly ;  so  that,  if  their  absolute  velocities  be  as  their  radii  or 
distances,  th,e  angular  velocities  will  be  ec[ual. 
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PROPOSITION    XLVn. 

242.  To  find  the  Centre  of  Percussion  of  a  Body^  or  System  of 

Bodies. 


Let  the  body  revolve  about  an  axis 
passing  through  any  point  s  in  the  line 
SGO,  passing  through  the  centres  of  gra- 
vity and  percussion,  G  and  o.  Let  mn 
be  the  section  of  the  body,  or  the  plane 
in  which  the  axis  sco  moves.  And 
conceive  all  tI-3  particles  of  the  body  to 
be  reduced  to  this  plane,  by  perpendi- 
culars let  fall  from  them  to  the  plane  ;  a 
supposition  which  will  not  affect  the 
centres  G,  o,  nor  the  angular  motion  of 
the  body. 

Let  A  be '  the  place  of  one  of  the  particles,  so  reduced ; 
join  SA,  and  draw  A?  perpendicular  to  as,  and  Aa  per- 
pendicular to  SCO  :  then  ap  will  be  the  direction  of  a's 
motion,  as  it  revolves  about  s ;  and  the  whole  mass  being 
stopped  at  o,  the  body  A  will  urge  the  point  p  forward,  with 
a  force  proportional  to  its  quantity  of  matter  and  velocity, 
or  to  its  matter  and  distance  from  the  point  of  suspension  s  ; 
that  is,  as  A  .  SA  *,  and  the  efficacy  of  this  force  in  a  direc- 
tion perpendicular  to  so,  at  the  point  ?,  is  as  A  .  sa,  by- 
similar  triangles  *,  also,  the  effect  of  this  force  on  the  lever, 
to  turn  it  about  o,  being  as  the  length  of  the  lever,  is  as 

A  .  sa  .  po  =r  A  .  sa  .  so  —  sp  ==  A  .  sa  .  so  —  A  .  sa  .  sp 
?=  A  .  sa  .  so  —  A  .  SA-^.  In  like  manner,  the  forces  of  b 
and  c,  to  turn  the  system  about  o,  are  as 

B  .  sb  .  so  —  B  .SB'',  and 

c  .  sc  .  so  —  c  .  sc",  &c. 

But,  since  the  forces  on  the  contrary  sides  of  o  destroy 
one  another,  by  the  definition  of  this  force,  the  sum  of  the 
positive  parts  of  these  quantities  must  be  equal  to  the  sum  of 
the  negative  parts, 

that  is,  A  .  sa  .  so  +  B  .  sb  .  so  +  c  .  sc  .  so  &c  ==     - 
A  .  sa'^  -f-  B  .  SB^  -}-  c  .  sc"^  &c ;  and 

A  .  SA.'-^  +   B  .  SB-  +   C  .  SC-  &C 

hence  so  = ; — ; , 

A  .  sa  4-  B  •  sb  4-  c  .  sc  &c. 

which  is  the  distar.ce  of  the  centre  of  percussion  below  the 

axis  of  motion. 

And 
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And  here  it  must  be  observed  that,  if  any  of  the  points 
a,  b,  &c,  fall  on  the  contrary  side  of  s,  the  corresponding 
product  A  .  sa,  or  B  .  sb,  &c,  must  be  niade  negative. 

243.  Corol.  1.  Since,  by  cor.  3,  pr.  40,  A  -f  b  +  c  &c, 

or  the  body  b  X  the  distance  of  the  centre  of  gravity,  sg, 

is  =  A  .  sa  +  B  .  sb  -f  c  .  sc  &c,  which  is  the  denominator 

of  the  value  of  so  j  therefore  the  distance  of  the  centre'of 

A  .  sa'^  -h  b  .  sb'^  -f-  c  •  sc'^  &c 

percussion,  is  so  = r— ] — -. . 

^  '  SG  X  body  b 

244.  CorcL  2.  Since,  by  Geometry,  theor.  36,  37, 
it  is  sa'-^  =  sg'-  -f  Gk^  —  2sG  .  Ga, 

and  sb'^  =  sg^  +  gb'^  -}-  2sg  .  cb, 
and  sc'^  =  sg'^  -f  GC^-j-  2sG  .  Gc,  &c; 
and,  by  cor.  5,  pr,  40,  the  sum  of  the  last  terms  is  nothing, 
namely,  —  2sg  .  Ga  +  2sg  .  cb  +  2sg  .  gc  &c   =  0; 
therefore  the  sum  of  the  others,  or  A  .  sa'  +  B  .  sb'  &c 

is     =  A  -{-  B  &C  .  SG'"^  +   A  .  GA'^  -f  B  .  Gb''  -j-   C  .  GC^  3:C, 

gr  ;=  b  .  sg'  -{-  A  .  c.\^  +  B  .  gb'  +  c  .  Gc'^  &c ; 

which  being  substituted  in  the  numerator  of  the  foregoing 
value  of  so,  gives 

b  .  SG^  -f   A  .  GA^  4-  B  .  GB^  -h  &:C 

so  =  


cr  so  =  sG  -f- 


^.SG 
A  .  Ga'-^  -f  B  .  GB"  -f  C  .  GC^  &C 

^  .  SG 


245.  Coi'oL  3.  Hence  the  distance  of  the  centre  of  per- 
cussion always  exceeds  the  distance  of  the  centre  of  gravity, 

,     ,  ,       ,  A  .  GA'^  +  B  .  Gb'-  &C 

and  the  excess  is  always  go  = ' r . 

^      ,    ,  ,  A  .  GA-  4-  B  ,  Gb"  SkC 

246.  And  hence  also,  sG  .  go  = 7 — r--^ — : ; 

the  body  b 

that  is,  SG  .  go  is  always  the  same  constant  quantity, 
wherever  the  point  of  suspension  s  is  placed ;  since  the  point 
G  and  the  bodies  A,  b,  &c,  are  constant.  Or  go  is  always 
reciprocally  as  sg,  that  is,  go  is  less,  as  sG  is  greater ;  and 
consequently  the  point  rises  upwards  and  approaches  towards 
the  point  G,  as  the  point  s  is  removed  to  the  greater  di- 
stance ;  and  they  coincide  when  sg  is  infinite.  But  when  s 
coincides  with  G,  then  go  is  infinite,  or  0  is  at  an  iniinite 
distance. 


PROPOSITION 
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PROPOSITION    XLVIII. 

247.  If  a  Body  a,  at  the  Distance  SA  from  an  axis  passing 
through  s,  be  made  to  revolve  about  that  axis  by  any  Force  act'wg 
at  P  in  the  Line  SP,  Perpendicular  to  the  Axis  of  Alotion  :  It 
h  required  to  determine  the  Quantity  or  Matter  of  another  Body 
Q,  which  being  placed  at  P,  the  Point  "where  the  Force  actSy  it 
shall  be  accelerated  in  the  Sarne  Mannerf  as  luhen  A  revolved  at 
the  Distance  5  A  ;  and  consequently^  that  ibe  Angular  Velocity  of 
A  and  Q  about  s,  may  be  the  Same  in  Both  Cases* 


By  thp  nature  of  the  lever,  sa  :  sp  '.*.  f '. 

./,  the  effect  of  the  force  y^  acting  at  P, 


A 


1? 


SP 

SA 

on  the  body  at  A ;  that  Is,  the  forceyacting  at  p, 
"will  have  the  same  effect  on  the  body  A,  as  the 

cp 

force  — f  acting  directly  at  the  point  A.  But 

SA 

as  ASP  revolves  altogether  about  the  axis  at 
s,  the  absokite  velocities  of  the  points  A  and  s,  or  of  the 
I^gdies  a  and  q,  will  he  as  the  radii  sa,  sp,  of  the  circles 
described  by  them.   Here  then  we  have  two  bodies  'A  and  q, 

SP 

which  being  urged  directly  by  the  forces^^and  ^f  acquire 

S  A 

velocities  which  are  as  SP  and  sA,     But  the  motive  forces  of ^ 
bodies  are  as  their  mass  and  velocity  :  therefore     -       -       ^ 

o 
SP  SA" 

—  f :  f  :i  A  ,  SA  :  Q .  sp,  and  sp"^ :  sa^  : :  a  :  q  =  — t,  Ay 
SA-^    -^  sp-    ' 

whick  therefore  expresses  the  mass  of  matter  which,  being 
placed  at  p,  would  receive  the  same  angular  motion  from  the 
action  of  any  force  at  p,  as  the  body  A  receives.  So  that  the 
resistance  of  any  body  A,  to  a  force  acting  at  any  point  p,  is 
directly  as  the  square  of  its  distance  sa  from  the  axis  of  mo- 
tion, and  reciprocally  as  the  square  of  the  distance  sp  of  the 
point  where  the  force  acts. 

248.  Ccrol.  1.  Hence  the  force  which  accelerates  the  point 

/   .  SP" 

r,  is  to  the  force  cf  c^ravitv,  as 77  to  1,  or  as  /.  sp'*^ 

to  A  .  S^^ 

^49.  Ccrol.  2.  If  any  number  of  bodies 
A,  B,  c,  be  put  in  motion,  about  a  fixed 
axis  passing  through  s,  by  a  force  act- 
ing at  P  ;  the  point  p  will  be  accele- 
rated iQ  the  same  manner,  and  conse- 
quently the  whole  system  will  have  the 
(  same 
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same  angular  velocity,  if  Instead  of  the  bodies  -A,  B,  c,  placed 
at  the  distances  sa,  sb,  sc,  there  be  substituted  the  bodies 

— ttA,    — B,    — 7,t ;  these  being  collected  into  the  point  p.  .  And 
SP^        SP'        sp^  ^     ^  ^ 

hence,  the  moving  force  being  /,  and  the  matter  moved  being; 


A  .  SA'^  +  B  .  SB"  +  C  .  SC- 


j  theref. 


/.  sp'^ 


SP-  '  A  .  SA-  4-  B  .  SB'^  4-  C  -  SC^ 

is  the  accelerating  force;  which  therefore  is  to  the  accele- 
rating force  of  gravity,  as/,  sp'^  to  A  .  sa'^  -j-  r  .  sb'"*  4- 

250.  CoroL  3.  The  angular  velocity  of  the  whole  system 

/.  SP 

of  bodies,  is  as „    .     •;r~, "'•     ^or  the  abso- 

A  .  SA     +  B  .  SB'^  4-  C  .  so- 
lute velocity  of  the  point  p,  is  as  the  accelerating  force,  or 
directly  as  the   motive  force  f,   and  inversely  as  the  mass 

A  •  SA*'  &C 

' TT-^  :  but  the  angular  velocity  Is  as  the  absolute  velo- 
city directly,  and  the  radius  sp  inversely ;  therefore  the  an- 
gular velocity  of  p,  or  of  the  whole  system,  which  is  the  sauie 

1  •  '  /  •   SB 

thmor,  IS  as :T~r-^ •jr-, ^* 

^  .       A  .  SA-  4-  B  «  SB^  4-  C  .  SC- 


PROPOSITION  XLIX. 

251.  To  dctertnine  the  Centre  of  Oscillatio7i  of  any  Compound  Ala:: 
or  Body  MN,  or  of  any  System  of  Bodies  A,  B,  C,  \^c. . 

LfiT  MN  be  the  plane  of  vibration,  to  which  let  all  tho- 
matter  be  reduced,  by  letting  fall  perpendiculars  from  every 
particle,  to  this  plane.  Let 
G  be  the  centre  of  gravity, 
and  o  the  centre  of  oscilla- 
tion, ;  through  the  axis  s 
draw  sGo,  and  the  hori- 
zontal line  s^';  then  from 
every  particle  a,^  b,  c,  &c, 
let  fall  perpendiculars  A^, 
A/>,  B^,  E^r,  cc,  cr,  ro  these 
two  lines ;  and  join  SA,  S3, 
sc  J .  also,  draw  onij  on, 
perpendicular  to  s^.  Now 
the  forces  of  the  weights 
A,  B,  c,  to  turn  the  body 
about  the  axis,  are  A  .  s/>, 
B  .  s^,  ~  c  .  sr;  therefore,  by  cor.  3,  prop.  48,  the  angular 

motion 
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motion  ^renerated  by  all  these  forces  is :: rr- -, 7;'* 

^  A.  SA"-}-  B  .  SB    H-  C.  SC^ 

Also,  the  angular  veloc.  of  any  particle  /,  placed  in  o,  gene- 

,                    ,      .          .  1      .     ^  •  s;;         s;z             sw 
rates  in  the  system,  by  its  weight,  is rr  or  — -;,  or •, 

^  *     ^  ^      '       p,SO^         so-'         SG  .  SO 

because    of   the    similar    triangles    sow,    so;/.       But,    by 

the  problem,   the  vibrations   are   performed   alike  in  both 

cases,  and  therefore  these  two  expressions  must  be  equal  to 

sm               A  .  sp  -^  B  .  sg  ~  c  .  sr 
each  other,  that  is =  7— ~~, r, ; 

SG   .   so  A  .  SA^  +  B  .  SB--  4-  C  .  SC^  ' 

S?n  A  .  SA*^  +  B  .  SB'^  -f  C  .  SG^ 

and  hence  so  =  —    x   ; — . 

SG  A  .  Sp  -f-  B  .  Sq  ~  C  .  Sr 

But,  by  con  2,  pr.  4-1,  the  sum  A  .  s/>  -j-  B  .  s^  —  C  .  sr  = 
( A  H-  B  -f  c)  .  sm ;  therefore  the  distance  so  —      -      -      - 

A  .  SA'^  +  B  .  SB''  +   C  .  SC"^  a  .  SA'^  -{-   B   .   SB"  -f    C  .  sc" 

SG  .  (a  -f-   B  -f   C)  ~        A  .  S«  -|-   B  .  S(^  -r   C  .  Sr 

by  prop.  42,  which  is  the  distance  of  the  centre  of  oscillation 
o,  below  the  axis  of  suspension ;  where  any  of  the  products 
A  .  s^,  B  .  s^,  must  be  negative,  when  a,  b^  Sccj  lie  on 
the  other  side  of  s.  So  that  this  is  the  same  expression  as 
that  for  the  distance  of  the  centre  of  percussion,  found  in 
prop.  47. 

Hence  it  appears,  that  the  centres  of  percussion  and  of 
oscillation,  are  in  the  very  same  point.  And  therefore  the 
properties  in  all  the  corollaries  there  found  for  the  former, 
are  to  be  here  understood  of  the  latter. 

252.  Corol,  1 .  If  ^  be  any  particle  of  a  body  ^,  and  d  its 
distance  from  the  axis  of  motion  s  j  also  g,  o  Vie  centres  of 

/gravity  and  oscillation.     Then  the  distance  of  the  centre  o£ 
oscillation  of  the  body,  from  the  axis  of  motion,  is     -     -     - 
sum  of  all  the  pd^ 

so  — -, — r — 7—r- 

SG  X  the  body  b 

253.  Corel.  2.  If  b  denote  the  matter  in  any  compound 
body,  whose  centres  of  gravity  and  oscillation  are  G  and  o  , 
the  body  p,  which  being  placed  at  p,  where  the  force  acts  as 
in  the  last  proposition,  and  which  receives  the  same  motion 

from  that  force  as  the  compound  body  ^,  is  p  =  '— —  .  b. 

For,  by  corol.  2,  prop.  47,  this  body  p  is  =     - 

A   .  SA'^  -\-    B   .   SB-  4-    C   .  SC'^        r»  u  ^     i 

"   ■  ,^ .     But,  by  corol.  1,  prop.  46, 

SG  .  so  ,  ^  =r  A  .  SA*  +  B  •  sb'  -f-  c  .  sc'  *,    therefore 
sG  i  so     , 

F  =   ' 7—  .  b, 

SCHOLIUM, 


CENTRE -OF  GYRATION. 


3n 


SCHOLIUM. 

254-.  By  the  method  of  Fluxions,  the  centre  of  oscillation, 
fbr  a  regular  body,  will  be  found  from  cor.  1.  But  for  an 
irregular  one ;  suspend  it  at  the  given  point ;  and  hang  up 
also  a  simple  pendulum  of  such  a  length,  that,  making  them 
both  vibrate,  they  may  keep  time  together.  Then  the  length 
of  the  simple  pendulum,  is  equal  to  the  distance  of  the  centre 
of  oscillation  of  the  body,  below  the  point  of  suspension. 

235*  Or  it  will  be  still  better  found  thus :  Suspend  the 
body  very  freely  by  the  given  point,  and  make  it  vibrate  in 
small  arcs,  counting  tl\e  number  of  vibrations  it  makes  in 
any  time,  as  a  minute,  by  a  good  stop  watch  ;  and  let  that 
number  of  vibrations  made  in  a  minute  be  called  ;; :  Then 

shall  the  distance  of  the  centre  of  oscillation,  be  so  = 

?m 

inches.     For,  the  length  of  the  pendulum  vibrating  seconds, 

or  60  times  in  a  minute,  being  39-^  inches  ;  and  the  lengths 

of  pendulums  being  reciprocally  as  the  square  of  the  number 

of  vibrations  made  in  the  same  time  ;  therefore,     ~     -     - 

60'-  X   394-          140850     ,      ,         ,      .    , 
«-  :  60-  : :  394-  : =  — ,  the  length  of  the 

pendulum  which  vibrates  n  times  In  a  minute,  or  the  distance 
of  the  centre  of  oscillation  below  the  axis  of  motion. 

256.  The  foregoing  determination  of  the  point,  into  which 
all  the  matter  of  a  body  being  collected,  it  shall  oscillate  in 
the  same  manner  as  before,  only  respects  the  case  in  which 
the  body  Is  put  in  motion  by  the  gravity  of  its  own  particles, 
and  the  point  is  the  centre  of  oscillation:  but  when  the  body 
is  put  in  motion  by  some  other  extraneous  force,  instead  of 
its  gravity,  then  the  point  is  different  from  the  former,  and 
i^  called  the  Centre  of  Gyration ;  which  is  determined  in  the 
following  manner: 

PROPOSITION  L. 

257.  To  determine  the  Centre  0"  Gjration  cf  a  Csmpound  ^ody  or 

of  a  System  of  Bodies. 

Let  r  be  the  centre  of  gyration,  or 
the  point  into  which  all  the  particles  a, 
B,  c,  &c,  being  collected,  it  shall  receive 
the  same  angular  motion  from  a  force  f 
acting  at  p,  as  the  whole  system  re- 
ceives. 

Now,  by  cor.  3,  pr,  47,  the  angular 
velocity  generated  in  the  system  by  the 

force  /,  IS  as ::; TTT"  >  and 

•^  A  .  SA"  i-  B  .  SB'' iicc 
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by  the  same,  the  angular  velocity  of  the  system  placed  m  R, 
/.  SP 

IS 1 ■ -— ;   then,  by  maklncj  these  two  ex- 

(A  -f-  B  +  c  &c)  .  SR^  '     ''  ^ 

pressions  equal  to  each  other,  the  equation  gives     -       -      - 

A  .  Sa''*  -f-  B  .  SB'^  4-   C  .  SC'-'     -         ,        ,. 

SR  =  a/ — ; ; ^  for  the  distance  of  the 

^  A  +  B  +  c 

centre  of  gyration  below  the  axis  of  motion. 

258.  CoroL  1.  Because  A  .  sa"  -|-  B  .  sb'  &c  =  sg  .  so  .  ^, 
where  G  is  the  centre  of  gravity,  o  the  centre  of  oscillation, 
and  ^  the  body  a  +  b  -f  c  &c  ;  therefore  sr-  =  sg  .  so ; 
that  is,  the  distance  of  the  centre  of  gyration,  is  a  mean  pro- 
portional between  those  of  gravity  and  oscillation. 

259.  CoroL  2.  l£p  denote  any  particle  of  a  body  ^,  at  d  di- 

^         ,         .      ^        .          -         -  o       sum  of  all  the />^/^ 
stance  from  the  axis  of  motion  ;  then  sr-  = r-""] — r~ — ' 


bodv  /} 
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260.  •  To  determine  the  Velocity  'with  ivhich  a  Ball  fnoves,  which 
being  shot  against  a  Ballistic  FenSulumy  causes  it  to  vibrate 
through  a  given  Angle. 

The  Ballistic  Pendulum  is  a  he:i\7'  block        „^^ 
of  wood  MN,  suspended  vertically  by  a  strong 
horizontally  iron  axis  at  s,  to  which  it  is 
connect(?d  by  a  firm  iron  stem.     This  pro- 
blem is  the  application  of  the  last  proposi- 
tion, or  of  prop.  47,  and  was  invented  by  the  p^T'^-a-r^'^ 
very  ingenious  Mr.  Robins,   to  determine         ^  ' 
the  initial  velocities  of  military  projectiles ;         ^,              I 
a  circumstance  very  useful  in  that  science ;  .          [    ,   I      ' 
snd  it  is  the  best  metliod  yet  known  for 
determining  them  with  any  degree  of  accuracy. 

Let  G,  R,  o  be  the  centres  of  gravity,  g}'ration,  and  oscil- 
lation, as  determined  by  the  foregoing  propositions;  and  let 
p  be  the  point  where  the  ball  strikes  the  face  of  the  pendu- 
lum ;  the  momentum  of  v,diich,  or  the  product  of  its  weight 
and  velocity,  is  expressed  by  the  force  f,  acting  at  p,  in  the 
forpgoing  propositions.     Now, 

Put  p  =  the  whole  v/eight  of  the  pendulum, 
b  =  the  weight  of  the  ball, 
^  =  SG  the  dist.  of  the  centre  of  gravity, 
0  =  so  the  dist.  of  the  centre  of  oscillation, 
r  =  SR  =  ^go  the  dist.  of  the  centre  of  gyration, 
i  =  sp  the  distance  of  the  point  of  impact, 

V  =  the 
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^>  =  the  velocity  of  the  ball, 

u  =  the  velocity  of  the  point  of  impact  p, 

c  =  chord  of  the  arc  described  by  tLe  jJoint  o. 

By  prop.  49,  if  the  mass  p  be  placed  all  at  R,  the  pen- 
dulum will  receive  the  same  motion  from  the  blow  in  the 

5  o  .    SR"  X  go 

pomt  p  :  and  as  sp^  .*  SR"  \.  p  \   — ^  .  />  or  -:^/>   or   —p^ 

(prop.  47),  the  ntass  which  being  placed  at  p,  the  pendulum 
will  still  receive  the  same  motion  as  before.     Here  then  are 

two  quantities  of  matter,  namely,  b  and-rr/,    the    former 

moving  with  the  velocity  ^»,  and  striking  the  latter  at  rest ;  to 

determine  their  common  velocity  u,  with  which  they  will 

jointly  proceed  forward  together  after  the  stroke.     In  which 

case,  by  the  law  of  the  impact  of  non-elastic  bodies,  we  have 

pp  11/-  ^'^'  "I"  ^ot 

~p  +  b  :  b  ::  V  :  Uy  and  therefore  v  =  - — , ..      -u    the 

K  VIZ 

velocity  of  the  ball  in  terms  of  u^  the  velocity  of  the  point  p, 
iand  the  known  dimensions  and  weights  of  the  bodies. 

But  now  to  determine  the  value  of  u,  we  must  have  re- 
course to  the  angle  through  which  the  pendulum  vibrates  ; 
for  when  the  pendulum  descends  down  again  to  the  vertical 
position,  it  will  have  acquired  the  same  velocity  with  which 
it  began  to  ascend,  and,  by  the  laws  of  falling  bodies,  the 
velocity  of  the  centre  of  oscillation  is  such,  as  a  heavy  bodv 
would  acquire  by  freely  falling  through  the  versed  sine  of  the 
arc  described  by  the.  same  centre  o.  But  the  chord  of  that 
arc  is  r,  and  its  radius  is  o ,-  and,  by  the  nature  of  the  circle, 
the  chord  is  a  mean  proportional  between  the  versed  sine  and 

cc 
diameter,  therefore  2o  I  c  y,  c  l  ~~y  the  versed  sine  of  the 

arc  described  by  o.     Then,  by  the  laws  of  falling  bodies, 

V^^-rs  *  a/^  .*  r  32|-  :  c^/ — ,  the  velocity  acquired  by  the 

point  o  in  descending  through  the  arc  whose  chord  is  c, 

where  a  =  16-j?^feet :  and  therefore  o  I  i  ',:  c  ^—  .*  —  v/  — , 

0  0  0 

which  is  the  velocity  «,  of  the  point  p. 

Then,  by  substituting  this  value  for  u,  the  velocity  of  the 

bii  -\-  gop  2a 

ball,  before  found,  becomes  v  = 7: x  c  */ — .      So 

c!iO  0 

that  the  velocity  of  the  ball  is  directly  as  the  chord  of  the 
arc  described  by  the  pendulum  in  its  vibration. 
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261.  In  the  foregoing  solution,  the  change  in  the  centre 
of  oscillation  is  omitted,  which  is  caused  by  the  ball  lodging 
in  the  point  p.  But  the  allowance  for  that  small  change, 
and  that  of  some  other  small  quantities,  may  be  seen  in  my 
Tracts,  where  all  the  circumstances  of  this  method  arc  treated 
at  full  length. 

262.  For  an  example  in  numbers  of  this  method,  suppose 
the  weights  and  dimensions  to  be  as  follow :  namely, 

p  =  5701b,        Then 
b  =:  18oz  lldr 

=  I'Unib, 
g  =  784  inc. 
0  =84|.inc.. 

=  7-065  feet 
i  =  94-f-V  inc. 
c  =  18-78  inc. 
Therefore  656-56  x  2-1337,  or  1401  feet,  is  the  velocity, 

per  second,  with  which  the  ball  moved  when  it  struck  the 

pendulum. 


^jl+gop       _  1 -13 Ix  94-3-4-784  X84|x  570 
hjo      ^^"^  1-131  x94<-iiyX  84-^. 

18-73 
X   ——  =  656-56. 


Of  HYDROSTATICS, 

96^.  Hydrostatics  is  the  science  which  treats  of  the 
pressure,  or  weight,  and  equilibrium  of  water  and  other 
liuids,  especially  those  that  are  non-elastic. 

264.  A  fluid  is  elastic,  when  it  can  be  reduced  into  a  less 
volume  by  compression,  and  whiCii  restores  itself  to  its  former 
bulk  again  when  the  pressure  is  removed;  as  air.  And  it  is 
non-elastic,  when  it  is  not  compressible  by  such  force  j  as 
water,  &c. 

PROPOSITION    LII. 

^65*  _  If  a7iy  Part  of  a  Fluid  he  raised  higher  than  the,  rest,  hy 
any  Force;  and  then  left  to  itself;  the  higher  Parts  nvill  descend 
to  the  lower  Places,  and  the  Fluid  ivill  not  resty  till  its  Surface 
he  quite  even  and  level. 

For,  the  parts  of  a  fluid  being  easily  moveable  eveiy  way, 
the  hfgher  parts  will  descend  by  their  superior  gravity,  and 
raise  the  lower  parts,  till  the  whole  come  to  rest  in  a  level  or 
horizontal  plane, 

266.  Corol, 
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966.  CoroL  1.  Hence,  water  which  com- 
municates with  other  water,  by  means  of 
a  close  canal  or  pipe,  will  stand  at  the 
same  height  in  both  places.  Like  as  water 
in  the  two  legs  of  a  syphon,     r 

267.  Corol.  2.  For  the  same  reason,  if  a 
fluid  gravitate  towards  a  centre  j  it  will  dis- 
pose itself  into  a  spherical  figure,  the  centre 
of  which  is  the  centre  of  force.     Like  as  • 
the  sea  in  respect  of  the  earth. 


PROPOSITION  LIII. 

268.  When  a  Fluid  is  at  rest  in  a  Vessely  the  Base  of  which  is 
Parallel  to  the  Horizon  ;  Equal  Parts  of  the  Base  are  Equally 
Pressed  by  the  Fluid. 

For,  on'  every  equal  part  of  the  base  there  is  an  equal 
column  of  the  fluid  supported  by  it.  And  as  all  the  columns 
are  of  equal  height,  by  the  last  proposition  they  are  of  equal 
weight,  and  therefore  they  press  the  base  equally ;  that  is, 
equal  parts  of  the  base  sustain  an  equal  pressure. 

269.  Corol.  1.  All  parts  of  the  fluid  press  equally  at  the 
same  depth. 

For,  if  a  plane  parallel  to  the  horizon  be  conceived  to  be 
drawn  at  that  depth ;  then,  the  pressure  being  the  same  in. 
any  part  of  that  plane,  by  the  proposition,  therefore  the 
parts  of  the  fluid,  instead  of  the  plane,  sustain  the  same 
pressure  at  the  same  depth. 

270.  Corol.  2.  The  pressure  of  the  fluid  at  any  depth,  is 
as  the  depth  of  the  fluid. 

For  the  pressure  is  as  the  weight,  and  the  weight  is  as  the 
height  of  the  fluid.  ^ 

271.  Corol.  3.  The  pressure  of  the  fluid  on  any  horizontal 
surface  or  plane,  is  equal  to  thft  weight  of  a  column  of  the 
fluid,  whose  base  is  equal  to  that  plane,  and  altitude  is  its 
depth  below  the  upper  surface  of  the  fluid. 
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272.  When  a  Futd  is  pressed  by  its  oivn  Weighty  or  by  aity  other 
Force  ;  at  atiy  Point  it  presses  Equally y  in  all  Directions  ivhat- 
ever.  " 

This  arises  from  the  nature  of  fluidity,  by  which  it  yields 
to  any  force  in  any  direction.  If  it  cannot  recede  jFrom  any 
force  applied,  it  will  press  against  other  parts  of  the  fluid  in 
the  direction  of  that  force.  And  the  pressure  in  all  direc- 
tions will  be  the  same :  for  if  it  were  less  in  any  part,  the 
fluid  would  move  that  way,  till  the  pressure  be  equal  every 
way. 

273.  Corel.  1.  In  a  vessel  containing  a  fluid  ;  the  pressure 
is  the  same  against  the  bottom,  as  against  the  sides,  or  even 
upwards,  at  the  same  depth. 

274-.  Corel,  2.  Hence,  and  from  A   _n 

the  last  proposition^  if  A  BCD  be  a 
vessel  of  water,  and  there  be  taken, 
in  the  base' produced,  de,  to  repre- 
sent the  pressure  at  the  bottom ; 

joining  ae,  and  drawing  any  pa-         ^ '-^ 

rallels  to  the  base,  as  fg,  hi;  then 

shall  FG  represent  the  pressure  at 

the  depth  AG,  and  hi  the  pressure  at  the  depth  Ai,  and  so 

on  J  because  the  parallels        -         fg,  hi,  ed, 

by  sim.  triangles,  are  as  the  depths  AG,  Ai,  ad  ; 

which  are  as  the  pressures,  by  the  proposition. 

And  hence  the  sum  of  all  the  fg,  hi^  &c,  or  area  of  the 
triangle  ade,  is  as  the  pressure  against  ail  the  points-  g,  i, 
&c,  that  is,  against  the  line  ad.  But  as  every  pomt  in  the 
line  CD  is  pressed  with  a  force  as  de,  and  that  thence  the 
pressure  on  the  whole  line  cd  is  as  the  rectangle  ED  .  Dc, 
while  that  against  the  side  is  9.s  the  triangle  ade  or  ^At)  .  de; 
therefore  the  pressure  on  the  horizontal  line  Dc,  is  to  th^ 
pressure  against  the  vertical  line  da,  as  dc  to  4da.  And 
hence,  if  the  vessel  be  an  upright  rectangular  one,  the  pressure 
on  the  bottom,  or  whole  weight  of  the  fluid,  is  to  the  pressure 
against  one  side,  as  the  base  is  to  half  that  side.  And  there- 
fore the  weight  of  the  fluid  is  to  the  pressure  against  all  th^ 
four  upright  sides,  as  the  base  is  to  half  the  upright  surface. 
And  the  same  holds  true  also  -in  any  upright  vessel,  whatever 
the  sides  be,  or  in  a  cylindrical  vessel.  Or,  in  the  cylinder, 
the  weight  of  the  fluid,  is  to  the  pressure  against  the  upright 
surf^ice.  as  the  radius  of  the  base  is  to  double  the  altitude. ' 

Moreover 
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Moreover,  when  the  rectangular  prism  becomes  a  cube,  it 
appears  that  the  weight  of  the  fluid  on  the  base,  is  double 
the  pressure  against  one  of  the  upright  sides,  or  half  the 
pressure  against  the  whole  upright  surface. 

275.  Corol.  3.  The  pressure  of  a  fluid  against  any  upright 
surface,  as  the  gate  of  a  sluice  or  canal,  is  equal  to  half  the 
weight  of  1  column  of  the  fluid  whose  base  is  equal  to  the 
surface  pi  essed,  and  its  altitude  the  same  as  the  altitude  of 
that  surface. 

For  the  pressure  on  a  horizontal  base  equal  to  the  upright 
surface,  is  equal  to  that  column ;  and  the  pressure  on  the 
upright  surface  is  but  half  that  on  the  base,  of  the  same 
area. 

So  that,  if  b  denote  the  breadth,  and  d  the  depth  of  such  a 
gate  or  upright  surface  \  then  the  pressure  against  it,  is  equal 
to   tlie  weight  of  the   fluid  whose   magnitude   is   \bd^  = 

If  the  fluid  be  water,  a  cubic  foot  of  which  weighs  1000 
ounces,  or  624  pounds ;  and  if  the  depth  ad  be  12  feet,  the 
breadth  ab  20  feet ;  then  the  content,  or  4-ab  .  ad'^,  is  1440 
feet ;  and  the  pressure  is  1440000  ounces,  or  90000  pounds, 
or  40y  tons  weight  nearly. 

PROPOSITION    LV, 

2761,  The  Pressure  of  a  Fluid  o?i  a  Sm'face  any  how  immersed  in 
it,  either  Perpendicular,  or  Horizontal,  or  Oblique  ;  is  equal  to 
the  Weight  of  a  Colutmi  of  the  Fluidy  ivhose  Base  is  equal  to 
the  Surface  pressed,  and  its  Altitude  equal  to  the  Depth  of  the 
Centre  of  Gravity  of  the  Surface  pressed  beloiu  the  Top  or  Sur- 
face of  the  Fluid. 

For,  conceive  the  surface  pressed  to  be  divided  Into  innu- 
merable sections  parallel  to  the  horizon  ;  and  let  j-  denote 
any  one  of  those  horizontal  sections,  atso  d  its  distance  or 
depth  below  the  top  surface  of  the  fluid.  Then,  by  art.  272, 
the  pressure  of  the  fluid  on  the  section  is  equal  to  the  weight 
of  ds;  consequently  the  total  pressure  on  the  whole  surface  is 
equal  to  all  the  weights  ds.  But,  if  b  denote  the  whole  sur- 
face pressed,  and  g  the  depth  of  Its  centre  of  gravity  below  the 
top  of  the  fluid ;  then,  by  art.  222  or  225,  bg  is  equal  to  the 
sum  of  all  the  ^Zr.  Consequently  the  whole  pressure  of  the 
fiuid  on  the  body  or  surface  b,  is  equal  to  the  weight  of  the 
bulk  bg  of  the  lluid,  that  is,  of  the  column  whose  base  is  the 
given  surface  b,  and  its  height  is  g  the  depth  of  the  centre  of 
gravity  in  the  iiuid, 

PROPOSITION 
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277.  The  Pressure  cf  a  Fluids  on  the  Base  of  the  Vessel  in  which 
it  is  contained^  is  as  the  Base  and  Perpendicular  Altitude  ; 
whatever  be  the  Figure  of  the  Vessel  that  contains  it. 

If  the  sides  of  the  base  be  upright,  so  that  A^L-^-^B 
It  be  a  prism  of  an  uniform  width  th'i;pugh-  j  -^::     { 

out ;  then  the  case  is  evident ;  for  then  the  i  -i 

base  supports  the  whole  fluid,  and  the  pressure  \ 

is  just  equal  to  the  weight  of  the  fluid.  k^sz^ 

But  if  the  vessel  be  wider  at  top  than  bot-  ^  ^ 

torn ;  then  the  bottom  sustains,  or  is  pressed 
by,  only  the  part  contained  within  the  up- 
right hues  ac,  bD ;  because  the  parts  Aca, 
BDb  are  supported  by  the  sides  Ac,  bd  ; 
and  those  parts  have  no  other  effect  on  the 
part  abDC  than  keeping  it  in  its  position,  by 
the  lateral  pressure  against  ac  and  bD,  which 
does  not  alter  its  perpendicular  pressure 
downwards.  And  thus  the  pressure  on  the  bottom  is  less 
than  the  weight  of  the  contained  fluid. 

And  if  the  vessel  be  widest  at  bottom;  then  <\.AB.....1| 
the  bottom  is  still  pressed  with  a  weight  which  '  '^ 
is  equal  to  that  of  the  whole  upright  column 
abDC^  For,  as  the  parts  of  the  fluid  are  in 
equilibrio,  all  the  parts  have  an  equal  pressure 
at  the  same  depth  ;  so  that  the  parts  within  cc 
and  dD  press  equally  as  those  in  cd,  and  there- 
fore equally  the  same  as  if  the  sides  of  the  vessel  had  gone 
upright  to  a  and  b,  the  defect  of  fluid  in  the  parts  ACa  and 
BD^  being  exactly  compensated  by  the  downward  pressure 
or  resistance  of  the  sides  ac  and  bd  against  the  contiguous 
fluid.  And  thus  the  pressure  on  the  base  may  be  made  to 
exceed  the  weight  of  the  contained  fluid,  in  any  proportion 
whatever.,  , 

So  that,  in  general,  be  the  vessels  of  any  figure  whatever, 
regular  or  irregular,  upright  or  sloping,,  or  variously  wide 
and  narrow  in  different  parts,  if  the  bases  and  perpendicular 
altitudes  be  but  equal,  the  bases  always  sustain  the  same 
pressure.  And  as  that  pressure,  in  the  regular  upright  vessel, 
is  the  whole  column  of  the  fluid,  which  is  as  the  base  and 
altitude ;  therefore  the  pressure  in  all  figures  is  in  the  same 
ratio. 

278.  Corol,  h  Hence,  when  the  heights  are  equal,  the 

pressures 
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pressures  are  as  the  buses.  And  whe!t  the  baf;es  are  equal, 
the  pressure  is  as  the  heights.  But  \vhen  both  the  heights 
and  buses  are  equal,  the  pressures  are  (^qual  in  all,  though 
their  contents  be  ever  so  different. 

279.  Corol.  2.  The  pressure  on  the  base  of  any  vessel,  is 
the  same  as  on  that  of  a  cylinder,  of  an  equal  base  and 
height. 

280.  Corol.  3.  If  there  be  an  inverted  sy- 
phon, or  bent  tube,  abc,  containing  two  dif- 
ferent fluids  CD,  ABD,  that  balance  each 
other,  or  rest  in  equilibrio  ;  then  their  heights 
in  the  two  legs,  AE,  cd,  above  the  point  of 
meeting,  will  be  reciprocally  as  their  densities. 

For,  if  they  do  not  meet  at  the  bottom, 
the  part  bd  balances  the  part  BE,  and  there- 
fore the  part  cD  balances  the  part  'h'E ;  that 
is,  the  weight  of  CD  is  equal  to  the  weight 
of  AE.  And  as  the  surf\ce  at  D  is  the  same, 
where  they  act  against  each  other,  therefore 
AE  .*  CD  : :  density  of  CD  ;  density  of  ae. 

So,  if  CD  be  water,  and  ae  quicksilver,  which  is  near  14- 
times  heavier;  then  CD  will  be  =  14«ae  ;  that  is,  if  ae  be  1 
inch,  CD  will  be  14  inches ;  if  AE  be  2  inches,  CD  will  be  28 
inches ;  and  so  on. 


PROPOSITION    LVII. 

281.  If  a  Body  be  immersed  in  a  Fluid  of  the  Same  Density  or 
Specijic  Gravity ;  it  will  rest  in  any  Place  where  it  is  put. 
But  a  Body  of  Greater  Density  will  Sin%  j  and  one  of  a  Less 
Density  will  Ascend  to  the  Top^  and  Float. 

The  body,  being  of  the  same  density,  or  of  the  same 
weight  with  the  like  bulk  of  the  fluid,  will  press  the  fluid 
under  it,  just  as  much  as  if  its  space 
was  filled  with  the  fluid  itself.  The 
pressure  then  all  around  it  will  be 
the  same  as  if  the  fluid  were  in  its 
place;  consequently  there  is  no  ^ 
force,  neither  upward  nor  down- 
ward, to  put  the  body  out  of  its  place. 
And  therefore  it  will  remain  where-  _^^__  ^_ 
ever  it  is  put.  p^^7~^^^ 

But  if  the  body  be  lighter;    its      E.^-'     (^ 
pressure  downward  will  be  less  than 
before,  and  less  than  the  water  up- 
ward 
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ward  at  the  same  depth;  therefore  the  greater  force  wilL 
overcome, the  less,  and  push  the  body  upward  to  A. 

And  if  the  body  be  heavier,  the  pressure  do'WTiward  will 
be  greater  than  the  fluid  at  the  same  depth ;  and  therefore 
the  greater  force  will  prevail,  and  carry  the  body  down  to 
the  bottom  at  c. 

282.  Corel.  1 .  A  body  immersed  in  a  fluid,  loses  as  much 
weight,  as  an  equal  bulk  of  the  fluid  weighs.  And  the  fluid 
gains  the  same  weight. 

;. '  Thus,  if  the  body  be  of  equal  density  with  the  fluid,  it 
loses  all  its  weight,  and  so  requires  no  force  but  the  fluid  to 
sustain  it.  If  it  be  heavier,  its  v/eight  in  the  water  will  he 
only  the  ditierence  between  its  own  weight  and  the  weight 
of  the  same  bulk  of  water  •,  nnd'it  requires  a  force  to  sustain 
it  just  equal  to  that  dlfTerence.     But  if  it  be  lighter,  it  rc- 

'quires  a  fofce  equal  to  the  same  diff*erence  of  weights  to 
keep  it  from  rising  up  in  the  field. 

28S.  CoroL  2.  The  weights  lost,  by  immerging  the  same 
body  in  different  fluids,  are  as  the  specific  gravities  of  the 
fluids.  And  bodies  of  equal  weight,  but  diff^erent  bulk,  lose, 
in  the  s^ime  fluid,  weights  which  are  reciprocally  as  the  spe- 
.cific  gravities  of  the  bodies,  or  directly  as  their  bulks. 

284.  Corol.  3.  The  whole  weight  of  a  body  which  will 
float  in  a  fluid,  is  equal  to  as  much  of  the  fluid,  as  the  im- 
mersed part  of  the  body  takes  up,  when  it  floats. 

For  the  pressure  under  the  floating  body,  is  just  the  samo 
as  so  much  of  the  fluid  as  is  equal  to  the  immersed  part ;  and 
therefore  the  weights- are  the  same. 

285.  CcroL  4.  Hence  the  magnitude  of  the  whole  body, 
is  to  the  magnitude  of  the  part  immersed,  as  the  specific  gra« 
vity  of  the  fluid,  is  to  that  of  the  body. 

j  For,  in  bodies  of  equal  weight,  the  densities,  or  specific 
gravities,  are  reciprocally  as  their  magnitudes. 

286.  CoroL  5.  And  because,  when  the  weight  of  a  body 
-'  taken  in  a  fluid,  is  subtracted  from  its  weight  out  of  the 

fluid,  the  difl:erence  is  the  weight  of  an  equal  bulk  of  the 
fluid  -,  this  therefore  is  to  its  weight  in  the  air,  as  the  specific 
gravity  of  the  fluid,  is  to  that  of  the  body. 

Therefore,  if  w  be  the  Aveight  of  a  body  in  air, 

iu  its  weight  in  water,  or  any  fluid, 
s    the  specific  gravity  of  the  body,  and 
J-    the  specific  gravity  of  the  fluid  ; 
then  w  —  "zt;  :  w  ; :  J-  :  s,  which  proportion  will  give  either 
cf  those  specific  gravities,  the  one  frc:n  the  other. 

Thus 
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w 
Thus  s  =  — 3;;^ — /,  the  specific  gravity  of  the  body  j 

•\y  —  tm 
and  s  =5= s,  the  specific  gravity  of  the  fluid. 

So  that  the  specific  gravities  of  bodies,  are  as  their  weights 
in  the  air  directly,  and  their  loss  in  the  same  fluid  inversely. 
287.  Corol,  6.  And  hence,  for  two  bodies  connected  to^ 
gether,  or  mixed  together  into  one  compound,  of  different 
specific  gravities,  we  have  the  following  equations,  denoting 
their  w'eights  and  specific  gravities,  as  below,  viz. 

H  =  weip^ht  of  the  heavier  body  in  air,  7   .  :^„  .^^^ 

7  •  1       r  1  •         i  S-  s  Its  spec,  gravity; 

h  =  weight  of  the  same  m  water,         j  r       ts        7  » 

L  =  weight  of  the  fighter  body  in  air,  7    ^  .     ^^^^   _    . 
,  •  1       r  L      °      •         i  '  >-  i"  Its  Spec,  oravity ; 

/  =  weight  of  the  same  in  water,         j  r       *»         7  » 

c  =  weight  of  the  compound  in  air,   ;,  ^  .^^ 

c  =  weight  01  the  same  m  water,         3  "^  r       o        j  y 

IV  =  the  specific  gravity  of  water.     Then 

From  which  equations  may  be 
found  any  of  the  above  quantities, 
in  terms  of  the  rest. 

Thus,  from  one  of  the  first  three 
equations,  is  found  the  specific  gra- 
vity of  any  body,  as  j  = ,  by 

+<  """  / ' 

dividing  the  absolute  weight  of  the 
body  by  its  loss  in  water,  and  multiplying  by  the  specific 
gravity  of  water. 

But  if  the  body  l  be  lighter  than  water ;  then  /  will  be 
negative,  and  we  must  divide  by  L  -f-  /  instead  of  L  —  /,  and 
to  find  /we  must  have  recourse  to  the  compound  mass  c;  and 
because,  from  the  4th  and  5th  equations,  h  —  I  =  c  —  c  — 

H  -  by  therefore  s  =  ,  -  A-  (n  ~  J)'  ^^^^  '^'  "^'^'^^ 
the  absolute  weight  of  the  light  body,  by  the  difference  be- 
tween the  losses  in  water,  of  tlie  compound  and  heavier 
body,  and  multiply  by  the  specific  gravity  of  water.  Or 
sf  L 

thus,  s  =  -■ 7-,  as  found  from  the  last  equation. 

cs  —  11/  '      ^ 

Also,  if  it  were  required  to  find  the  quantities  of  two 
jngredients  mixed  in  a  compound,  the  ^th  and  6th  equations 
would  give  their  values  as  follows,  viz. 

the 


1st,  (h  —  b)  s  =  HIV, 

2d,   (l  —  /)  J-  =  Lw, 

3d,   (c  -  c)  f=  Civ, 

4<th,  H  -I-    L    =  c, 

5th,  b  4-     I    =  r, 

^  ,     H    .      L  c 

^th,-  +   -   ==-.^ 
s  s  / 
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the  quantities  of  the  two  ingredients  H  and  L,  in  the  com- 
pound c.     And  so  for  any  other  demand. 
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To  find  the  Specific  Gravity  of  a  Body, 

28fi.  Case  1. — Jf^/yen  the  body  is  heavier  than  ivater,-  weigh 
it  both  in  water  and  out  of  water,  and  take  the  diffepence, 
which  will  be  the  weight  lost  in  water.     Then,  by  corol.  6, 

prop.  57,  J-  =  — zr~p  where  b  is  the  weight  of  the  body 

(Ont  of  w^ter,  b  its  weight  In  water,  s  its  specific  gravit)'',  and 
IV  the  specific  gravity  of  water.     'ITiat  is. 

As  the  weight  lost  in  water. 
Is  to  the  wiiole  or  absolute  weight. 
So  is  the  specific  gi-avity  of  water. 
To  the  specific  gravity  of  the  body. 

Example."  If  a  piece  of  stone  weigh  10  lb,  but  in  wafrer 
only  6-Jlb,  required  its  specific  gravity,  that  of  water  being 
iOOO?     .  Ans.  3077. 

289.  Case  u.—JVhen  the  body  is  fighter  than  nuaievy  so  thai 
it  will  not  sink  ;  annex  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  compounded  of  the  two  may 
sink  together.  Weigh  the  denser  body  and  the  compound 
mass,  separately,  both  in  water,  and  out  of  it ;  then  find  how 
much  each  losers  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air ;  and  subtract  the  less  of  these  re- 
mainders from  the  greater.     Then  say,  by  proportion, 

As  the  last  remainder. 
Is  to  the  weight  of  the  light  body  In  air. 
So  is  the  specific  gravity  of  water. 
To  the  specific  gravity  of  the  body. 

Tliat  IS,  the  specific  gravity  is  j-  =  ,     _    \  _   ', — ITTT' 

by  cor.  6,  prop.  57. 

Example.  Suppose  a  piece  of  elm  weighs  15 lb  in  air; 
and  that  a  piece  of  copper,  which  weighs  181b  in  air  and 
16  lb  in  water,  is  affixed  to  it,  and  that  the  compound  weighs 
b*  lb  in  water  i  required  the  specific  gravity  of  the  elm  ? 

Ans.  600. 

290.  Case  hi. — For  a  fluid  of  any  sort. — ^Take  a  piece  of 
a  body  of  known  specific  gravity  \  weigh  it  both  in  and  out 

of 
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of  the^ fluid,  finding  the  loss  of  weight  by  taking  the  differ- 
ence of  the  two ;  then  say. 

As  the  whole  or  absolute  weight. 
Is  to  the  loss  of  weight, 
So  is  the  specific  gravity  of  the  solid, 
To  the  specific  gravity  of  the  flui<J. 

B  —  ^ 
That  is,  the  spec.  grav.  w  =r -j-,  by  cor.  6^  pr.  57. 

B 

Example.  A  piece  of  cast  Iron  weighed  34^^^^  ounces  m 
a  fluid,  and  40  ounces  out  of  it ;  of  what  specific  gravity  is 
that  fluid  ?  Ans.  1000. 


PROPOSITION  LIX. 

^91.   To  Jlnd  the  Qttantltles  of  Two  Ingredients  in  a  Given 
Compound, 

Take  the  three  differences  of  every  pair  of  the  three  spe- 
cific  aravities,  namely,  the  specific  gravities  of  the  compound 
and  each  ingredient;  and  multiply  each  specific  gravity  by 
the  difference  of  the  other  two.     Then  say,  by  proportion. 

As  the  greatest  product, 
Is  to  the  whole  weight  of  the  compound. 
So  is  each  of  the  other  two  products, 
To  the  weights  of  the  two  ingredients. 

(f~  s)  ^ 
That  is,  the  one  h  =;  ~ r-7  c ;  and  the  other     -    • 

(s  —  f)  s     ^ 
L  =  \       -^  V  ^  c,  by  cor.  G,  prop.  57. 

Example.  A  composition  of  112lb  being  made  of  tin  and 
copper,  whose  specific  gravity  is  found  to  be  8784 ;  required 
the  quantity  tor  each  ingredient,  the  specific  gravity  of  tin 
being  7320,'  and  t^at  of  copper  9000  ? 

Answer,  there  is  lOOlb  of  copper,  7  .      , 

;.nd  consequently  I'ilb  of  tin,    i '"  *^  composition. 

SCHOLIUM. 

292.  The  specific  gravities  of  several  sorts  of  matter,  as 
found  from  experiments,  are  expressed  by  the  numbers  an- 
nexed to  their  names  in  the  following  Table : 

J  Table 
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A  Table  of  the  Specific  Gravities  of  Bodies. 

Platina  (pure)    -     -  22000 

Fine  gold      -     -     -  19400 

Standard  gold '  -    -  17724 

Quicksilver  (pure)  14000 
Quicksilver  (common)  13  600' 

■■       ■                          -  11325 

-  11091 

-  10535 

-  9000 


Lead 

Fine  silver  -  -  - 
Standard  silvier  -  - 
Copper    -     -     -    - 

Copper  halfpence    -  8915 

Gun  metal    -    -     -  8784 

Cast  brass     -     -     -  8000 

Steel        -     -    -    -  7850 

Iron    -    -    -    ^    »-  7645 

Cast  iron      -     -     -  7425 

Tin 7320 

Clear  crystal  glass  -  3150 

Granite    -     -     -     -  3000 

Marble  and  hard  ston?  2700 

Common  green  glass  2600 

Flint  -  ^-     -    -    -  2570 


Clay        .     -     -     -  2160 

Brick       -    -    -    -  2000 

Common  earth       -  1984 

Nitre       -     -     -     .  1900 

Ivory        -     _     -     -  1825 

Brimstone     -    -     -  1810 

Solid  gunpowder    -  1745 

Sand        -     ,     -     -  1^20 

Coal- 1250 

Box-v70od     -     -     -  1030 

Sea-water     -     -     -  1030 

Common-water       -  1000 

Oak         -     -     -     -  925 
Gunpowder,close shaken  937 

Ditto,  in  a  loose  heap  83f> 

Ash 800 

Maple        -     -    -     -  755 

Elm      -     -     -     -     ^  600 

Fir        -----  \  ^50 

Charcoal         -     -     -  " 
Cork          _     -     -     . 
Air  at  a, mean  state 


240 
11 


Common  stone        -       2520 

293.  Note,  The  several  sorts  of  wood  are  supposed  to  be 
dry.  Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces 
avoirdupois,  the  numberis  in  this  table  express,  not  only  the 
specific  gravities  of  the  several  bodies,  but  also  the  weight  of 
a  cubic  loot  of  each,  in  avoirdupois  ounces ;  and  therefore, 
by  proportion,  the  weight  of  any  other  quantity,  or  the 
quantity  of  any  other  weight,  may  be  knpwn,  as  in  the  nex^ 
two.  propositions. 


PROPOSITION    LX, 
2j94.  To  find  the  Magtiitiide  of  any  Body,  fr^ 


its  Weighty 


As  the  tabular  specific  gravity  of  the  body, 
•Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot,  or  1728  cubic  inches. 
To  its  content  in  feet,  or  inches,  respectively. 

F.y.ample  1.    Required  the  content  of  an  irregular  block  of 
cx)mmon  stone,  which  weighs  Icwt,  or  1 12Ib  ? 

Ans.  1228^141  cubic  inches, 

Exair.ple  2.    How  m?iny  cubic  inches  of  gunpowder  are 

there  in  1  ib;  weight?  Ans.  30  cubic  inches  nearly. 

Exanipl^^. 
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Esample  3.  How  many  cubic  feet  are  there  in  a  ton  weight 
of  di-y  oak  ?  Ans.  38]  J |.  cubic  feet. 

PROPOSITION    LXI. 

295.  To  find  thi  Weight  of  a  Body^  from  its  Magnitude, 

As  one  cubic  foot,  or  1728  cubic  inches. 
Is  to  the  content  of  the  body, 
So  is  its  tabular  specific  gravity, 
To  the  weight  of  the  body. 

Example  1.  Required  the  weight  of  a  block  of  marble, 
whose  length^  is  63  feet,  and  breadth  and  thickness  each 
12  feet ;  being  the  dimensions  of  one  of  the  stones  in  the 
walls  of  Balbeck  ? 

Ans.  683-j-t-5-  ton,  which  is  nearly  equal  to  the  burden  gf 
an  East-India  ship. 

Example  2,  What  is  the  weight  of  1  pint,  ale  measure,  of 
gunpowder?  Ans.  19  oz.  nearly. 

Example  3.  What  is  the  weight  of  a  block  of  dry  oak, 
which  measures  10  feet  in  length,  3  feet  broad,  and  24  feet 
ileep  or  thick  ?  .  Ans.  43354|-  lb. 


Of  HYDRAULICS. 

296.  Hydraulics  is  the  science  which  treats  of  the 
motion  of  fluids,  and  the  forces  with  which  they  act  upoH 
lipdies. 

Proposition  lxil 

297.    If  a  Fluid  run  through  a  Canal  or  River^  or  Pipe  of 
'  various  Widths^  ahuays  filling  it  ;  the  Velocity  of  the  Fluid  in 
different  Parts  of  it,  AB,  CD,  ivill  he  reciprocally  as  the  TranS" 
verse  Sections  in  those  Parts, 

That  is,  veloc.  at  a  :  veloc.    ^ 
11 

at  c  : :  ■      :    -   or   : :   cd   e 

AB  CD 


:  AB  ;  where  AB  and  CD  denote,     ^-^^1 
not  the  diameters  at  A  and  B,  but 
the  areas  or  sections  there. 

For,  as  the  channel  is  always  equally  full,  the  quantity  of 
water  running  through  ab  is  equal  to  the  quantity  nmning 
through  CD,  in  the  same  time ;  tliat  is,  the  column  through 

AB 
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AB  is  equal  to  the  column  through  CD,  in  the  same  time ; 
or  AB  X  length  of  its  column  =  cd  x  length  of  its 
column  1  therefore  AB  ;  cd  ; ;  length  of  column  through 
CD  :  length  of  column  through  AB.  But  the  uniform  ve- 
locity of  the  water,  is  as  the  space  run  over,  or  length  of 
the  columns ;  therefore  AB  :  CD  H  velocity  through  CD  ; 
velocity  through  AB. 

^  298.  CoroL  Hence,  by  observing  the  velocity  at  any  place 
AB,  the  quantity  of  water  discharged  in  a  second,  or  any 
other  time,  will  be  found,  namely,  by  multiplying  the  section 
AB  by  the  velocity  there. 

But  if  the  channel  be  not  a  close  pipe  or  tunnel,  kept 
always  full,  but  an  open  canal  or  river ;  then  the  velocity  in 
all  parts  of  the  section  will  not  be  the  same,  because  the 
velocity  towards  the  bottom  and  sides  will  be  diminished  by 
the  friction  against  the  bed  or  channel ;  and  therefore  a  me- 
dium among  the  three  ought  to  be  taken.  So,  if  the  velo- 
t'ity  at  the  top  be  -         100  feet  per  minute, 

that  at  the  bottom         -  60 

and  that  at  the  sides     -  50 


3  )  210  sum  ; 

dividing  their  sum  by-  3  gives  70  for  the  mean  velocity^ 
which  is  to  be  multiplied  by  the  section,  to  give  the  quan- 
tity discharged  in  a  minute. 

PROPOSITION  LXHI. 

299.  The  Velocity  with  ivhich  a  Fluid  runs  out  hy  a  Hole  in  the 
Bottom  or  Side  of'  a  Vessel y  is  equal  to  that  ivhich  is  generated 
by  Gravity  through  the  Height  of  the  Water  above  the  Hole ; 
ihat  is,  the  Velocity  of  a  Heavy  Body  acquired  by  falling  freely 
through  the  Height  AB. 

Divide  the  altitude  ab  into  a  great 
mrjiber  of  very  small  parts,  each  being  1, 
their  number  ^,  or  ^  =  the  altitude  ab. 

Now,  by  prop.  54,  the  pressure  of  the 
fluid  against  the  hole  b,  by  which  the 
motion   is    generated,  is  equal  to  the 
weight  of  the  column  of  fluid  above  it, 
that  is  the  column  whose  height  is  ab 
or  a,  and  base  the  area   of  the  hole  B.      Therefore  the 
pressure  on  the  hole,  or  small  part  of  the  fluid  1,  is  to  its 
weight,  or  the  natural  force  of  gravity,  as  a  to  I,     But,  by 
art.  28,  the  velocities  generated  in  the  same  body  in  any 

time. 
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time,  are  as  those  forces ;  and  because  gravity  generates  the 
velocity  2  in  descending  through  the  small  space  1,  therefore 
]  ;  ^  ; :  2  :  2a f  the  velocity  generated  by  the  pressure  of 
the  column  of  fluid  in  the  same  time.  But  2a  is  also,  by 
corol.  1.  prop.  5*,  the  velocity  generated  by  gravity  in  de- 
scending through  a  or  AB.  That  is,  the  velocity  of  the 
issuing  \yater,  is  equal  to  that  which  Is  acquired  by  a  body  in 
falling  through  the  height  as. 

T/:e  satiie  oiha'ivise. 

Because  the  momenta,  or  quantities  of  motion,  generated 
\\\  two  given  bodies,  by  the  same  force,  acting  diu*ing  the 
same  or  an  equal  time,  are  equal.  Now  the  fofce  in  this 
case.  Is  the  weight  of  the  superincumbent  column  of  the 
fluid  over  the  hole.  Let  the  one  body  to  be  moved,  be 
that  column  itself,  expressed  by  ah^  where  a  denotes  the  al- 
titude AB,  and  />  the  area  of  the  hole,  and  the  other  body  is 
the  column  of  the  fluid  that  runs  out  uniformly  in  one 
second  suppose,  v.'-ith  the  middle  or  medium  velocity  of  that 
Interval  of  time,  which  is  ^ovy  if  v  be  the  whole  velocity  re- 
quired. Then  the  mass  -g-  hv,  with  the  velocity  -y,  gives  the 
quantity  of  motion  \hv  x  ^',  or  \:hv'^  generated  In  one 
second,  in  the  spouting  water :  also  %,  or  32-g-  feet,  is  the 
velocity  generated  in  the  mass  ah^  during  the  same  interval 
of  one  second ;  consequently  ah  x  2p-,  or  2ahg^  is  the  mo- 
tion generated  in  the  column  ah  in  the  same  time  of  one 
second.  _  But  as  these  two  momenta  must  be  equal,  this 
gives  \hv^  =  2  ahg:  hence  then  v""  =  4  ag^  and  v  =  ^s/ ag^ 
for  the  value  of  the  velocity  sought ;  which,  therefore,  is 
exactly  the  same  as  the  velocity  generated  by  gravity  in 
falling  through  the  space  ar,  or  the  whole  height  of  the  fluid. 

For  example,  if  the  fluid  were  air,  of  the  whole  height  of 
the  atmosphere,  supposed  unlfoim,  which  is  about  S\  miles, 
or  27720  feet  =  a.  Then  "i^Ug  =  2^/27720  x  16-^  = 
1335  feet  =  v  the  velocity,  that  is,  the  velocity  with  which 
common  air  would  rush  into  a  vacuum. 

300.  Corol.  L  The  velocity,  and  quantity  run  out,  at  difi 
ferent  depths,  are  as  the  square  roots  of  the  depths.  For  the 
velocity  acquired  in  falling  through  ab,  is  as  s,/  AB. 

SOL  Corol.  2.  The  fluid  spouts  out  with  the  same  velo- 
city, whether  it  be  downward,  or  upward,  or  sideways  \ 
because  the  pressure  of  fluids  is  the  same  in  all  directions,  af 
the  same  depth.  And  tlierefore,  if  an  adjutage  be  turned 
upward,  the  jet  will  ascend  to  the  height  of  the  surfiice  of 
the  water  in  the  vessel.  And  this  is  confirmed  by  experience, 
by  which  it  is  found  that  jets  really  ascend  nearly  to  the 

height 
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height  of  the  reservoir,  abating  a  small  quantity  only,  for  the? 
friction  against  the  sides,  and  some  resistance  from  the  a:r 
and  from  the  oblique  motion  of  the  fluid  in  the  hole. 

302.  CoroL  3.  The  quantity  run  out  in  any  time,  is  equal 
to  a  column  or  prism,  whose  base  is  the  area  of  the  hole, 
and  its  length  the  space  described  in  that  time  by  the  velocity 
acquired  by  falling  through  the  altitude  of  the  fluid.  And 
the  quantity  is  the  same,  whatever  be  the  figure  of  the  ori- 
fice, if  it  is  of  the  same  area. 

Therefore,  if  a  denote  the  altitude  of  the  fluid, 
and  h  the  area  of  the  orifice, 
also  g  =  16-iV  feet,  or  193  inches ; 
then  2h^  ag  will  be  the  quantity  of  water  discharged  in  a 
second  of  time  ;  or  nearly  S^h.^a  cubic  feet,  when  a  and  /? 
are  taken  in  feet. 

So,  for  example,  if  the  height  a  be  25  inches,  and  the 
orifice  /j  =  1  square  inch;  then  2h^ ag  =  2-v/25  x  193  = 
139  cubic  inches,  which  is  the  quantity  that  would  be  dis- 
charged per  second. 

SCHOLIUM. 

SOS.  When  the  orifice  is  in  the  side  of  the  vessel,  then  the 
velocity  is  different  in  the  different  parts  of  the  hole,  being 
less  in  the  upper  parts  of  it  than  in  the  lower.  However, 
when  the  hole  is  but  small,  the  difference  is  inconsiderable, 
and  the  altitude  may  be  estimated  from  the  centre  of  the 
hole,  to  obtain  the  mean  velocity.  But  when  the  orifice  is 
pretty  large,  then  the  mean  velocity  is  to  be  more  accurately 
computed  by  other  principles,  given  in  the  next  proposition. 

304.  It  is  not  to  be  expected  that  experiments,  as  to  the 
quantity  of  water  run  out,  will  exactly  agree  with  this 
theory,  both  on  account  of  the  resistance  of  the  air,  the  re- 
sistance of  the  water  against  the  sides  of  the  orifice,  and  the 
oblique  motion  of  the  particles  of  the  water  in  entering  it. 
For,  it  is  not  merely  the  particles  situated  immediately  in  th^ 
column  over  the  hole,  which  enter  it  and  issue  forth,  as  if 
that  column  only  were  in  motion  ;  but  also  particles  from  all 
the  surrounding  parts  of  the  fluid,  which  is  in  a  commotion 
quite  around ;  and  the  particles  thus  entering  the  hole  in  all 
directions,  strike  against  each  other,  and  impede  one  an- 
other's motion :  from  whence  it  happens,  that  the  real  ve- 
locity through  the  orifice,  is  somewhat  less  than  that  of  a 
single  body  only,  urged  with  the  same  pressure  of  the  super- 
incumbent column  of  the  fiuid.  And  experiments  on  the 
(Quantity  of  water  discharged  tlirough  apertures,  show  that 

the 
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the  quantity  itiust  be  diminished,  by  those  causes,'  rather 
more  than  the  fourth  part,  when  the  orifice  is  small,  or  such 
?.s  to  make  the  mean  velocity  nearly  equal  to  that  in  a  body 
fiiUing  through  4  the  height  of  the  fluid  above,  the  orifice. 
Or  else,  that  the  orifice  is  not  quite  full  of  particles  that 
ispout  out  with  the  whole  velocity,  assigned  in  the  proposi- 
tion. 

305.  Experiments  have  also  been  made  on  the  extent  to 
which  the  spout  of  water  ranges  on  a  horizontal  plane,  and 
compared  with  the  theory,  by  calculating  it  as  a  projectile 
discharged  with  the  velocity  acquired  by  descending  through 
the  height  of  the  fluid.  For,  when  the  aperture  is  in  the 
side  of  the.  vessel^  the  fluid  spouts  out  horizontally  wiih  a 
uniform  velocity,  which,  combined  with  the  perpendicular 
velocity  from  the  action  of  gravity,  causes  the  jet  to  form 
the  curve  of  a  parabola.     Then  the 

distances    to    which    the  jet    will  f  *  j 

spout  on  the  horizontal  plane  eg,  „  ..-•*■'     j  ] 

will  be  'as  the  roots  of  the  rect-  .•■.■^^>  j 

angles    of  the  segments   AC  .  CB,  jl/^. 1  j 

AD  .  DB,  AE  .  EB.     For  the  spaces  L-^^^'^t  j 

EF,  EG,  are  as  the  times  and  ho-  /^J5^>^^^^'^F  j 

rizontal  velocities ;   bat  the  velo-       /^  l'        '  "'  i  ^' 

city    is    as    -y/AC,    and    the  ,  time 
of  the  fall,  which  'is  the  same  as 

the  time  of  moving,  is  as  -y/cB;  therefore  the  distance  ef 
is  as  -y/AC  .  CB  ;  and  the  distance  eg  as  >v/ad  .  db.  And 
hence,  if  two  holes  are  made  equidistant  from  the  top  and 
bottom,  they  will  project  the  water  to  the  same  distance ; 
for  if  AC  =  EB,  then  the  rectangle  ac  .  cb  is  equal  the 
rectangle  Ae  .  Eb  :  which  makes  ef  the  same  for  both. 
Or,  if  on  the  diameter  Ab  a  semicircle  be  described ;  then, 
because  the  squares  of  the  ordinates  ch,  di,  ek  are  equal 
to  the  rectangles  ac  .  CB,  &c ;  therefore  the"  distances  ef, 
BG  are  as  the  ordinates  CH,  Di.  And  hence  also  it  follows, 
that  the  projection  from  the  middle  point  D  will  be  furthest, 
for  DI  is  the  greatest  ordinate. 

These  are  the  proportions  of  the  distances :  but  for  the 
absolute  distances,  it  will  be  thus.  The  velocity  through 
any  hole  c,  is  such  as  >vill  carry  the  water  horizontally 
through  a  space  equal  to  2ac  in  the  time  of  falling  through 
AC  :  bat,  after  quitting  the  hole,  it  describes  a  parabola,  and 
comes  to  F  in  the  time  a  body  will  fall  through  ce  ;  and  to 
find  this  distance,  since  the  times  are  as  the  roots  of  the 
spaces,  therefore  ^y^AC  .'  v^CB  ;;  2ac  :  2.y/AC  .  cB  = 
Vol.  II.  ■        Q  2CH 
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2cH  =  BF,  the  space  ranged  on  the  horizontal  plane.     And 
the  greatest  range  kg  =  2di,  or  2ad,  or  equal  to  ab. 

And  as  these  ranges  answer  very  exactly  to  the  experi- 
ments, this  confirms  the  theory,  as  to  the  velocity  assigned. 

PROPOSITION    LXIV. 

306.  If  a  Notch  or  Slit  eh  in  form  of  a  Parallelogram^  he 
cut  in  the  Side  of  a  Vessel^  full  of  Watery  ad  ;  the  Quantity 
of  TVater  fowifig  through  iff  ivill  he  \  of  the  Quantity  floiving 
through  an  equal  Orifice ^  placed  at  the  luhole  Depth  EG,  or  at 
the  Base  GH,  ifi  the  Same  Time ;  it  being  supposed  that  the 
Vessel  is  always  kept  fulL 

For  the  velocity  at  gh  is  to  the  velo-  y  y 

city  at  IL,  as  ^EG  to  ^/'S.iy  that  is,  as        '^P'^Yx    \^^ 


GH  or  IL  to  IK,  the  ordinate  of  a  para-  ^      iJv 

bob  EKH,  whose  axis  is  eg.     Therefore 

the  sum  of  the  velocities  at  all  the  points 

I,  is  to  as  many  times  the  velocity  at  g,  j^ 

as  the  sum  of  all  the  ordinates  iK,  to  the         B"^— ^l> 

sum  of  all  the  il'sj  namely,  as  the  area 
of  the  parabola  egh,  is  to  the  area  eghf  ;  that  is,  the 
quantity  running  through  the  notch  eh,  is  to  the  quantity 
funning  tlii*ough  an  equal  horizontal  area  placed  at  gh,  a& 
EGHKE,  to  eghf,  or  as  2  to  3  •,  the  area  of  a  pafabola  being 
•J  of  its  circumscribing  parallelogram. 

307.  Carol,  1.  The  mean  velocity  of  the  water  in  the 
notch,  is  equal  to  f  of  that  at  gh. 

308.  Corol.  2.  The  quantity  flowing  through  the  hole 
ighl,  is  to  that  which  would  flow  through  an  equal  orifice 
placed  as  low  as  gh,  as  the  parabolic  frustrum  ighk,  is  ta 
the  rectangle  ighl.     As  appears  from  the  demonstration* 


Op  PNEUMATICS. 

309.    Pneumatics   is   the  science  which  treats  of  the 
properties  of  air,  or  elastic  fluids. 

■^^  PROPOSITION   LXV. 

310.  Air  is  a  Heavy  Fluid  Body  ;  and  it  Surrounds  the  Earthy 
and  Gravitates  on  all  Parts  of  its  Surface. 

These  properties  of  air  are  proved  by  experience. — ^That 
It  is  ^  fluid,  is  evident  from  its  easily  yielding  to  any  the  least 

force 
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force  impressed  on  it,  without  making  a  sensible  resis- 
tance. 

But  when  it  is  moved  briskly,  by  any  means,  as  by  a  fan 
or  a  pair  of  bellows ;  or  when  any  body  is  moved  very 
briskly  through  it ;  in  these  cases  we  become  sensible  of  it 
as  a  body,  by  the  resistance  it  makes  in  such  motions,  and 
likewise  by  its  impelling  or  blowing  away  any  light  sub- 
stances. So  that,  being  capable  of  resisting,  or  moving 
other  bodies  by  its  impulse,  it  must  itself  be  a  body,  and  be 
heavy,  like  all  other  bodies,  in  proportion  to  the  matter  it 
contains  *,  and  therefore  it  will  press  on  ail  bodies  that  are 
placed  under  it. 

Also,  as  it  is  a  fluid,  it  spreads  itself  all  over  on  the  earth ; 
and,  like  other  fluids,  it  gravitates  and  presses  everywhere 
on  the  earth's  surface. 

311.  The  gravity  and  pressure  of  the  air 
is  also  evident  from  many  experiments. 
Thus,  for  instance,  if  water,  or  quicksilver, 
be  poured  into  the  tube  ace,  and  the  air  be 
suflered  to  press  on  it,  in  both  ends  of  the 
tube,  the  fluid  will  rest  at  the  same  height 
in  both  of  its  legs :  but  if  the  air  be  di*awn 
out  of  one  end  as  e,  by  any  means ;  then 
the  air  pressing  on  the  other  end  a,  will  press 
down  the  fluid  in  this  leg  at  B,  and  raise  it  up  in  the 
other  to  d,  as  much  higher  than  at  B,  as  the  pressure  of 
the  air  is  equal  to.  From  which  it  appears,  not  only  that 
the  air  does  really  press,  but  also  how  much  the  quantity 
of  that  pressure  is  equal  to.  And  this  is  the  principle  of 
the  barometer. 

PROPOSITION    LXVI. 

312.  The  ylir  is  also  an  Elastic  Fluid y  bei?ig  Condensille  and 
Expansible.  And  the  Laiu  it  observes  is  this,  that  its  Density 
and  Elasticity  are  proportional  to  the  Force  or  VJ^eighi  ivhich 
compresses  it. 

This  property  of  the  air  is  proved  by  many  experiments. 
Thus,  if  the  handle  of  a  syringe  be  pushed  inward,  it  will 
condense  the  inclosed  air  into  less  space;)  thereby  showing  its 
condensibility.  But  the  included  air,  thus  condensed,  will 
be  felt  to  act  strongly  against  the  hand,  resisting  the  force 
compressing  it  more  and  more  ;  and,  on  withdrawing  the 
hand,  the  handle  is  pushed  back  again  to  where  it  was  at 
first.     Which  shows  that  the  air  is  elastic. 

Q2  313.  Again, 
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"313.  Again,  fill  a  string  bottle  half  full  of 
water ;  then  insert  a  small  glass-  tube  into  it, 
putting  its  lower  end  down  near  to  the  bot- 
tom, and  cementing  it  very  close  round  the 
mouth  of  the  bottle.  Then,  if  air  be  strong- 
ly injected  through  the  pipe,  as  by  blowing 
with  the  inouth  or  otherwise,  it  will  pass 
through  the  water  from  the  lower  end,  a- 
scending  into  the  parts  before  occupied  with 
air  at  B,  and  the  whole  mass  of  air  become 
there  condensed,  because  the  water  is  not 
compressible  into  a  less  space.  But,  on  re- 
moving the  force  which  injected  the  air  at  a,  the  water  will 
begin  to  rise  from  thence  in  a  jet,  being  pushed  up  the  pipe 
by  the  increased  elasticity  of  the  air  b,  by  which  it  presses 
on  the  surface  of  the  water,  and  forces  it  through  the  pfpe, 
till  as  much  be  expelled  as  there  was  air  forced  in ;  when 
the -air  at  b  will  be  reduced  to  the  same  density  as  at  first> 
and,  the  balance  being  restored,  the  jet  will  cease. 

314.  Likewise,  if  into  a  jar  of  water 
AB,  be  inverted  an  empty  glass  tumbler 
CD,  or  such-like,  the  mouth  downward  j 
the  water  will  enter  it,  and  partly  hll  it, 
but  not  near  so  high  as  the  water  in  the 
jar,  compressing  and  condensing  the  air 
into  a  less  space  in  the  upper  parts  c,  and 
causing  the  glass  to  make  a  sensible  re- 
sistance to  the  hand  in  pushing  it  down. 
Then,  on  removing  the  hand,  the  elas- 
ticity of  the  internal  condensed  air  throws  the  glass  up  again. 
All  these  showing  that  the  air  is  condensible  and  elastic. 


315.  Again,  to  show  the  rate  or  proportion 
of  the  elasticity  to  the  condensation :  take  a 
long  crooked  glass  tube,  equally  wide  t}irough- 
out,  or  arleast  in  the  part  bd,  and  open  at  A, 
but  close  at  the  other  end  B.  Pour  in  a  little 
.quicksilver  at  A,  just  to  cover  the  bottom  to 
the  bend  at  CD,  and  to  stop  the  communica- 
tion between  the  external  air  and  the  air  in 
BD.  Then  pour  in  more  quicksilver,  and 
mark  the  corresponding  heights  at  which  it 
stands  in  the  two  legs :  so,  when  it  rises  to 
Ij  in  the  open  leg  AC,  let  it  rise  to  E  in  the 
close  one,  reducing  its  included  air  from  the 
natural  bulk  bd  to  the  contracted  space  be. 


im 


B 
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by  the  pressure  of  the  column  He ;  and  when  the  quicksilver 
stiinds  at  I  and  K,  in  the  open  leg,  let  it  rise  to  f  and  G  in 
the  other,  reducing  the  air  to  the  respective  spaces  BF,  BC, 
by  the  weights  of  the  columns  if,  Kg.  Then  it  is  always 
found,  that  the  condensations  and  elasticities  are  as  the  com- 
pressing weights  or  columns  of  the  quicksilver,  and  the  at- 
mosph-ere  together.  So,  if  the  natural  bulk  of  the  air  bd  be 
compressed  into  the  spaces  be,  bf,  bg,  which  are  -|,  |-,  :J^  of 
BD,  or  as  the  numbers  3,  2,  1 ;  then  the  atmosphere,  together 
with  the  corresponding  columns  H^,  i/y  Kg,  will  also  be 
found  to  be  in  the  same  proportion  reciprocally,  viz.  as  --,  4> 
>^,  or  as  the  numbers  2,  3,  -6.  •  And  then  He  =  4-a,  if  =  a, 
a:id  K^  =  3a  ;  where  a  is  the  weight  of  the  atmosphere. 
Which  shows,  that  the  condensations  are  directly  as  the 
compressing  forces:  And  the  elasticities  are  in  the  same 
ratio,  since  the  columns  in  ac  are  sustained  by  the  elasticities 
an  bd. 

From  the  foregoing  principles  may  be  deduced  many  use- 
ful remarks,  as  in  the  following  corollaries,  viz, 

316.  Corol.  1.  The  space  which  _ 

any  quantity  o£  air  is  confined  in,  J       (I 

is    reciprocally  as   the   force   that        -^% fcrV 

compresses  it.  So,  the  forces  which  p       (     \ 

confine  a  quantity  of  air  in  the  cy-        ^  J 'fc    ^\" 

lindrical   spaces  AG,    BG,    CG,   are        JP i^ ^*'^^-— « 

reciprocally  as  the  same,  or  reci-        g^:::i;J-1 ^ 

procally  as  the  heights  ad,  bd,  cd. 
And  therefore  if  to  the  two  per- 
pendicular lines  DA,  DH,  as  asymptotes,  the  hyperbola  ikl  be 
described,  and  the  ordinates  ai,  bk,  cl  be  drawn ;  then  the 
forces  which  confine  the  air  in  the  spaces  AG,  bg,  cg, 

will  be  directly  as  the  corresponding  x)rdinates  ai,  bk,  cl, 
jiince  these  are  reciprocally  as  the  abscisses  ad,  bd,  cd, 
iby  the  nature  of  the  hyperbola. 

317.  Corol.  2.  All  the  air  near  the  earth  is  in  a  state  of 
compression,  by  the  weight  of  the  incumbent  atmosphere. 

318.  Corol.  3.  The  air  is  denser  near  the  earth,  than  In 
high  places  5  gv  denser  at  the  foot  of  a  mountain^  than  at 
the  top  of  it.  And  the  higlier  above  the  earth,  the  less 
dense  it  is, 

319.  Corol.  4.  The  spring  or  elasticity  of  the  air,  is  equal 
to  the  weight  of  the  atmosphere  above  it ;  and  they  will  pro- 
duce the  same  effects  ;  since  they  always  sustain  and  balance 
#ach  other. 

320.  CoroL  5. 
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S20.  CoroL  5.  If  the  density  of  the  air  be  increased,  pre- 
serving the  same  heat  or  temperature,  its  spring  or  elasticity 
will  likewise  be  increased,  and  in  the  same  proportion. 

321.  Corol.  6.  By  the  gravity  and.  pressure  of  the  atmo- 
sphere, on  the  surface  of  fluids,  the  fluids  are  made  to  rise 
in  any  pipes  or  vessels,  when  the  spring  or  pressure  within  is 
decreased  or  takeij  off. 
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322.  Heat  Increases  the  Elasticity  of  the  Air^  arid  Q}Id  Diminishes 
it.     Or,  Heat  Expands,  and  Cold  Condenses  the  Air, 

This  property  is  also  proved  by  experience. 

323f  Thus,  tie  a  bladder  very  close  with  some  air  in  it  j 
and  lay  it  before  the  fire :  then  at  it  warms,  it  will  more  and 
more  distend  the  bladder,  and  at  last  burst  it,  if  the  heat  be 
continued,  and  increased  high  enough.  But  if  the  bladder 
be  removed  from  the  fire,  as  it  cools  it  will  contract  again,  as 
before.  And  it  was  upon  this  principle  that  the  first  air- 
balloons  were  made  by  Montgolfier  :  for,  by  heating  the  air 
within  them,  by  a  fire  underneath,. the  hot  air  distends  them 
to  a  size  which  occupies  a  space  in  the  atmosphere,  whose 
weight  of  common  air  exceeds  that  of  the  balloon. 

324.  Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  in- 
verted into  a  vessel  of  water ;  and  the  whole  be  heated  over 
the  fire,  or  otherwise ;  the  air  in  the  top  will  expand  till  it 
fill  the  glass,  and  expel  the  water  out  of  it ;  and  part  of  the 
air  itself  will  follow,  by  continuing  or  increasing  the  heat. 

Many  other  experiments,  to  the  same  effect,  might  be 
adduced,  all  proving  the  properties  mentioned  in  the  propo- 
sition. 

SCHOLIUM. 

325.  So  that,  when  the  force  of  the  elasticity  of  air  is 
considered,  regard  must  be  had  to  its  heat  or  temperature ; 
the  same  quantity  of  air  being  more  or  less  elastic,  as  its 
heat  is  more  or  less.  And  it  has  been  found,  by  experiment, 
that  the  elasticity  is  increased  by  the  435th  part,  by  each  de- 
gree of  heat,  of  which  there  are  180  between  the  freezing 
and  boiling  heat  of  water. 

326.  iV.  B.  Water  expands  about  the  ^^-c^  part,  with 
each  degree  of  heat.     (Sir  Geo.  Shuckburgh,  Philos.  Trans, 


1777,  p.  560,  &c.) 


Al?q 
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Also,  tlie 
Spec.  grav.  of  air  1*201  or  l^")  when  the  barom.  is    29*5, 
water       1000    >  and  the  thermom.  is  55" 
mercury  135923  which  are  their  mean  heights 
in  this  country. 


1-222  or  1^7 
er       1000    y 
•curv  136003  '^ 


Or  thus,  air     1-222  or  l^^^^^j^^^  ^^^  ^^^^^^  .^ 
water       ^'^'^'^    ^ 
mercury 


AV/V7V/    (  ^^^^^  thermometer        55^ 
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327.  T^e  Weight  or  Pressure  cf  the  Atmosphere^  m  wiy  Base  at 
the  EartUs  Surface^  is  equal  to  the  Weight  of  a  Column  of 
Qjiicksiher,  of  the  Same  Base^  a/id  the  Height  of  which  is 
between  28  and  31  inches* 

This  is  proved  by  the  barometer,  an  instrument  which 
measures  the  pressure  of  the  air,  and  which  is  described  be- 
low. For,  at  some  seasons,  and  in  some  places,  the  air  su- 
stains and  balances  a  column  of  mercury,  of  about  28  inches: 
but  at  other  times  it  balances  a  column  of  29,  or  30,  or 
near  31  inches  high;  seldom  in  the  extremes  28  or  31,  but 
commonly  about  the  means  29  or  30.  A  variation  which 
depends  partly  on  the  diiFerent  degrees  of  heat  in  the  air  near 
the  surface  of  the  earth,  and  partly  on  the  commotions  and 
changes  in  the  atmosphere,  from  winds  and  other  causes,  by 
which  it  is  accumulated  in  some  places,  and  depressed  in 
others,  being  thereby  rendered  denser  and  heavier,  or  rarer 
and  lighter;  which  changes  in  its  state  are  almost  continually 
happening  in  any  one  place.  But  the  medium  5tate  is  com- 
monly about  294  o^  ^^  inches. 

328.  CoroL  1.  Hence  the  pressure  of  the  atmosphere  on 
every  square  inch  at  the  -earth's  surface,  at  a  medium,  is  very 
near  15  pounds  avoirdupois,  or  rather  14  J  pounds. 

For,  a  cubic  foot  of  niercury  weighing  13600  ounces 
nearly,  an  inch  of  it  wiU  weigh  7*866  or  almost  8  ounces, 
or  near  half  a  pound,  which  is  the  weight  of  the  atmosphere 
for  every  inch  of  the  barometer  on  a  base  of  a  square  inch ; 
and  therefore  30  inches,  or  the  medium  height,  weighs  very 
near  14|  pounds. 

329.  CoroL  2.  Hence  also  the  weight  or  pressure  of  the 
atmosphere,  is  equal  to  that  of  a  column  of  water  from  32  to 
35  feet  high,  or  on  a  medium  33  or  34  feet  high. 

For,  water  and  ^.quicksilver  are  in  weight  nearly  as  1  to 

13*6} 
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IS'6  y  so  that  the  -atmosphere  will  balance  a  column  of  water 
13 '6  times  as  high  as  one  of  quicksilver  j  consequently 

13 '6  times  28  inches  =  381  inches,  or  31|-  feet, 
13-6  times  29  inches  =  391  inches,  or  32|  feet, 
13*6  times  30  inches  =  408  inches,  or  34  feet, 
13*6  times  31  inches  =  422  inches,  or  35-J  feet. 

And  hence  a  common  sucking  pump  will  not  raise  water 
higher  than  about  33  or  34  feet.  And  a  siphon  will  not 
run,  if  the  perpendicular  height  of  the  top  of  it  be  more  than 
about  33  or  34  feet. 

330.  CoroL  3.  If  the  air  were  of  the  same  uniform  den- 
sity at  every  height  up  to  the  top  of  the  atmosphere,  as  at 
the  surface  of  the  earth  j  its  height  would  be  about  5-^  miles 
at  a  medium. 

For,  the  weights  of  the  same  bulk  of  air  and  water,  are 
nearly  as  1-222  to  1000;  therefore  as  1-222  :  1000  : :  33|feet 
:  27600  feet,  or  5~  miles  nearly.  And  so  high  the  atmo- 
sphere would  be,  if  it  were  all  of  uniform  density,  like  water. 
But,  instead  of  that,  from  its  expansive  and  elastic  quality, 
it  becomes  continually  more  and  more  rare,  the  further  abpve 
the  earth,  in  a  certain  proportion,  which  will  be  treated  of 
belowy  as  also  the  method  of  measuring  heights  by  the  baro-. 
meter,  which  depends  upon  it. 

331.  CoroL  4.  From  this  proposition  and  the  last  It  fol- 
lov^^s,  that  the  height  is  always  the  same,  of  an  uniform 
atmosphere  above  any  place,  which  shall  be  all  of  the  uniform 
density  with  the  air  there,  and  of  equal  weight  or  pressure 
with  the  real  height  of  the  atmosphere  above  that  place, 
whether  it  be  at  the  same  place,  at  different  times,  or  at  any 
different  places  or  heights  above  the  earth ;  and  that  height 
is  always  about  5x  miles,  or  27600  feet,  as  above  found.  For, 
as  the  density  varies  in  exact  proportion  to  the  weight  of  the 
column,  therefore  it  requires  a  column  of  the  same  height 
in  all  cases,  to  make  the  respective  weights  or  pressures. 
Thus,  if  w  and  iv  be  the  weights  of  atmosphere  above  any 
places,  D  and  d  their  densities,  and  h  and  h  the  heights  of 
the  uniform  columns,  pf  the  same  densities  and  weights  j 
Then  H  X  D  ==  w, 

and  h  X  d  =^  w  i 

therefore  --  or  H  is  equal  to  -j  or  h.     Th^  temperature 
bein^  the  s^me, , 

f»ROPOSITION 
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S32.  The  Density  of  the  Atmosphere^  at  different  Heights  ahove 
the  Earthy  Decreases  in  such  Sorty  that  when  the  Heights 
increase  in  Arith?netical  Progression j  the  Densities  decrease  in 
Geometrical  Progression. 

Let  the  indefinite  perpendicular  line  ap, 
erected  on  the  earth,  be  conceived  to  be  divided 
into  a  great  number  of  very  small  equal  parts, 
A,  B,  c,  D,  &c,  forming  so  many  thin  strata 
of  air  in  the  atmosphere,  all  of  dilFerent  density, 
gradually  decreasing  from  the  greatest  at  A  : 
then  the  density  of  the  several  strata  A,  B,  c, 
D,  &c,  will  be  in  geometrical  progression  de- 
creasing. 

For,  as  the  strata  a,  b,  c,  3cc,  are  all  of  equal 
thickness,  the  quantity  of  matter  in  each  of  them,  is  as  the 
density  there  ;  but  the  density  in  any  one,  being  as  the  com- 
pressing force,  is  as  the  weight  or  quantity  of  all  the  matter 
from  that  place  upward  to  the  top  of  the  atmosphere  ;  there- 
fore the  quantity  of  matter  in  each  stratum,  is  also  as  the 
whole  quantity  from  that  place  upward.  Now,  if  from  the 
whole  weight  at  any  place  as  b,  the  weight  or  quantity  in  the 
stratum  b  be  subtracted,  the  remainder  is  the  weight  at  the 
next  stratum  c  ;  that  Is,  from  each  weight  subtracting  a  part 
which  is  proportional  to  itself,  leaves  the  next  weight ;  or,. 
which  is  the  same  thing,  from  each  density  subtracting  a  part 
Tvhich  is  always  proportional  to  itself,  leaves  the  next  density. 
But  when  any  quantities  are  continually  diminished  by  parts 
which  are  proportional  to  themselves,  the  remainders  form  a 
series  of  continued  proportionals ;  consequently  these  densi- 
|:Ies  are  in  geometrical  progression. 

Thus,  if  the  first  density  be  D,  and  from  each  be  taken 

Its  ;;th  part ;  then  there  will  remain  its  — •-■ —  part,  or  the  — 
^  n  .  n 

part,  putting  m  for  n  —  \\  and  therefore  the  series  of  den- 

.  .        .„  .  ^      ''^^      ^^      '"* 

sities  will  be  d,  — d,  -^d,  — td,  — tD,  &c,  the  common  ratio 
11        n^       n^       /;*    ■         ' 

.of  the  series  being  that  oi  nto  m»  ^ 

SCHOLIUM, 

S3 3.  Because  the  terms  of  an  arithmetical  series,  are  pro- 
portional to  the  logarithms  of  the  terms  of  a  geometrical 
series ;  therefore  different  altitudes  above  the  earth's  surface, 

are 
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are  as  the  logarithms  of  the  densities,  or  of  the  weights  of  air, 
at. those  altitudes. 

So  that,  if  D  denote  the  density  at  the  altitude  A,- 
and   d      -       the  density  at  the  altitude  a  ;  " 
then  A  being  as  the  log.  of  d,  and  a  as  the  log.  of  d, 

the  dif.  of  ait.  a  —  a  will  be  as  the  log.  d  —  log.  d  or  log.  -,. 

And  if  A  =  0,  or  D  the  density  at  the  surface  of  the  earth  j 

then  any  alt.  above  the  surface  a,  is  as  the  log.  of  — . 

Or,  in  ^nciral,  the  log.  of  -j  is  as  the  altitude  of  the  one 

place  above  the  other,  whether  the  lower  place  be  at  the  sur- 
face of  the  earth,  or  any  where  else. 

And  from  this  property  is  derived  the  method  of  deter- 
mining the  heights  of  mountains  and  other  eminences,  by 
the  barometer,  which  is  an  instrument  that  measures  the 
pressure  or  density  of  the  air  at  any  place.  For,  by  taking, 
with  this  instrument,  the  pressure  or  density,  at  the  foot  of 
a  hill  for  instance,  and  again  at  the  top  of  it,  the  diiFer- 
ence  ,of  the  logarithms  of  these  two  pressures,  or  the  lo- 
garithm of  their  quotient,  will  be  as  the  difference  of  al- 
titude, or  as  the  height  of  the  hill  j  supposing  the  tempe- 
ratures of  the  air  to  be  the  same  at  both  places,  and  the 
gravity  of  air  not  altered  by  the  different  distances  from  the 
earth's  centre. 

S34.  But  as  this  formula  expresses  only  the  relations  be- 
tween different  altitudes  with  respect  to  their  densities,  re^ 
course  must  be  had  to  some  experiment,  to  obtain  the  real 
altitude  which  corresponds  to  any  given  density,  or  the  den- 
sity which  corresponds  to  a  given  altitude.  And  there  are 
various  experiments  by  which  this  may  be  done.  The  first, 
and  most  natural,  is  that  which  results  from  the  known  spe- 
cific gravity  of  air,  with  respect  to  the  whole  pressure  of  the 
atmosphere  on  the  surface  of  the  earth.     Now,  as  the  alti- 

D  D 

tude  a  is  always  as  log.  — ;  assume  h  so  that  a  =  h  x  log.  -7, 

where  h  will  be  of  one  constant  value  for  all  altitudes  ;  and  to 
determine  that  value,  let  a  case  be  taken  in  which  we  know  the 
altitude  a  corresponding  to  a  known  density  d;  as  for  instance, 
take  a  =  I  foot,  or  1  inch,  or  some  such  small  altitude ;  then, 
because  the  density  d  may  be  measured  by  the  pressure  of  the 
atmosphere,  or  the  uniform  column  of  27600  feet,  when  the 
temperature  is  55''',  therefore  27600  feet  will  denote  the 

density 
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density  d  at  the  lower  place,  and  27599  the  less  density  d  at 

1  foot  above  it ;  consequently  1  =  /j  x  log.  ^     ^ ;  which, 

*434'29448 

bv  the  nature  of  logaritliins,  is  nearly  =  ^  x    -—— 

^  ^  27()00 

=  ^  -  ^:,  nearly;  and  hence  ^  =  63551  feet;  which  gives, 

for  any  altitude  in  general,  this  theorem,  viz.  a  =  63551  X 

loff.  -7,  or  =  63551  x  I02:.  —  feet,  or  10592  x  log.  — 
^    d*  ^    m         *  ^    m 

fathoms ;  where  m  is  the  column  of  mercury  which  is  equal 

to  the  pressure  or  weight  of  the  atmosphere  at  the  bottom, 

and  m  that  at  the  top  of  the  altitude  a ;  and  where  M  and  m 

may  be  taken  in  any  measure,  either  feet  or  inches,  &c^ 

335.  Note,  that  this  formula  is  adapted  to  the  mean  tem- 
perature of  the  air  55^,  But,  for  every  degree  of  tempera- 
ture different  from  this,  in  the  medium  beXvvcen  the  tempe- 
ratures at  the  top  and  bottom  of  the  altitude  «,  that  altitude 
will  vary  by  its  435th  part;  which  must  be  added,  when  that 
medium  exceeds  SS"',  otherwise  subtracted. 

336.  Note,  also,  that  a  column  of  30  inches  of  mercury- 
varies  its  length  by  about  the  -^^-^  part  of  an  inch  for  every 
degree  of  heat,  or  rather  -^-q-^  of  the  whole  volume. 

337.  But  the  formula  may  be  rendered  much  more  con- 
venient for  use,  by  reducing  the  factor  10592  to  10000,  by 
changing  the  temperature  proportionally  from  B5°  \  thus,  as 
the  diff.  592  is  the  18th  part  of  the  whole  factor  10592; 
and  as  18  is  the  24th  part  of  435;  therefore  the  corre- 
sponding change  of  temperature  is  24",  which  reduces  the 

55°  to  31°.     So  that  the  formula  is,  a  ==  10000  x  log.  — 

fathoms,  when  the  temperature  is  31  degrees;  and  for  every 
degree  above  that,' the  result  is  to  be  increased  by  so  many 
times  its  435th  part. 

338.  Exam.  1.  To  find  the  height  of  a  hill  when  the 
pressure  of  the  atmosphere  is  equal  to  29*68  inches  of  mer- 
cury at  the  bottom,  and  2 5 '2 8  at  the  top ;  the  mean  tempe- 
rature being  50"  ?  Ans.  4378  feet,  or  730  fathoms. 

339.  Exam.  2.  To  find  the  height  of  a  hill  when  the 
atmosphere  weighs  29*45  inches  of  mercury  at  the  bottom, 
and  26*82  at  the  top,  tlie  mean  temperature  being  33°  ? 

Ans.  2385  feet,  or  397^  fathoms. 

340.  Exam,  3.' 


24.0  The  SIPHON. 

340.  Exam,  3.  At  what  altitude  Is  the  density  of  the  at- 
mosphere only  the  4th  part  of  what  it  is  at  the  earth's  sur-» 
face?  Ans.  6020  fathoms. 

By  the  weight  and  pressure  of  the  atmosphere,  the  effect 
and  operations  of  pneumatic  engines  may  be  accounted  for, 
^nd  explained  ;  such  as  siphons,  pumpsj  barometers,  &:c ;  of 
which  it  may  not  b6  improper  here  to  give  a  brief  descrip* 
tion. 


Of  the  siphon. 

34' 1.  The  Siphon,  or  Syphon,  is  any 
bent  tube,  having  its  two  legs  either  of 
equal  or  of  unequal  length. 

If  it  be  filled  with  water,  and  then 
inverted,  with  the  two  open  ends 
downward,  and  held  level  in  that  po- 
sition ;  the  water  will  remain  suspend- 
led  in  it,  if  the  two  legs  be  equal.  For 
the  atmosphere  will  press  equally  on 
the  surface  of  the  water  in  each  end, 

^nA  support  them,  if  they  are  not  more  than  34  feet  high ; 
and  the  legs  being  equal,  the  water  in  them  is  an  exact  coun- 
terpoise by  their  equal  weights ;  so  that  the  one  has  no  power 
to  move  more  than  the  other ;  and  they  are  both  supported 
by  the  atmosphere. 

But  if  now  the  siphon  be  a  little  incUned  to  one  side,  so 
th^t  the  orifice  of  one  end  be  lower  than  that  of  the  other ; 
or  if  the  legs  be  of  unequal  length,  which  is  the  same  thing; 
then  the  equilibrium  is  destroyed,  and  the  water  will  all  de- 
scend out  by  the  lower  end,  and  rise  up  in  the  higher.  For, 
the  air  pressing  equally,  but  the  two  ends  weighing  unequally, 
a  motion  must  commence  where  the  power  is  greatest,  and 
so  continue  till  all  the  water  has  run  out  by  the  lower  end. 
And  if  the  shorter  leg  be  immersed  into  a  vessel  of  water, 
and  the  siphon  be  set  a  running  as  above,  it  will  continue  to 
run  till  all  the  water  be  exhausted  out  of  the  vessel,  or  at 
least  as  low  as  that  end  of  the  siphon.  Or,  it  may  be  set  a 
running  without  filling  the  siphon  as  above,  by  only  invert- 
ing it  J  with  its  shorter  leg  into  the  vessel  of  water ;  then, 
with  the  mouth  applied  to  the  lower  orifice  a,  suck  the  air 
out  j  and  the  water  will  presently  follow,  being  forced  up 
into  the  siphon  by  the  pressure  of  the  air  on  the  water  in  the 
Tess*!. 

Of 
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Of  the  pump. 

342.  There  are  three  sorts 
of  Pumps  :  the  Sucking,  the 
Lifting,  and  the  Forcing  Pump. 
By  the  £rst,  water  can  be  raised 
only  to  about  34  feet,  viz.  by 
the  pressure  of  the  atmosphere ; 
but  by  the  others,  to  any  height ; 
but  then  they  require  more  ap- 
paratus and  power. 

The  annexed  figure  represents 
a  common  sucking  pump,  ab 
is  the  barrel  of  the  pump,  being 
a  hollow  cylinder,  made  of  me- 
tal, and  smooth  within,  or  of 
wood  for  very  common  pur- 
poses. CD  is  the  handle,  move- 
able about  the  pin  e,  by  moving 
the  end  c  up  and  down,  df 
an  iron  rod  turning  about  a  pin 
D,  which  connects  it  to  the 
end  of  the  handle.  This  rod  is  fixed  to  the  piston,  bucket^^ 
or  sucker,  fg,  by  which  this  is  moved  up  and  dovv-n  within 
the  barrel,  which  it  must  fit  very  tight  and  close,  that  no  air 
or  water  may  pass  between  the  piston  and  the  sides  of  the 
barrel;  and  for  this  purpose  it  is  commonly  armed  I'wth 
leather.  The  piston  is  made  hollow,  or  it  has  a  perforation 
through  It,  the  orifice  of  which  is  covered  by  .a  valve  H 
opening  upwards.  I  is  a  plug  firmly  fixed  in  the  lower  part 
of  the  barrel,  also  perforated,  and  covered  by  a  valve  K 
opening  upwards. 

343.  When  the  pump  is  first  to  be  worked,  and  the  water 
is  below  the  plug  i  -,  raise  the  end  c  of  the  handle,  then  the 
piston  descending,  compresses  the  air  in  Hi,  which  by  its 
spring  shuts  fast  the  valve  K,  and  pushes  up  the  valve  h, 
and  so  enters  into  the  barrel  above  the  piston.  Then  put- 
ting the  end  c  of  the  handle  down  again,  raises  the  piston 
or  sucker,  which  lifts  up  with  it  the  column  of  air  above  it, 
the  external  atmosphere  by  its  pressure  keeping  the  valve  H 
shut :  the  air  in  the  barrel  being  thus  exhausted,  or  rarefied, 
is  no  longer  a  counterpoise  to  that  which  presses  on  the  sur- 
face of  the  water  in  the  well,  this  is  forced  up  the  pipe,  and 
through  the  valve  K,  into  the  barrel  of  the  pump.  Then 
pushing  the  piston  down  again  into  this  water,  now  in  the 

barrel. 
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barrel,  its  weight  shuts  the  lower  valve  K,  and  its  resistance 
forces  up  the  valve  of  the  piston,  and  enters  the  upper  part 
of  the  barrel,  above  the  piston.  Then,  the  bucket  being 
raised,  lifts  up  with  it  the  water  which  had  passed  above  its 
valve,  and  it  runs  out  by  the  cock  L  ;  and  taking  off  the 
weight  below  it,  the  pressure  of  the  external  atmosphere  on 
the  water  in  the  well  again  forces  it  up  through  the  pipe  and 
lower  valve  close  to  the  piston,  all  the  way  as  it  ascends, 
thus  keeping  the  barrel  always  full  of  water.  And  thus,  by 
repieating  the  strokes  of  the  piston,  a  continued  discharge  is 
made  at  tlie  cock  l. 


Of  the  AIR-PUMP. 

S41'.  Nearly  on  the  same  principles  as  the  water-pump^ 
is  the  invention  of  the  Air-pump,  by  which  the  air  is  drawn 
out  of  any  vessel,  like  as  water  is  drawn  out  by  the  former. 
A  brass  barrel  is  bored  and  polished  truly  cylindrical,  and  ex- 
actly fitted  with  a  turned  piston,  so  that  no  air  can  pass  by 
the  sides  of  it,  and  furnished  with  a  proper  valve  opening  up- 
ward. Then,  by  lifting  up  the  piston,  the  air  in  the  close 
vessel  below  it  follows  the  piston,  and  fills  the  barrel ;  and 
being  thus  diffused  through  a  larger  space  than  before,  when 
it  occupied  the  vessel  or  recei\  er  only,  but  not  the  barrel, 
it  is  made  rarer  than  it  was  before,  in  proportion  as  the  ca- 
pacity of  the  barrel  and  receiver  together,  exceeds  the  re- 
ceiver alone.  Another  stroke  of  the  piston  exhausts  another 
barrel  of  this  now  rarer  air,  which  again  rarefies  it  in  the 
same  proportion  as  before.  And  so  on,  for  any  number  of 
strokes  of  the  piston,  still  exhausting  in  the  same  geometrical 
progression,  of  which  the  ratio  is  that  Vv''hich  the  capacity  of 
the  receiver  and  barrel  together  exceeds  the  receiver,  till  this 
is  exhausted  to  any  proposed  degree,  or  as  far  as  the  nature 
of  the  machine  is  capable  of  performing  ;  which  happens 
when  the  elasticity  of  the  included  air  is  so  far  diminished, 
by  rarefying,  that  it  is  too  feeble  to  push  up  the  valve  of  the 
piston,  and  escape. 

345.  From  the  nature  of  this  exhausting,  in  geometrical 
progression,  we  may  easily  find  how  much  the  air  in  the  re- 
ceiver is  rarefied  By  any  number  of  strokes  of  the  piston  ;  or 
what  number  of  such  strokes  is  necessary,  to  exhaust  the  re- 
ceiver to  any  given  degree.  ThuS,  if  the  capacity  of  the  re- 
ceiver and  barrel  together,  be  to  that  of  the  receiver  alone, 

as 
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as  c  to  r,  and  1  denote  the  natural  density  of  the  air  atilrst; 
then 

y 
c  :  r  ::  I  :  -y  the  density  after  1  stroke  of  the  piston, 

f      f 

c  1  r  \\  -  \  —.,  the  density  after  2  strokes, 
c      c 

c  ',  r  : :  —,:—,,  the  density  after  3  strokes. 


&c,  and  — ,  the  density  after  n  strokes. 


So,  if  the  barrel  be  equal  to  ^  of  the  receiver ;  then  c  ;  r 
: :  5  :  4  ;  and  ;:^  =  0*8°  is  =  d  the  density  after  n  turns. 


D' 

>'20 


And  if  n  be  20,  then  0*8'^"  =  '0115  is  the  density  of  the 
included  air  after  20  strokes  of  the  piston  ;  which  being  the 
86-rV  pa^t  of  1,  or  the  first  density,  it  follows  that  the  air  is 
86-j2^  time's  rarefied  by  the  20  strokes. 

S4G.   Or,   if  it  were   required   to    find   the   number  of 
srrokes  necessary  to  rarefy  the  air  any  number  of  times ;  be- 

cause  -^  is  =  the  proposed  density  d ;  therefore,  taking  the 

r                                              log.  d 
logarithms,  ;;  x  log.  -  ~  log.  d^  and  n  =: — ,  the 

number  of  sti*okes  required.     So,  if  r  be  ^  of  r,  and  it  be 

required  to  rarefy  the  air  100  times  :  then  d  =  -^^  or  '01  j 

locr.  100  ,         o       1        .     ^ 

and  hence  ?t  =  , — - — ; —    =  20|  nearly,     ho  that  in  20^ 
1.-5  —  L  4 

strokes  the.  air  will  be  rarefied  J 00  times. 


Of  the  diving  BELL  and  CONDENSING  MACHINE. 

S47.  On  the  same  principles,  too,  depend  the  operations 
and  effect  of  the  Condensing  Engine,  by  which  air  may  be 
condensed  to  any  degree,  instead  of  rarefied  as  in  the  air- 
pump.  And,  like  as  the  air-pump  rarefies  the  air,  by  ex- 
tracting always  one  barrel  of  air  after  another ;  so,  by  this 
other  machine,  the  air  is  condensed  by  throwing  in  or  adding 
always  one  barrel  of  air  after  another ;  which  it  is  evident 
may  be  done  by  only  turning  the  valves  of  the  piston  and 
barrel,  that  is,  making  them  to  open  the  contrary  way,  and 
working  the  piston  in  the  same  manner ;  so  that,  as  thev 

both 
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both  open  upward  or  outward  in  the  air-pump,  or  rare* 
iier,  they  will  both  open  downward  or  inward  in  the  con-* 
denser. 

848.  And  on  the  same  principles,  namely,  of  the  com- 
pression and  elasticity  of  the  air,  depends  the  use  of  the 
Diving  Bell,  which  is  a  large  vessel,  in  which  a  person  de- 
scends to  the  bottom  of  the  sea,  the  open  end  of  the  vessel 
being  downward ;  only,  in  tliis  case  the  air  is  not  con- 
densed by  forcing  more  of  it  into  the  same  space,  as  in  the 
condensing  engine  j  but  by  compressing  the  same'  quantity 
of  air  into  a  less  space  in  the  bell,  by  increasing  always  the 
force  which  compresses  it. 

^49.  If  a  vessel  of  any  sort  be  inverted  into  water,  and 
pushed  or  let  down  to  any  depth  in  it  j  then  by  the  pressure 
of  the  water  some  of  it  will  ascend  into  the  vessel,  but  not  so 
high  as  the  water  without,  and  will  compress  the  air  into  less 
space,  according  to  the  dilFerence  between  the  heights  of  the 
internal  and  external  v/ater ;  and  the  density  and  elastic  force 
of  the  air  will  be  increased  in  the  same  proportion,  as  its 
space  in  the  vessel  is  diminished. 

So,  if  the  tube  ce  be  inverted,  and  pushed  down  into 
water,  till  the  external  water  exceed  the  internal,  by  the 
height  AB,  and  the  air  of  the  tube  be  reduced  to  the  space 
CD  j  then  that  air  is  pressed  both  by  a  co-  Ar-   .- 

lumn  of  vrater  of  the  height  ab,  and  by  f"-"  - ' 

the  whole  atmosphere  which  presses  on  the         ^ 
upper  surface  of  the  water;  consequently 
the  space  CD  is  to  the  whole  space  ce,  as  ^''' 

the  weight  of  \he  atmosphere,  is  to  tlie 
weights  both  of  the  atmosphere  and  the 
column  of  water  A3.     So  that,  if  ab  be  ^ 

about  Si  feet,  which  is  equal  to  the  force    - 
of  the  atmosphere,  then  cd  will  be  equal 
to  -2-CE  j  but  if  AB  be  double  of  that,  or 
68  feet,  then  CD  will  be  ^ce  -,  and  so  on.     And  hence,  by 
knowing  the  depth  AF,  to  which  the  vessel  is  sunk,  w^e  can 
easily  find  the  point  d,  to  which  the  water  will  rise  within 
it  at  any  time.     For  let  the  weight  of  the  atmosphere  at 
that  time  be  equal  to  that  of  34  feet  of  water;  also,  let  the 
depth  AF  be  20  feet,  and  the  length  of  the  tube  ce  4  feet : 
then,  putting  the  height  of  the  internal  water  de  =  .v, 
it  is   -  34  -f  AB    :    34  : :  CE  :  cd, 
that  is  34  -j-  AF  —  DE   :    34  : :  ce  :  ce  —  DE, 
or      -  54  —  A?  :  34  : :  4  :  4  — .  A-  ; 
hence,  multiplying  extremes  and  means,  216  —  5Sx  -}-  >P 

=  136, 


^ 
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==  136,  and  the  root  is  /v  =  1*4-14.  of  a  foot^  or  17  inches 
nearly;  being  the  height  DE  to  which  the  water  will  risa 
lyithin  the  tube. 

350.  But  if  the  vessel  be  not  equally 
wide   throughout,   but   of  any   other 
shape,  as  of  a  bell-hke  form,  such  as 
is  used  in  diving;  then  the  altitudes      Ap 
will  not  observe  the  proportion  above,      (.  \ 
but  the  spaces  or  bulks  only  will  re-         ; 
spect  that  proportion,  namely,  34-  •-{-         , 
AB   :   34   : :   capacity  ckl   :   capaci^      j|; 
CHI,  if  it  be  common  or  fresh  water ;         m 
and  33  -j-  AB  :  33  ; :  capacity  ckl  : 
capacity  chi,  if  it  be  sea-water.    From 
which  proportion,  the  height  rxE  may 
be  found,  when  the  nature  or  shape  of  the  vessel  or  b^ll  CKt 
is  known. 


Of  THE  BAROMETER. 

351.  THE  Barometer  is  an  instrument  for  measuring 
the  pressure  of  the  atmosphere,  and  elasticity  of  the  air,  at 
any  time.  It  is  commonly  made  of  a  glass  tube,  of  near 
3  feet  long,  close  at  one  end,  and  filled  with  mercury. 
When  the  tube  is  full,  by  stopping  the  open  end  with  the 
finger,  then  inverting  the  tube,  and  immersing  that  end  with 
the  finger  into  a  bason  of  quicksilver,  on  removing  the  finger 
from  the  orifice,  the  quicksilver  in  the  tube  will  descend  into 
the  bason,  till. what  remains  in  the  tube  be  of  the  same  weight 
with  a  column  of  the  atmosphere,  which  is  commonly  be- 
tween 28  and  31  inches  of  quicksilver ;  and  leaving  an  entire 
vacuum  in  the  upper  end  of  the  tube  above  the  mercury. 
For,  as  the  upper  end  of  the  tube  is  quite  void  of  air,  there 
is  no  pressure  downwards  but  from  the  column  of  quicksilver, 
and  therefore  that  will  be  an  exact  balance  to  the  couatcr 
pressure  of  the  whole  column  of  atmosphere,  acting  on  the 
orifice  of  the  tube  by  the  quicksilver  in  the  bason.  Th^ 
uppbr  three  inches  of  the  tube,  namely,  from  2S  to  31  inches, 
hav^  a  scale  attached  to  them,  divided  into  inches,  tenths, 
and.  hundredths,  for  measuring  the  length  of  the  column  at 
all  times,  by  obsefving  which  division  of  the  scale  the  top  o£ 
the  quicksilver  is  opposite  to;  as  it  ascends  and  descends 
within  these  limits,  according  to  the  state  of  the  atmosphere. 

YoL.  II,  R  So 
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The  thermometer. 


So  that  the  weight  of  the  quick- 
tWver  in  the  tube,  above  that  in 
the  bason,  is  at  all  times  equal  to 
the  weight  or  pressure  of  the  co-  . 
kimn  of  dtmosphere  above  it,  and 
of  the  same  base  with  the  tube  ; 
and  hence,  th^  freight  of  it  may 
at  all  times  be  Computed ;  being' 
nearly  at  the  rate  of  half  a  pound 
avoirdupois  for  every  inch  of 
quicksilver  in  the  tube,  oni  every 
square  inch  of  base  *,  or  more 
exactly,  it  is  -^^^  of  a  pound  on" 
the  square  inch,  for  every  inch  in 
the  altitude  of  the  quicksilver  :  for 
the  cubic  inch  of  quicksilver  weighs 
just  -i^lb,  or  nearly  4  a  pound,  in 
the  mean  temperature  of  55°  of 
heat.  And  consequently,  when 
the  barometer  stands  at  30  inches, 
or  21  feet  high,  which  is  the  me- 
dium or  standard  height,  the  whole 

pressure  of  the  atmosphere  is  equal  to  14  J  pounds,  on  every 
square  inch  of  the  base :  and  so  in  proportion  for  other 
heights. 


Of  tHE  THERMOMETER. 

.  352.  THE  Thermometer  is  an  instrument  for  measuring 
the  temperature  of  the  air,  as  to  heat  and  cold. 
:.Itis  found  by  experience,  that  all  bodies  expand  by  heat, 
and  contract  by  cold :  and  hence  the  degrees  of  expansion 
become:,  the  measure  of  the  degrees  of  heat.  Fluids  are 
more  convenient  for  this  purpose,  than  solids  :  and  quick- 
silver is  now  most  commonly  used  •  for  it.  A  very  -fine 
glass  tube,  having  a  pretty  large  hollow  ball  at  the  bottom,  is 
iilled  about  half  way  up  with  quicksilver :  the  whole  being 
then  heated  very  hot  till  the  quicksilver  rise  quite  to  the  top, 
the  top  is  then  hermetically  sealed,  so  as  perfectly  to  exclude  all 
communication  with  the  outward  air.  Then,  in  cooling,  the 
quicksilver  contracts,  and  consequently  its  surface  descends 
ill  the  tube,  till  it  come  to  a  certain  point,  correspondent  to 
the  temperature  or  heat  of  the  air.  And  when  the  weather 
bccon:^es  warmer,  the  quicksilver  expands,  and  its  surface 
.,  rises 
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rises  In  the  tube ;  and  again  contracts 
and  descends  when  the  weather  be- 
comes cooler.  So  that,  by  placing  a 
scale  of  any  divisions  against  the  side 
of  the  tube,  it  will  show  tlie  degrees 
of  heat,  by  the  expansion  and  contrac- 
tion of  the  quicksilver  in  the  tube ;  ob- 
serving at  what  division  of  the  scale 
the  top  of  the  quicksilver  stands.  And 
the  method  of  preparing  the  scale,  as 
used  in  England,  is  thus  : — -Bring  the 
thermometer  into  the  temperature  of 
freezing,  by  immersing  the  ball  in 
water  just  freezing,  or  in  ice,  just 
thawing,  and  mark  the  scale  where 
the  mercury  then  stands,  for  the  point 
of  freezing*-  Next,  imm.erge  it  in  boil- 
ing water;  and  the  quicksilver  will 
rise  to  a  certain  height  in  the  tube ; 
which  mark  also  on  the  scale,  for  the 
boiling  point,  or  the  heat  of  boiling 
watek  Then  the  distance  between 
these  two  .points  is  divided  into  1 80 
equal  divisions,  or'  degrees ;    and-  th6 

like  equal  degrees  are  also  continued  to  any  extent  below 
the  freezing  point,  and  above  the  boiling  point.  The  divi^ 
sions  are  then  numbered  as  follovrs,  namely,  at  the  freezing 
point  is  set  th6  number  32,  and  consequently  212  at  the 
boiling  point ;  and  all  the  other  numbers  in  their  order. 

This  division  of  the  scale  is  commonly  called  Fahrenheit's, 
According  to  this  division,  55  is  at  the  mean  temperature  df 
the  air  in  this  country ;  and  it  is  in  this  tempei^ature,  and  in 
an  atmosphere  which  sustains  a-  column  of  30  inches  of 
quicksilver  in  the  barometer,  that  all  measures  and  specific 
gravities  are  taken,  unless  when  otherwise  mentioned ;  and 
■in  this  temperature  and  pressure,  the  relative  weights,  or 
specific  gravities,  of  air,  water,  and  quicksilver,  are  as 

1~-  for  air,  fand  these  also  are  the  weights  of  a  cubic 

1000  for  v/ater,  <  foot  of  each,  in  avoirdupois  ounces,  in 
13600  for  mercury ;  (.that  state  of  the  barometer  and  ther- 
mometer. For  other  states  of  the  thermometer,  each  of  these 
bodies  expands  or  contracts  according  to  the  following  rate, 
with  each  degree  of  heat ;  viz. 

Air  about     -       ~y  part  of  its  bulk. 

Water  about      ^^\^  part  of  its  bulk, 

Mercury  about  -5-5^^  part  of  its  bulk* 

R2  O^ 
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On  the  measurement  of  ALTITUDES  by  the 
BAROMETER  and  TPIERMOMETER. 

353.  FROM  the  principles  laid  down  in  the  scholium  to 
prop.  69,  concerning  the  measuring  of  altitudes  by  the  baro- 
meter, and  the  foregoing  descriptions  of  the  barometer  and 
thermometer,"  we  may  now  collect  together  the  precepts  for 
the  practice  of  such  measurements,  which  are  as  follow : 

Firstf  Observe  the  height  of  the  barometer  at  the  bottom 
of  any  height,  or  depth,  intended  to  be  measured  ;  with  the 
temperature  of  the  quicksilver,  by  means  of  a  thermometer 
attached  to  the  barometer,  and  also  the  temperature  of  the 
air  in  the  shade  by  a  detached  thermometer. 

Sccoh-dly,  Let  the  same  thing  be  done  also  at  the  top  of  the 
said  hfeight  or  depth,  and  at  the  same  time,  or  as  near  the 
same  "time  as  may  be.  And  let  those  altitudes  of  barometer 
be  reduced  to  the  same  temperature,  if  it  be  thought  neces- 
sary, by  correcting  either  the  one  or  the  other,  that  is> 
augmeht  the  height  of  the  mercury  In  the  colder  tempe- 
rature, or  diminish  that  in  the  warmer,  by  ks  -g^^-rs  part  for 
every  degree  of  difference  of  the  two. 

Thirdly.  Take  the  difference  of  the  common  logarithms  of 
the  two  heights  of  the  barometer,  corrected  as  above  if  ne- 
cessaryi  cutting  off  three  figures  next  the  right  hand  for  de- 
cimals, the  rest  being  fathoms  in  v/hole  nunibers. 

Fourthly,  Correct  the  number  last  found  for  the  difference 
of  temperature  of  the  air,  as  follows  :  Take  half  the  sufti 
of  the  two  temperatures,  for  the  mean  one ;  and  for  every 
degree  which  this  differs  from  the  temperature  Si',  take  sex 
many  times  the  ■:^  part  of  the  fathoms  above  found,  and 
add  them  if  the  mean  tem.perature  be  above  SI*",  but  sub- 
tract them  if  the  mean  temperature  be  below  31°;  and  the 
sum  or  difference  will  be  the  true  altitude  in  fathoms ;  or,, 
being  multiplied  by  6,  it  will  be  tlis  altitude  in  feet. 

354.  Example  1.  Let  the  state  of  the  barometers  and  ther- 
mometers be  as  follows;  to  find  the  altitude,  viz. 


Barom. 

Lower  29-6^ 
Upper  25-28 


Thermom.  ' 

attach.    I   detach. 

57  57 

43  42 


Ans.  the  alt.  is 
727-j?o  fath. 

355.  Exam, 


The  resistance  of  FLUIDS,  &c.  24^ 

,  ^55,  Exam.  2.  To  find  the  altitude,  when  the  state  of  the 
barometers  and  thermometers  is  as  follows,  viz. 


Barom. 

Lower  29-45 
Upper  26-82 


Thermom.         | 

attach. 

detach. 

38 

31 

41 

35 

Ans.  the  alt.  is 
408|  fath. 


On  the  resistance  of  FLUIDS,  with  their  FORCES 
AND  ACTIONS  ON  BODIES. 


PROPOSITION    LXX. 

356.  If  any  Body  move  through  a  Fluid  at  Resty  &r  the  Fluid 
move  against  the  Body  at  Rest ;  the  Force  or  Resistance  of  the 
Fluid  agahtst  the  Body,  will  be  as  the  Square  of  the  Velocity 
and  the  Density  of  the  Fluid.    -That  is,  R  oc  dvK 

For,  the  force  or  resistance  is  as  the  quantity  of  matter  or 
particles  struck,  and  the  velocity  with  which  they  are  struck. 
But  the  quantity  or  number  of  particles  struck,  in  any  time, 
are  as  the  velocity  and  the  density  of  the  fluid.  Therefore 
the  resistance,  or  force  of  the  fluid,  is  as  the  density  an4 
square  of  the  velocity. 

357.  Corol.  1.  The  resistance  to  any  plane,  is  also  more 
or  less,  as  the  -plane  is  greater  or  less ;  and  therefore  the 
resistance  on  any  plane,  is  as  the  area  of  the  plane  a,  the 
^density  of  the  medium,  and  the  square  of  tli.e  velocity.  Thaf 
is,  R  OC  adv\ 

358.  CoroL  2.  If  the  motion  be  not  perpendicular,  but 
oblique  to  the  platie,  or  to  the  face  of  the  body  5  then  the 
resistance,  in  the  direction  of  motion,  will  be  diminished  in 
the  triplicate  ratio  of  radius  to  the  sine  of  the  angle  of  in- 
clination of  the  plane  to  the  direction  of  motion,  or  as  the 
cube  of  radius  to  the  cube  of  the  sine  of  that  r^ngle.  So 
that  ^  oc  adv's^  putting  1  =  radius,  and  /  =  sine  of  the 
angle  of  inclination  cab. 

For,  if  AB  be  the  plane,  AC  the 
direction  of  motion,  and  bc  perpen- 
dicular to  AC  J  then  no  more  particles 
meet  the  plane  than  what  meet  the 
perpendicular  bc,  and  therefore  their 
number  is  diminished  as  ab  to  bc  or 
^s  jl  to  J-.    But  the  force  of  each  par- 

licie. 


250  Ths  resistance  of  FLUIDS,  &c. 

tide,' striking  the  plane 'obllqiiely  in  the  direction  CA,  is  also 
diminished  as  AB  to  Be,  or  as  1  to  s ,-  therefore  the  resist-- 
ance,  which  is  perpendicular  to  the  face'  of  the  plane  by- 
art.  52,  is  as  1'  to  A  But  again,  this  resistance  in  the  di- 
rection perpendicular  to  the  face  of  the  plane,  is  to  that  in 
the  direction  ac,  by  art.  51,  as  ab  to  bc,  or  as  1  to  /. 
Consequently,  on  all  these  accounts,  the  resistance  to  the 
plane  when  moving  perpendicular  to  its  face,  is  to  that  when 
moving  obliquely,  as  1^  to  s\  or  1  to  /.  That  is,  the  re- 
sistance in  the  direction  of  the  motion,  is  diminished  as^ 
1  to'/,  or  in  the  triplicate  ratio  of  radius  to  the  sine  of  in- 
clination. 

PROPOSITION    LXXI. 

359.'  The  Real 'Resistance  to  a  Plane,  ly  a  Fluid -acting  in  a 
Direction.  Perpendicular  to  its  Face,  is  equal  to  the  IVeight  of 
a' Column  of  the  Fluid y  ivhose  Base  is  the  Plane,  and  Altitude 
equal  to  that  ivhich  is  due  to  the  Velocity  of  the  Motion,  or 
through  which  a  Heavy  Body  must  fall  to  acquire  that  Velocity. 

The  resistance  to  the  plane  moving  through  a  fluid,  is  the 
Same  as  the  force  of  the  iiuid  in  motion  with  the  same  velo- 
city, on  the  plane  at  rest.  But  the  force  of  the  fluid  in 
motion,  is  equal  to  th6  weight  or  pressure  which  generates 
that  motion  ;  and  this  is  equal  to  the  weight  or  pressure  of  a 
column  of  the  fluid,  whose  base  is  the  area  of  the  plane,  and 
its  ^titude.-that  which  is  due  to  the  velocity. 

"  360.  Cord.  1.  If  ^  denote  the  area  of  the  plane,  v  the 
velocity,  «  the  density  or  specific  gravity  of  the  fluid,  and 
g  =  16-j?^feet,  or  193  inches.   Then,  the  altitude  due  to  the 

velocity  V  beme:  -— ,   therefore  ^  x  «   X    t"  =  "";: —  will 

i:.  ^  %  '"  ' '         ^     ^g  ^g 

be  ^e  whole  resistance,  or  motive  force  R. 

3^1.  Corel. ^.  If  the  direction  of  motion  be  not  perpen- 
dicultir  to  the  face  of  the  plane,  but  oblique  to  it,  in  any 
angie,  whose  sine  is  /.  Then  the  resistance  to  the  plane  wijl 

ativ  s 

be  —- — . 

362.  Corok  3.  Also,  if  w  denote  the  v^eight  of  the  body, 
whose  plane  face  a  is  resisted  by  the  absolute  force  r  ;  then 

the  retardinor  force  f,  or  — ,  will  be . 

^  "^  IV  4'g%u 

363.  Corol.  4.  And  if  the  body  be  a  cylinder j  whose  facG 
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or  end  is  ^,  and  radius  r,  moving  in  the  direction  of  its 
axis;  because  then  /  =?=  1,  and /j=/r",  where ^  =  3'14d6j 

then— — -  will  be  the  resistm?  force  R,  and  "S- —  the 

retarding  force yi 

364.  Corol.  5.  This  is  the  value  of  the  resistance  when 
the  end  of  the  cylinder  is  a  plane  perpendicular  to  its  axis, 
or  to  the  direction  of  motion.  But  were  its  face  an  elliptic 
section,  or  a  conical  surface,  or  any  other  figure  everywhere 
equally  inclined  to  the  axis,  or  direction  of  motion,  the  sine 
of  inclination  being  s :  then,  the  number  of  particles  of  the 
fluid  striking  the  face  being  still  the  same,  but  the  force  of 
each,  opposed  to  the  direction  of  motion,  diminished  in  the 
duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  resist- 

*ng  forc,e  r  w^ould  be  — , 

■  ^  H 


PROPOSITION    LXXII. 

'  ^^o.  The  Resistance  t^  a  Sphere  moving  through  a  Fhrld)  is  hut 
Half  the  Resistance  to  its  Great  Circle,  or  to  the  End  of  a 
Cylinder  of  the  same  Diameter,  moving  ivith  an  equal  Velocity. 

Let  afeb  be  half  the  sphere,  moving 
in  the  direction  ceg.  Describe  the  pa- 
raboloid aiekb  on  the  same  base.  Let 
any  particle  of  the  medium  meet  the 
semicircle  in  f,  to  whi.ch  draw  the  tan- 
gent FG,  the  radius  fc,  and  the  ordi- 
nate FiH.  Then  the  force  of  any  par- 
ticle on  the  surface  at  f,  is  to  its  force 
on  the  base  at  ii,  as  the  square  of  the 
«ine  of  the  angle  g,  or  its  equal  the  angle  fch,  to  the 
square  of  radius,  that  is,  as  hf^  to  cf^  Therefore  the 
force  of  all  the  particles,  or  the  whole  fluid,  on  the  whole 
surface,  is  to  its  force  on  the  circle  of  the  base,  as  all  the 
hf"-  to  as  many  times  cf^.  But  cf'^  is  =  c/il^  =;=  ac  .  cb, 
and  HF'  =='  AH  .  HB  by  the  nature  of  the  circle:  alsoj 
API  .  HB  :  AC  .  C3  .' !  HI  \  CE  by  the  nature  of  the  para- 
bola ;  consequently  the  force  on  the  spherical  surface,  is  to 
the  force  on  its  circular  base,  as  all  the  hi's  to  as  nlany  ce's, 
that  is,  as  the  content  .of  the  paraboloid  to  the  content  of  its 
circmnscribed  cylinder,  namely,  ^s  1  to  2. 

366.  CoroL  Hence,  the  resistanc(?  to  the  sphere  Is  R  = 

pnv'^r" 

*— r — ,  being  the  half  of  that  of  a  cylinder  of  the  same 

diameter 
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diameter.  For  example,  a  9lb  iron  ball,  "-mJiose  diametet*  is 
4  inches,  when  moving  through  the  air  with  a  velocity  of 
1600  feet  per  second,  would  meet  a  resistance  which  is  equal 
to  a  weight  of  1 32?  lb,  over  and  above  the  pressure  of  the 
atmosphere,  for  want  of  the  counterpoise  beh.ind  the  ball. 


PRACTICAL  EXERCISES  in  MENSURATION. 

Quest.  1.  WHAT  difference  is  there  between  a  floor 
28  feet  long  by  20  broad,  and  two  others,  each  of  half  the 
dimensions ;  and  what  do  ail  three  come  to  at  45s.  per 
square,  or  100  square  feet  ? 

Ans.  dif.  280  sq.  feet.     Amount  18  guineas. 

Quest.  2.  An  elm  plank  is  14  feet  3  inches  long,  an4  I 
would  have  just  a  square  yard  slit  oiF  it ;  at  what  distance 
from  the  edge  must  the  line  be  struck  ?        Ans.  V^g-  inches. 

Quest.  3.  Acieling  contains  114  yards  6  feet  of  plaster- 
ing, and  the  room  28  feet  broad  ;  what  is  the  length  of  it  ^ 

Ans".  36^  feet. 
Quest.  4.   A  common  joist  is   7  inches  deep,   and  2^ 
thick  ;  but  wanting  a  scantlirsig  just  as  big  again,  that  shall  be 
S  inches  thick  ;  what  will  the  other  dimension  be  ? 

Ans.  11|-  inches. 

Quest.  5.  A  wooden  cistern  cost  me  Ss.'2d,  painting 
within,  at  6d.  per  yard  ;  the  length  of  it  was  102  inches, 
and  the  depth  21  inches ;  what  was  the  width  ? 

Ans.  27^^  Inches. 

Quest.  6.  If  my  court -yard  be  47  feet  9  inches  square> 
and  I  have  laid  a  foot-path  with  Purbeck  stone,  of  4  feet 
wide,  along  one  side  of  it  j  what  will  paving  the  rest  with 
flints  come  to,  at  6a\  per  square  yard  ?         Ans.  5/.  lOV.  0^-^, 

Quest.  7.  A  ladder,  40  feet  long,  may  be  so  planted,  that 
it  shall  reach  a  window  S3  feet  from  the  ground  on  one  side 
■of  the  street ;  and,  by  only  turning  it  over,  without  moving 
the  foot  out  of  its  place,  it  will  do  the  same  by  a  window  21 
feet  high  on  the  other  side :  what  is  the  breadth  of  the  street  ? 

Ans.  56  feet  7|^  inches. 

Quest,  8.  The  paving  of  a  triangular  court,  at  ISd.  per 
foot,  came  to  iDO/.  •,  the  longest  of  the  three  sides  was 
88  feel  5  required  the  sum  of  the  other  two  equal  sides? 

Ans.  106-85  feet. 

Quest.  9. 
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QtJ£st.  9.  There  are  two  columns  in  the  ruins  of  Perse- 
polis  left  standing  upright  5  the  one  is  64?  feet  above  the 
piaih,  and  the  oth^r  50 :  in  a  straight  line  between  these 
stands  an  ancient  small  statue,  the  head  of  which  is  97  feet 
from  the  summit  of  the  higher,  and  86  feet  from  the  top  of 
the  lower  column,  the  base  of  which  measures  just  76  feet 
to  the  centre  of  the  figure's  base^  Required  the  distance  be- 
tween the  tops  of  the  two  columns  ?      Ans.  157  feet  nearly. 

Quest.  10.  The  perambulator,  or  surveying  wheel,  is  so 
contrived,  as  to  turn  just  twice  in  the  length  of  1  pole,  or 
164  feet;  required  the  diameter  ?  Ans.  2*626  feet. 

Quest.  11.  In  turning  a  one-horse  chaise  within  a  ring  of 
a  certain  diameter,  it  was  observed  that  the  outer  wheel 
made  two  turns,  while  the  inner  made  but  one  :  the  wheels 
were  both  4  feet  high;  and,  supposing  them  fixed  at  the 
statutable  distance  of  5  feet  asunder  on  the  axletree,  what 
was  the  circumference  of  the  track  described  by  the  outer 
wheel  ?  Ans.  62*832  feet- 

Quest.  12.  What  is  the  side  of  that  equilateral  triangle, 
whose  area  cost  as  much  paving  at  8^.  a  foot,  as  the  palii- 
sading  the  three  sides  did  at  a  guinea  a  yard  ? 

Ans.  72-746  feet. 

Quest.  13.  In  the  trapezium  abcd,  are  given,  ab  «s=  13, 
Bc  i=  31|,  CD  =  24,  and  da  =  18,  also  B  a  right  angle; 
required  the  area  ?  Ans.  410*122. 

Quest.  14.  A  roof  which  is  24  feet  8  inches  by  14  feet 
6  inches,  is  to  be  covered  with  lead  at  8lb.  per  square  foot : 
what  will  it  come  to  at  18/.  per  cwt.  ?      Ans.  22/.  19j-.  lO^d. 

Quest.  15.  Having  a  rectangular  marble  slab,  58  inches 
by  27,  I  would  have  a  square  foot  cut  off  parallel  to  the 
shorter  edge ;  I  would  then  have  the  like  quantity  divided 
from  the  r^imainder  parallel  to  the  longer  side  ;  and  this  al- 
ternately repeated,  till  there  shall  not  be  the  quantity  of  a 
foot  left :  what  will  be  the  dimensions  of  the  remaining 
piece  ?  Ans.  20*7  inches  by  6*086. 

Quest.  16.  Given  two  sides  of  an  obtuse-angled  triangle, 
which  are  20  and  40  poles ;  required  the  third  side,  that  the 
triangle  may  contain  just  an  acre  of  land  ? 

Ans.  58*876  or  23*099. 

Quest.  1 7.  The  end  "wall  of  a  house  is  24  feet  6  inches 
in  breadth,  and  40  feet  to  the  eaves  ;  -}  of  which  is  2  bricks 
thick,  -J  more  is  l^-  brick  thick,  and  the  rest  1  brick  thick. 
Now  the  triangular  gable  rises  38  courses  of  bricks,  4  of 
wliich  usually  make  a  foot  in  depth,  and  this  is  but  4-^  inches. 

Or 
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or  half  a  brick  thick  :  what  will  tls^is  piece  of  work  come  to 
at  5/.  10s,  per  statute  rod  ?       •.  Ans.  20/.  11/,  7id. 

Guest.  18.  How  many  bricks  will  it  take  to  build  a 
wall,  10  feet  high,  and  500  feet  long,  of  a  brick  and  half 
thick;  reckoning  the  brick  10  inches  long,  and  4«  courses  to 
the  foot  in  height  ?  Ans.  72000. 

Guest.  19.  Ho\^  many  bricks  will  build  a  square  pyramid 
of  100  feet  on  each  side  at  the  base,  and  also  100  feet  per- 
pendicular height :  the  dimensions  of  a  brick  being  supposed 
iO  inches  long,  5  inches  broad,  and  3  inches  thick  ? 

Ans.  3840000. 

Quest.  20.  If,  from  a  right-angled  triangle,  whose  base 
is  12,  and  perpendicular  16  feet,  a  line  be  drawn  parallel  to 
the  perpendicular,  cutting  off  a  triangle  whose  area  is  24 
square  feet ;  required  the  sides  of  this  triangle  .'* 

Ans.  6,  8,  and  10. 

Guest.  21.  The  ellipse  in  Grosvenor-squarc  measures 
840  links  across  the  longest  way,  and  612  the  shortest,  within 
the  rails  :  now  the  walls  being  14  inches  thick,  what  ground 
do  they  enclose,  and  what  do  they  stand  upon  ? 

.         C  enclose  4  ac.  0  r.  6  p. 
I  stand  on  1 7601-  sq.  feet. 

Guest.  22.  If  a  round  pillar,  7  inches  over,  have>4  feet 
of  stone  in  it :  of  what  diameter  is:  the  column,  of  equal 
length,  that  contains  10  times  as  much? 

Ans.  22*136  inches. 

Quest.  23.  A  circular  fish-pond  is  to  be  made  in  a  garden, 
that  shall  take  up  just  half  an  acre ;  what  must  be  the  length 
of -the  chord  that  strikes  the  circle  ?  Ans,  27|  yards. 

Guest.  24.  Vf  hen  a  roof  is  of  a  true  pitch,  or  making  a 
right  angle  at  the  ridge,  the  rafters  are  nearly  -J  of  the  breadth 
of  the  building :  now  supposing  the  eaves-boards  to  project 
10  inches  on  a  side,  what  will  the  new  ripping  a  house  cost, 
that  measures  32  feet  9  inches  long,  by  22  feet  9  inches  broad 
on  the  flat,  at  los,  per  square?  Ans.  8/.  15/.  9^'/. 

Quest.  25.  A  cable,  which  is  3  feet  long,  and  9  inches  in 
compass,  weighs  221b ;  what  will  a  fathom  of  that  cable- 
weigh,  which  measures  a  foot  about  ?  Ans.  78-|  lb. 

Quest.  26.  My  plumber  has  put  281b.  per  square  foot 
into  a  cistern,  74  inches  and  twice  the  thickness  of  the  lead 
long,  26  inches  broad,  and  40  deep  :  he  has  also  put  three 
stays  across  it  within,  of  the  same  strength,  and  16  inches  deep, 
and  reckons  22/.  per  cwt.  for  work  and  materials.     I,  being 

a  mason, 
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a'  mason,  have  paved  him  a  workshop,  22  feet  10  inches 
broad,  with  Purbeck  stone,  at  Id.  per  foot ;  and  on  the  ba- 
lance I  find  there  is  3j-.  6d.  due  to  him ;  what  was  the  length 
of  the  workshop,  supposing  .sheet  lead  of  ^-V  of  an  inch  thick 
to  weigh  5-899lb.  the  square  foot.  Ans.  32  fedt,  OJ  inch. 
Quest.  27.  The  distance  of  the  centres  of  two  circles, 
whose  dianieters  are  each  50,'  being  given,  equal  to  30 ; 
what  is  the  .area  of  the  space  endosed  by  the'ir  circum- 
ferences ?  Ans.  5.59-119. 

OuEST.  28.  If  20  feet  of  iron  railing  weigh  half  a  ton, 
when  the  bars  are  an  inch  and  quarter  square ;  what  will 
50  feet  come  to  at  S^d,  per  lb,  the  bars  being  but  -J  of  an 
inch  square  ?  Ans.  20/.  Oj.  2d. 

Quest.  29.  The  area  of  an  equilateral  triangle,  whose 
base  falls  on  the  diameter,  and  its  vertex,  in  the  middle  of 
the  arc  of  a  semicircle,  is  equal  to  100 :  what  is  the  diameter 
pf  the  semicircle  ?  Ans.  26-32148. 

Quest.  30.  It  is  required  to  find  the  thickness  of  the 
l^ad  in  a  pipe,  of  an  inch  and  quarter  bore,  which  weighs 
141b  per  yard  in  length  j  the  cubic  foot  of  lead  weighing 
11325  ounces?  A^s.  '20737  inches. 

Quest.  31.  Supposing  the  expense  of  paving  a  semicir- 
cular plot,  at  2j-.  4^/.  per  foot,  come  to  10/.;  what  is  the 
diameter  of  it .?  Ans.  14-7737  feet. 

Quest..  3!^.  What  is  the  length  of  a  chord  which  cuts  off 
•J  of  the  area  from  a  circle  whose  diameter  is  289  ? 

'  '  Ans.  278-671G. 

Quest.  33.  My  plumber  has  set  me  up  a  cistern,  and,  his 
shop-book  being  burnt,  he  has  no  means  of  bringing  in  the 
charge,  and  I  do  not  choose  to  take  it  down  to  have  it 
weighed  ;  but  by  measure  he  finds  it  Contains  G^-^  square 
feet,  and  that  it  is  precisely  ^  of  an  inch  in  thickness.  Lead 
was  then  wrought  at  21/.  per  fother  of  194  cwt.  It  is 
required  from  these  items  to  make  out  the  bill,  allowing 
6^  ot.  for  the  weight  of  a  cubic  inch  of  lead  ? 

Ans.  4/.  llj-.  2/f. 

Quest.  34.  "What  will  the  diameter  of  a  globe  be,  when 
t'r^Q  solidity  and  superficial  content  are  expressed  by  the  same 
number  ?  Ans.  6. 

Quest.  35.  A  sack,  that  would  hold  3  bushels  of  corn, 
^s  22y  inches  broad  when  empty ;  what  will  another  sack 
£ontain,  which,  being  of  the  same  length,  has  twice  its 
breadth,  or  circumference  }  Ans.  12  bushel?. 

Quest.  36. 
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OuEST.  $6,  A  caj-penter  is  to  put  an  oaken  curb  to  a 
round  well,  at  Sd.  per  foot  square :'  the  breadth  of  the  cui-b 
is  to  be  7 1  inches,  and  the  diameter  within  3^  feet;  what 
■will  be  the  ex].>ense  ?  •.  Ans.  5j.  2^, 

QtTEST,.  ^7.  A  gentleman  has  a  garden  100  feet  long,  and 
SO  feet  broad ;  and  a  gravel  walk  is  to  be  made  of  an  equal 
vidth  half  round  it :  what  must  the  breadth  of  the  walk  be,- 
tQ  take  up  just  half  the  ground  ?  Ans.  25*968  feet. 

Quest.  38.  The  top  of  a  may-pole,  being  broken  off  by 
a  blast  of  wind,  struck  the  ground  at  15  feet  distance  froni 
the  foot  of  the  pole  ;  what  was  the  height  of  the  whole  may- 
pole, supposing  the  length  of  the  broken  piece  to  be  39  feet? 

Ans.  75  feet. 

QuTST.  39.  Seven  men  bought  a  grinding  stone,  of  CO 
inclies  diameter,  each  paying  y  part  of  the  expense ;  what 
]^rt  cf  the  diameter  must  each  grind  down  for  his  share  ? 
Ans.  the  1st  1.-4508,  2d  4-8400,  3d  5*3535,  4th  6^0765, 
5th  7-2079,  6th  9*3935,  7th  22*6778  inches. 

Quest.  40.'  A  maltster  has  a  kiln,  that  is  16  feet  6  inches 
square ;  but  he  wants  to  pull  it  down,  and  build  a  new  one, 
that  may  dry  three  times  as  much  at  6nce  as  the  old  one  % 
what  must  be  the  length  of  its  side  ?      Ans.  28  feet  7  inches. 

Quest.  41.  How  many  3-inch  cubes  may  be  cut  out  of  a 
12-inch  cube  .''  Ans.  64. 

Quest*  42.  How  long  must  the  tetiier  of  a  horse  be,  that 
uriU  allow  him.  to  graze,  quite  around,  just  an  acre  of 
ground  ?  Ans.  39^:  yards. 

Quest.  43»  What  will  the  painting  of  a  conical  spire  come 
to,  at  8f/.  per  yard ;  supposing  the  height  to  be  11 8  feet,  and 
thQ  circuniference  of  the  base  64  feet  ?        Ans.  14/.  0/.  8|^. 

Quest.  44.  The  diameter  of  a  standard  com  bushel  is 
1 84-  inches,  and  its  depth  8  inches ;  then  what  must  tlie 
diameter  of  that  bushel  be,  whose  depth  is  7-y  inches  ^ 

Ans.  19*1067  inches. 

Qtte$t.  45.  Suppose  the  ball  on  the  top  of  St.  Paul's 
chunh  is  €  ieet  in  diameter  j  what  did  the  gilding  of  it  cost 
at  2>liL  per  square  inch  ?  Ans.  237/.  IOj.  ItL 

Quest,  46.  What  will  a  frustum  cf  a  marble  cone  come 
to,  at  12/.  per  solid  foot;  the  diameter  of  the  greater  end 
being  4  feet,  that  of  the  less  end  I4,  and  the  length  of  the 
ibnt  sLk;  8  feet .?  Ans.  30/.  Lr.  I0|^. 

QfjEST.  47.  To  divide  a  cone  into  three  equal  parts  by 

sections 
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sections  parallel  to  the  base,  and  to  find  the  altitudes  of  the 
three  parts,  the  height  of  the  whole  cone  being  20  inches  ?  - 

Ans.  the  upper  part  15*867 
the  middle  part  3*605 
the  lower  part     2*528 

Qt/EST.  48.  A  gentleman  has  a  bowling-green,  300  feet 
long,  and  200  feet  broad,  which  he  would  raise  1  foot  higher, 
by  means  of  the  earth  to  be  dug  out  of  a  ditch  that  goci 
round  it :  to  what  depth  must  the  ditch  be  dug,  supposing  its 
breadth  to  be  every  where  8  feet  ?  Ans.  7~^  feet. 

Quest.  49.  How  high  above  the  earth  must  a  person  be 
raised,  that  he  may  see  J-  of  its  surface  ? 

Ans.  to  the  height  of  the  earth's  diameter. 

Quest.  50.  A  cubic  foot  of  brass  is  to  be  drawii  info 
wire,  of  --^  of  an  inch  in  diameter ;  what  will  the  length,  of 
the  wire  be,  allowing  no  loss  in  the  metal  ? 

Ans.  97784*797  yards,  or  55  miles  984*797  yard"?- 

QuEST.  51.  Of  what  diameter  must  the  bore  of  a  cannon 
be,  which  is  cast"  for  a  ball  of  241b  weight,  so  that  the 
diameter  of  the  bore  may  be  ^  of  an  inch  more  than  tha€ 
of  the  bail  ?  Ans.  5*647  inches* 

Quest.  5^.'  Supposing  the  diameter  of'  an  iron  9lb  ball  to 
be  4  inches,  as  it  is  very  nearly ;  it  is  required  to  find  the 
diameters  of  the  several  .balls  weighing  1,  2,  3,  4,  6,  12» 
18,  24,  32,  36,  and  42lbj  and  the  caliber  of  their  guns» 
allowing  -J^  of  the  caliber,  or  ~  of  the  ball's  diameter,  fat;' 
windage.  Answer. 


Wt.  of 

Diameter 

Caliber  of 

ball. 

of  ball. 

gun. 

1 

1-9230 

1*9622 

2 

2*4228 

2-4723 

3 

2*7734 

2-8301 

4 

3-0526 

3-1149 

6 

3*4943 

S'5656 

9 

4-0000 

4*0816 

12 

4-4026 

4-4924 

18 

5-0397 

5-1425 

24 

5*5469 

5-6601 

32 

6*1051  ' 

6-2297' 

36 

6*3496 

6-4792 

42 

6*6844 

6*82'38 

Quest-  55. 
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Quest.  53.  Supposing  the  windage  of  all  mortars  to  b^ 
of  the  caliber,  and  the  diameter  of  the  hollow  part  of  thft 
shell  to  be  -rV  of  the  caliber  of  the  mortar :  it  is  required  to 
determine  the  diameter  and  weight  of  the  shell,  and  the 
quantity  or  weight  of  powder  requisite  to  fill  it,  for  each  of 
the  several  sorts  of  mortars,  namely,  the  13,  10,  8,  5*8,  and 
4''6  inch  mortar.  Answer. 


Calib.  of 

Diameter 

Wt.  of  shell 

Wt.  of 

Wt.  of  shell 

mort. 

of  shell. 

empty. 

powder. 

filled. 

4-6 

4-523 

8-320 

0-5S3 

8-903 

5-8 

5'703 

16-677 

M68 

17-845 

8 

7-867 

43-764  - 

3-065 

46-829 

10 

9-833 

85-476 

5-986 

91-462 

13 

12-783 

187-791 

13-151 

200-942 

OuEST.  54.  If  a  heavy  sphere,  whose  diameter  is  4  inches, 
be  let  fall  into  a  conical  glass,  full  of  water,  whose  diametel- 
is  5,  and  altitude  6  inches ;  it  is  required  to  determine  how 
much  water  will  run  over  ?  * 

Ans.  26-272  cubic  inches,  or  nearly  f  of  a  pint. 

Quest.  55,  The  dimensions  of  the  sphere  and  cone  being 
the  same  as  in  the  last  question,  and  the  cone  only  y  full  of 
water ;  required  what  part  of  the  axis  of  the  sphere  is  im- 
mersed in  the  water  ^  Ans.  -546  parts  of  an  inch. 

*^  Quest.  56,  The  cone  being  still  the  sai?ie,  and -5- full  of 
water;  required  the  diameter  of  a  sphere  which  shall  be  just 
all  covered  by  the  water  ?  Ans.  2-445996  inches. 

Quest.  57.  If  a  person,  with  an  air  balloon,  ascend  ver^ 
tically  from  London,  to  such  height  that  he  can  just  see 
Oxford  appear  in  the  horizon ;  it  is  required  to  determine 
his  height  above  the  earth,  supposing  its  circumference  to  be 
25000  miles,  and  the  distance  between  London  and  Oxford 
49*5933  miles  ?      '  Ans.  -^^  of  a  mile,  or  547  yards  1  foot* 

Quest.  58. '  In  a  garrison  there  are  three  remarkable  ob- 
jects A,  B,  c,  the  distances  of  which  from  one  to  another 
,are  known  to^be,  AB  213,  AC  424,  and  Bc  262  yards  j  I 
am  desirous  of  knowing  my  position  and  distance  at  a  place 
or  station  s,  from  whence  1  observed  the  angle  asb  IS''  30', 
and  the  angle  csb  29°  50',  both  by  geometry  and  trigono- 
metry. 

Answer.  i^;::;^ — -/ 

605-7122$  ^x"^^V 

429-6814;  \!/ 

524-23(35.  *  N 

Quest.  59* 
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Quest.  59.  Required  the  same  as  in  the  last  question, 
when  the  point  B  is  on  the  other  side  of  AC,  supposing 
AB  9,  AC  12,  and  Bc  6  furlongs  5  also  the  angle  asb  iiS*  45',. 
and  the  angle  bsc  22^  30'.  - 

Answer.  3 

AS  10-64,  Bs  15-64,  cs  14-01. 


Quest*  60.  It  is  required  to  determine  the  magnitude  of 
a  cube  of  gold,  of  the  standard  fineness,  which  shall  be 
equal  to  a  sum  of  480  million  of  pounds  sterling ;  supposing 
a  guinea  to  weigh  5  dwts  9^  grains.  Ans.  18-691  feet. 

■  Quest.  61.  The  ditch  of  a  fortification  is  .1000  feet  long, 
9  feet  deep,  20  feet  broad  at  bottom,  and  22  at  top ;  how 
much  water  will  fill  the  ditch  ? 

Ans.  1158127  gallons  nearly. 

Quest.  62.  If  the  diameter  of  the  earth  be  7930  miles, 
and  that  of  the  moon  2160  miles  :  required  the  ratio  of  their 
surfaces,  and  also  of  their  solidities :  supposing  them  both  to 
be  globular,  as  they  are  very  nearly  ? 

Ans.  the  surfaces  are  as  13|  to  1  nearly; 
and  the  solidities  as  494-  to  1  nearly. 


PRACTICAL  EXERCISES  concerning.  SPECIFIC 
GRAVITY. 

,  THE  Specific  Gravities  of  Bodies,  are  their  relative 
Weights  contained  under  the  same  given  magnitude}  as  a 
cubic  foot,  or  a  cubic  inch,  &c. 

The  specific  gravities  of  several  sorts  of  matter,  are  ex- 
pressed by  the  numbers  annexed  to  their  names  in  the  Tablie 
of  Specific  Gravities,  at  page  224  ;  from  whence  the  num- 
bers are  to  be  taken,  when  wanted. 

Note,  The  several  sorts  of  ^wood  are  supposed"  to  be  dry. 
Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces 
avoirdupois,  the  numbers  in  the  table  express,  not  only  the 
specific  gravities  of  the  several  bodies,  but  also  the  weight  of 
a  cubic  foot  of  each  in  avoirdupois  ounces;  and  heacCj 
by  proportion,   the  weight  of  any  other  quantity,  or  the 

quantity 
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quantity  of  any  other  weight,  may  be  known,  as  In  the  fol- 
lowing problems, 

PROBLEM    I. 

To  find  the  JMagnltude  of  any  Bpdy^frBm  its  Weight. 

As  the  tabular  specific  gravity  of  the  body. 
Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot,  or  1728  cubic  inches, 
To  its  content  in  feet,  or  inches,  respectively. 

EXAMPLES. 

Exam.  1.  Re.quired  the  content  of  an  irregular  block  of 
common  stone,  which  weighs  Icwt,  or  1121b. 

Ans.  12284  cubic  Inches. 

Exam.  2.  How  mapy  cubic  Inches  of  gunpowder  are  there 
in  lib  weight  ?  Ans.  30  cubic  inches  nearly* 

Exam.  3.  How  many  cubic  feet  are  there  in  a  ton  weight 
of  dry  oak  ?  Ans.  SS^H  cubic  feet.. 

PROBLEM    II. 
To  find  the  Weight  of  a  Body  from  its  Magnitude. 

As  one  cubic  foot,  or  1728  cubic  inches, 
Is  to  the  content  of  the  body, 
iSo  is  its  tabular  specific  gravity. 
To  the  vreight  of  the  body. 

EXAMPLES. 

Exam.  1.  Required  the  weight  of  a  block  of  marble, 
whose  length  is  63  feet,  and"  breadth  and  thickness  each 
12  feet;  being  the  dimensions  of  one  of  the  stones  in  the 
walls  of  Balbeck? 

Ans.  683^?^  ton,  which  is  nearly  equal  to  the  burden  of 
an  East-India  ship. 

Exam.  2.  What  is  the  weight  of  1  pint,  ale  measure,  of 
gunpowder?    .  Ans.  19oz.  nearly. 

Exam.  3.  What  is  the  weight  of  a  block  pf  dry  oak, 
which  measures  10  feet  in  ien^h,  3  feet  broad,  and  24-  feet 
deep?    '  ■  Arjs.  4335-Hlb. 

PROBLEM 


SPECIFIC  GRAVITY. 


!2<^i 


PROBLEM  III. 

To  find  the  Specific  Gravity  of  a  Body» 

Case  1/  When  the  body  is  heavier  than  water,  weigh 
it  both  in  water  and,  out  of  water,  and  take  the  diiftrence, 
which  will  be  the  WQight  lost  in  water.     Then  say, 

As  the  weight  lost  in  water. 

Is  to  the  whole  weighty 

So  is  the  specific  gravity  of  water. 

To  the  specific  gravity  of  the  body. 

EXAMPLEv         ' 

A  piece  of  stone  weighed  lOlb,  but  in  water  only  6ilb, 
required  its  specific  gravity.  ?  •  Ansv2609. 

^  Case  2.  When  the  body  is  lighter  than  water,  so  that  it 
will  not  <iuite  sink,  affix  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  coipapounded  of  the  two  may 
sink  together.  Weigh  the  denser  body  and  the  compound 
mass,  separately,  both  in  water,  and  out  of  it ;  then  find  how 
much  each  loses  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air;  and  subtract  the  less  of  these  re- 
mainders from,  the  greater.  .  Then-sayj,  . 

As  the  last  remainder, 
.'iis  tcJ' the  weight  of  the  light  body  ifeai^^^      j' 
So  is  "the  specific  gravity  of  wat^r,  '  ' 

To  the  specific  gtavity  of  the  body. 

'.  :    <  -  '<       [  : 

}    EXAMPLE, 

Suppose  a  piece  of  elm  weighs  15ib  in  air;  and  that  a 
piece  of  copper,  which  weighs  i  8lb  in  air^  and  1 61b*  in  water, 
is  affixed  to  it,  and  that  the  compound  weighs  61b  in  water  j 
required  the  specific  gravity  of  the  ehn  ?  Ans*  600, ' 

■'"  -\    V  .      JPROBLEM  IV.  ^IbTili-.: 

lied  mm  r.':    :  ,.:       -  __^  .^  .u^rJ 

To  find  the  Quantities  of  Two  Ingredients  in  a  Given  Compound, 

Take  the  three  differences  of  every  pair  of  the  three 
specific  gravities,  namely,  the  specific  gravities  of  the  com- 
pound and  eat:h  ingredient  j  and-multiply  the  difference  of 
every  two  specific  gravities  by  the  third.  Then  say,  as  the 
greatest  product,  is  to  the  whole  weight  of  the  compound, 
'SO  is  each  of  the  other  products,  to  thie  two  weights  of -the 
ingredients.  •••  ^'  "  ::i  .:  ,:.'e'..  r  '•.::' :  -'  c  ■-*:-•. .;!..  .„;.  7v.. 
/    Vol.  II,  S  EXAMPLE. 


^  Balls  and  shells* 


EXAMPLE. 


A  composition  of  1121b  being  made  of  tin  and  copper, 
whose  specific  gravity  is  fourrci  to  be  -sys-i ;  -required  the 
quantity  of  each  ingredient,  the  specific  gravity  of  tin  being 
.7320,  and  o:f 'copper  GOQO?       ,      ,  '  :    • 

Ans   there  is  lOOlb  ofxopper|  j^  .^^^  ^o«^pofeition. 
and  consequentJ[jl2ip  pf  tm3  ^ 


Of  the  weight  and  MMENS IONS  of  BALLS  ani> 
l_  SJiELLS. 

THE  weight  and  dimensions  of  Balls  and  Shelfe  might  be 
fbund  from  the  problems  last  given,  concerning  specific  gra- 
.vity.  But  they  may  be  found  still  easier  by  means  of  the 
jexperlmented  •  weight  of  .a  ball  of  a  giveii  size,  from  the 
known  proportion  of  similar  figures,  nafnely,  a^  the  cubes 
4)f  .their  diameters. 

Tofnd  the  WeigU  ^^an  ^Iron  Bally  frmlh  \Dimjietsrs 

An  iro^  baJi  of(  4  inches  -diameter  weighs  .9lb,  and  the 
weights  being  as  the  cubes  of  the  diameters,  it  will  be,  as 
64  (which  is  the  cube  of '4)4s.:to  9,  so  is  the  cube  of  the 
diameter  of  any  other  ball,  to  its  weight.  Or,  take  -^  of 
the  cube  of  the  diametei^  'fi^'-'th^  weight.  Or,  take  4  ^^ 
the  <iube  of  'the  diameter,  •an4  4  )<rf  jth^t  ag3in>j^  aiwi  add  the 
.^wo  together,  for  the  w^ighi:*      >  -/  7  '  :.    .  .  .    . 

^  '  EkA'^Lfes.; 

-      Exam.  1.  The  diameter'o/'ari' iron ^hot  being  6-Y  inches, 

required  its  weight  ?     ^,        _  ,^  .     ,  Ans.  42-294'lb. 

Exam.  2.  What  is  tW  weight  of  an  iron  ball,  whose  dia- 

liieter  is  5^54  inches  ?  '      "'  "         Ans.  ;^4lb  nearly. 

PROBLEM    11. 

Tofifid  fhe  W^gBt  hfnijettd^'  Ball, 

.  A  leaden' ball  of  I  inch  diameter  weighs  ^^^of  a  lb;  there^ 
fofeyas  the  -cube  rt)f  I  lis  .t©  -j^^j  or  as  14  is  to  3,  so  is  the  cube 
of  the  diameter  of  a  leaden  ball,  to  its  weight, 

Z    '  Or, 
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Or,  take  -^  of  the  cube  of  the  diameter,  for  the  weight, 
nearly.  . . , 

£XAMI>LES. 

Exam.  L  Required  the  weight  of  a  leaden  ball  of  Q^6 
inches  diameter  ?         -      ''—  '     .;  Ans.  61-6081b. 

Exam.  2.  What  is  the  weight  ot  a  leaden  ball  of  5*30 
feehes  diameter  ?  Ans.  32lb  nearly. 


PROBLEM  III. 

To  Jind  the  Diameter  of  an  Iron  BalL 

Multiply  the  weight  by  7-J^,  ^d  thecUbe  root  of  th^ 
product  will  be  the  diam_^t€r* 

•  '  '"*•'"  '•'■/ '       Examples* 

;E.x;aM;  I.,  Required  the  diameter  of  a  ,421b  iron  ball  ? 

.    ..  ,/  '  .,-    Ans.  6*685  inches* 

Exam.  2*  What  is  the  diameter  of  a  24lb  iron  ball  ? 

Ans.  5'5^  inchos* 

J^ROBLEM  iVi^  -^-^ 

To  find  the.  Diameter  of- a  Leaden  Ba/L 

Multiply  the  weight  by  14,  and  divide  the  product  fey  3  5 
then  the  cube  root  of  the  quotient  will  be  the  diameter. 

■  r  »>     T '  •  ,  •       r  til  •  , 

'    .        '  :  fekAMPLES.  ■    -  , 

JExAM^  1.  Required  the  diameter  of  ^  64.1b  i^A6fi  ball  ? 

.  .:;7  zoo  -.W.^  ,.,,  i.  {.a  !i;w:  jcibv'or:  riuurn  Ans^  6'6^4  inches. 
£xAM4  2.  What  is  the  diameter  of  an  81b  leaden  ball  ? 

Ans.  3*343  inches* 

PROBLEM    V. 
To  find  the  Weight  of  an  Iron  She//, 

Take  -^  of  the  difFerence  of  the  cubes  of  the  external 
and  internal  diameter,  for  the  weight  of  the  shell. 

That  is,  from  the  cube  of  the  external  diameter,  take  the 
cube  of  the  internal  diameter,  multiply  the  remainder  by  9, 
swnd  divide  the  product  by  64. 

S  2  EXAMPLES. 


^6^  POWDER  AND  SHELLS,  &c. 

•       s  •    •         -EXAMPLES.    '  ^  —- --    /<■• 

Exam.  1.  The  outside  diameter  of  an  iron  shell  being  12*8j 
and  the  inside  diameter  9'1  inches;  required  its  weight  ? 

Ans.  188-9411be 
Exam.  2.  What  is  the  weight  of  an  iron  shell,  whose  ex- 
ternal and  internal  diameters  are  9*3  and  7  inches  ? 

PROBLEM  VI. 

To  find  how  much  Powder  will  fill  a  Shell. 

Divide  the  cube  of  the  internal  diameter,  in  inches,  by 
fi^:%  f^r  the  ib5  of  powder. 

EXAMPLES.  -^f  -V'i^^m 

Exam.  I.  How  much  powder  will  fill  the  shell  whose  in- 
ternal diameter  is  9*1  inches?  Ans.  13-rjlb  nearly. 

Exam.  2.  How  much  powder  will  fill  the  shell  whbse  in- 
terhtil  cflameteris  7  inches  ?  Ans.  61b. 

•  PROBLEM    VII. 

To  find  how  much  Powder  will  fill  a  Rectangular  Box, 

Find  the  content  of  the  box  in  inches^  by  multiplying  the 
length,  breadth,  and  depth  all  together.  Then  divide  by  30 
f^r^he  pounds  p/ powder.      ;  ■,  ^^,  ^. 

'.-:  ■•:  e '^  ' ';  ♦^     EXAKrPLESV' 

Exam.  1 .  Required  the  quantity,  of  powder  that  will  fill  a 
box,  the  length  being  15  inches,  the  breadth  12,  and  the 
depth  IQ  inches  .^  -  :  .•.'■-        '      •  Anv  ^Olb. 

'    Exam.  2.  How  much  powder  will  fill  a  cubical  box  whose 
sideJs  12.  inches  ?  ,     A»s,  ST^lb. 

PROBLEM    Vin. 

To  find  how  much  Powder  will  fill  a  Cylinder, 

Multiply  the  square  of  the  diameter  by  the  length,  then 
divide  by  38*2  for  the  pounds  of  powder. 

EXAMPLES. 

Exam.  1.  How  much  powder  will  the  cylinder  hold, 
^  whose  diameter  is  10  inches,  ^nd  length  20  inches  } 

Ans.  52|lb  nearly. 

Exam.  2. 


POWDER  AND  SHELLS,  See.  263 

Exam.  2.  How  much  powder  can  be  contained  in  the 
cylinder,  whose  diameter  is  "4  inches,  and  length  12  Inches  ? 

Ans.  5-^\b. 

PROBLEM    IX. 

To  find  the  Size  of  a  Shell  to  contain  a  given  Weight  of  Poivder. " 

Multiply  the  pounds  of  powder  by  57*3,  and  the  cube 
root  of  the  product  will  be  the  diameter  in  inches, 

EXAMPLES, 

Exam.  L  What  is  the  diameter  of  a  shell  that  will  hold 
i3|lb  of  powder?.  Ans.  9*1  inches. 

Exam.  2.  What  is  the  diameter  of  a  shell  to  contain  61b 
pf  powder?  ^  Ans.  7  inches. 

PROBLEM    X. 

To  find  the  Size  of  a  Cubical  BoXy  to  contain  a  given  Weight  of 
^  .  Powder, 

Multiply  the  weight  in  pounds  by  30,  and  the  Cube  root 
pi  the  product  will  be  the  side  of  the  box  in  inches. 

examples. 

Exam.  L  Required  the  side  of  a  cubical  box,  to  hold  501b 
of  gunpowder?  Ans.  11 -^^  inches. 

Exam.  2.  Required  the  side  of  a  cubical  box,  to  hold 
4001b  of  gunpowder  ?  Ans.  22*89  inches. 

PROBLEM  '  XI. 

To  find  what  Length  of  a  Cylinder  will  be  filled  by  a  given 
Weight  of  Gunpowder. 

Multiply  the  weight  in  pounds  by  38*2,  and  divide  the 
product  by  the  square  of  the  diameter  in  inches,  for  the 
length. 

EXAMPLES. 

Exam.  1.  What  leng^th  of  a  36-pounder  gun,  of  6\  inches 
diameter,  will  be  filled  with  121b  of  gunpowder  ? 

Ans.  10-314  inches. 

Exam.  2.  What  length  of  a  cylinder,  of  8  inches  diameter, 
jnay  be  filled  with  20lb  of  powder  ?  Ans.  1  Ijl  inches. 

Of 
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Of  the  piling  of  BALLS  and  SHELLS,^ 

Iron  Balls  and  Shells  are  commonly  piled  by  horizontal 
courses,  either  in  ^  pyramidical  or  in  a  wedge-like  form ;  the 
base  being  either  an  equilateral  triangle,  or  a  square,  or  a 
rectangle.  In  the  triangle  and  square,  the  pile  will  finish  in 
a  single  ball ;  but  in  the  rectangle,  it  will  finish  in  a  single 
row  of  balls,  like  an  edge.  • 

In  triangular  and  ^uare  piles,  the  number  of  horizontal 
rows,  or  courses,  is  always  equal  to  the  number  of  balls  in 
one  side  of  the  bottom  row.  And  in  rectangular  piles,  the 
number  of  rows  is  equal  to  the  number  of  balls  in  the  breadth 
of  the  bottom  row.  Also,  the  number  in  the  top  row,  or 
edge,  is  one  more  than  the  difference  between  the  length  ^nd 
breadth  of  the  bottom  row. 


PROBI.EM   I. 

To  find  the  Number  of  Balls  in  a  Triangular  Pile, 

Multiply  continually  together  the  number  of  balls  in 
one  side  of  the  bottom  row,  and  that  number  increased  by  1, 
also  the  same  number  increased  by  2;  then  -|  of  the  las^ 
product  will  he  the  answer. 

_,      .     «  .  «  -f-  1  .  «  +  2  .     ,  ,  , 

That  IS,  ■ — -— -:   IS  the  nunaber  or  sum,  wh^r^ 

6     . 

n  is  the  number  in  the  bottom  row. 

EXAMPLES. 

Exam.  1.  Required  the  number  of  balls  in  a  triangular 
pile,  each  side  of  the  base  containing  30  balls  ?      Ans.  4960, 

Exam.  2.  How  many  balls  are  in  th?  triangular  pile,  each 
side  of  the  base  containing  20 .?  Ans.  154rO,- 

PROBLEM    II. 

To  find  the  Number  of  Balls  in  a  Square  Pile. 

Multiply  continually  together  the  number  in  one  side 
of  the  bottom  course,  that  number  increased  by  1,  and  double 
the  same  number  increased  by  1 5  then  -g-  of  the  last  product 
will  be  the  answer.  •  ' 

^,      .     «  .  «  +  1  .  2«  -f  1  .     , 

That  IS,  — — ^.    ■  .  .. IS  the  number, 

o 

EXAMPLES, 
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EXAMPLES.   ^ 

Exam*  I.  How  many  balls  are  in  a  square  pile  of  30  rows  ? 
'  .  Ans.  9455. 

Exam.  2,  Hcfw  marxy  balls  ar«  i^  \  square  pile  of  20  rows  I 

Ans.  2870, 


PROBLEM    III. 

To  find  the  Number  of  Balls  in  a  Rectangular  Pile, 

From  3  times  the  number  In  the  length  of  the  base  row, 
subtract  one  less  than  the  breadth  of  the  same,  multiply  the 
remainder  by  the  said  breadth,  and  the  product  by  one  more 
than  the  same  ;  and  divide  by  6  for  the  answer. 

^,      ,    b.b-\-l  ,U-^b~^\.     ,  ,  ...      •  . 

That  is, ' — ^— — — —  IS  the  number ;  where /;s 

the  length,  and  b  the  breadth,  of  the  lowest  course. 

Note,  In  all  the  piles  the  breadth  of  the  bottom  is,  equal 
to  the  number  of  courses.  And  in  the  oblong  or  rectan- 
gular pile,  the  top  row  is  on^  more  than  the  difference  be- 
tween the  length  and  breadth  of  the  bottom. 

EXAMPLES. 

E^CAM.  1,  Required  the  number  of  balls  in  a  rectangular 
pile,  the  length  and  breadth  of  the  base  row  being  46  and 
IB{  Ans.  4960. 

Exam.  2.  How  many  shot  are  in  a  rectangular  complete 
pile,  the  length  of  the  bottom  course  being  59,  and  its  breadth 
20}  Ans.  11060. 

PROBLEM    IV. 

To  find  the  Number  ef  Balls  in  an  Incomplete  Pile, 

From  the  number  in  the  whole  pile,  considered  as  com- 
plete, subtract  the  number  in  the  upper  pile  which  is  want- 
ing at  the  top,  both  computed  by  the  rule  for  their  proper 
form ;  and  the  remainder  will  be  the  number  jn  the  frustum, 
or  incomplete  pile. 

EXAMPLES. 

ExAM«  1.  To  find  the  number  of  shot  in  th^  incomplete 
triangular  pile,  one  side  of  the  bottom  course  being  40,  and 
the  top  course  20 }  Ans.  10150. 

Exam.  2. 


^9  DISTANCE^  by  SOUND. 

Exam.  2.  How  many  shot  are  in  the  Incomplete  triangular 
pile,  the  side  of  the  base  being  24,  and  of  the  top  8  ? 

V  •  •     H  /       -  A  me 


Ans..2516. 


E:ffAM.  S.  How  many  balls  are  in  the  incomplete  square 
pile,  the  side  of  the  base  being  24,  and  of  the  top  8  ?  " 

Ans.  4760. 

Exam.  4.  How  many. shot  are  in  the  incomplete  rect- 
angular pile,  of  12  courses,  the  length  and  breadth  of  the 
base  being  40  and  20  ?  Ans.  6146, 


Of  DISTANCES  by  the  VELOCITY  of  SOUND. 

By  various  experiments  it  has  been  found,  that  sound  flies, 
through  the  air,  uniformly  at  the  rate  of  about  1142  feet  in 
1  secojid  of  time,  or  a  mile  in  4f  seconds.  And  therefore, 
by  proportion,  any  distance  may  be  found  corresponding  to 
any  given  time ;  namely,  multiplying  the  given  time,  in  se- 
conds, by  1142,  for  the  corresponding  distance  in  feet ;  or 
taking  -/^^  of  the  given  tinie  for  the  distance  in  miles. 

Note,  The  time  for  the  passage  of  sound  in  the  interval 
between  seeing  the  flash  of  a  gun,  or  lightning,  and  hearing 
the  report,  may  be  observed  by  a  watch,  or  a  small  pendulum., 
Or,  it  may  be  observed  by  the  beats  of  the  pulse  in  the  wrist, 
counting,  on  an  average,  about  70  to  a  minute  for  persons  in 
moderate  health,  or  54  pulsations  to  a  mile ;  and  more  or 
less  according  to  circumstances. 

EXAMPLES. 

Exam.  1.  After  observing  a  flash  of  lightning,  it  was  12 
seconds  before  the  thunder  was  heard  ;  required  the  distance 
of  the  cloud  from  whence  it  came  ?  Ans.  2j-  miles. 

Exam.' 2.  How  long,  after  firing  the  Tower  guns,  may. 
the  report  be  heard  at  Shooter's-Hill,  supposing  tjie  distance 
to  be  8  miles  in  a  straight  line  ?  Ans.  374-  seconds. 

Exam.  3.  After  observing  the  firing  of  a  large  cannon  at 
a  distance,  it  was  7 'seconds  before  the  report  was  heard; 
what  was  its  distance  ?  '  Ans.  l^^  mile. 

Exam.  4.  Perceiving  a  man  at  a  distance  hewing  down  a 
tree  with  an  axe,  I  remarked  that  6  of  my  pulsations  passed 
between  seeing  him  strike  and  hearing  the  report  of  the 

blow  i 
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IdIow  ;  what  was  the  distance  between  us,  allowing  70  pulses 
to  a  minute  ?  Ans.  1  mile  and  198  yards. 

Exam.  5.  How  far  off  was  the  cloud  from  which  thunder 
issued^  whose  report  was  5  pulsations  after  the  flash  of  light- 
ning;  counting  75  to  a  minute  ?  Ans.  1523  yards. 

Exam.  6.  If  I  see  the  flash  of  a  cannon,  fired  by  a  ship  in 
distress  at  sea,  and  hear  the  report  83  seconds  after,  how 
farisslieoff?  Ans.  7-i^mile3,^ 


PRACTICAL  EXERCISES  in  MECHANICS,  STATICS, 
HYDROSTATICS,  SOUND,  MOTION,  GRAVITY, 
PROJECTILES,  AND  OTHER  BRANCHES  of  NA- 
TURAL PHILOSOPHY. 

Question  1.  Required  the  weight  of  a  cast  iron  ball  of 
3  inches  diameter,  suppqsing  the  weight  of  a  cubic  inch  of 
the  metal  to  be  0'258lb  avoirdupois  ?  Ans.  3-64;739lb. 

Quest.  2.  To  determine  the  weight  of  a  hollow  spherical 
iron  shell,  5  inches  in  diameter,  the  thickness  of  the  metal 
being  one  inch  ?  Ans.  13-23871b. 

Quest.  3.  Being  one  day  ordered  to  observe  how  far  a 
battery  of  cannon  was  from  me,  I  counted,  by  my  watch, 
17  sreconds  between  the  time  of  seeing  the  flash  and  hearing 
the  report  5  wjiat  then  was  the  distance  ?        Ans,  3|^  miles. 

Quest.  4.  It  is  proposed  to  determine  the  proportional 
quantities  of  matter  in  the  e^rth  and  moon  ;  the  density  of 
the  former  being  to  that  of  the  latter,  as  10  to  7,  and  their 
diameters  as  7930  to  2160.  Ans.  as  71  to  1  nearly. 

Quest.  5.  What  difference  is  there,  in  point  of  weight, 
between  a  block  of  marble,  containing  1  cubic  foot  and  a 
Jislf,  and  another  of  brass  of  the  same  dimensions  ? 

Ans.  4961b  14oz. 

Quest.  6.  In  the  walls  of  Balbeck  in  Turkey,  the  an- 
cient Heliopolis,  there  are  three  stones  laid  end  to  end,  now 
in  sight,  that  measure  in  length  61  yards ;  one  of  which  in 
particular  is  21  yards  or  63  feet  long,  12  feet  thick, 'and 
12  feet  broad  :  now  if  this  block  be  marble,  what  power 
vould  balance  it,  so  as  to  prepare  it  for  moving  ? 

Ans.  683^tpns,  the  burdei^  of  an  East-India  ship. 

Quest.  7.  The  battering-ram'  of  Vespasian  weighed,  sup- 
pose 100,000  pounds;  and  was  moved,  let,  us  admit,  with- 

such 
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such  a  velocity,  by  strength  of  hand,  as  to  pass  through 
1^0  feet  in  one  second  of  time  ;  and  this  was  found  sufficient 
to  demoHsh  the  wails  of  Jerusalem.  The  question  is,  with 
what  velocity  a  32lb  ball  must  move,  to  do  the  same  execu- 
tion ?  Ans.  62500  feet. 
Quest.  8,  There  are  two  bodies,  of  which  the  one  con- 
tains 25  times  the  matter  of  the  other,  or  is  25  times; 
heavier;  but  the  less  moves  with  1000  times  the  velocity  of 
the  greater :  in  what  proportion  then  are  the  momenta,  or 
forces,  with  which  they  are  moved  ? 

Ans.  the  less  moves  with  a  force  40  times  greater. 

Quest:  9.  A  body,  weighing  20lb,  is  impelled  by  such  a 
force,  as  to  send  it  through  100  feet  in  a  second ;  with  what 
velocity  then  would  a  body  of  8lb  vv^eight  move,  if  it  were 
impelled  by  the  same  force  ?  Ans.  250  feet  per  second. 

Quest.  10.   There   are   two  bodies,  the  one  of  which 

weighs  lOOlb,  the  other  60;  but  the  less  body  is  impelled 

by  a  force  8  times  greater  than  th^  other ;  the  proportion  of 

the  velocities,  with  which  these  bodies  move,  is  required  ? 

Ans.  the  velocity  of  the  greater  to  that  of  the  less,  as  3  to  40. 

Quest.  11.  There  are  two  bodies,  the  greater  contains 
8  times  the  quantity  of  matter  in  the  less,  and  is  moved 
with  a  force  48  times  greater  ;  the  ratio  of  the  velocities  of 
these  two  bodies  is  required  ? 

Ans.  the  greater  is  to  the  less,  as  6  to  I, 

Quest.  12.  There  are  two  bodies,  one  of  which  moves 
40  times  swifter  than  the  other ;  but  the  swifter  body  has 
moved  only  one  minute,  whereas  the  other  has  been  in  mo-< 
tion  2  hours :  the  ratio  of  the  spaces  described  by  these  two 
bodies  is  required  ? 

Ans.  the  swifter  is  to  the  slower,  as  1  to  3, 

Quest.  13.  Supposing  one  body  to  move  30  times  swifter 
than  another,  as  also  the  swifter  to  move  12  minutes,  the 
other  only  1  :  what  difference  will  there  be  between  the 
spaces  described  by  them,  supposing  the  last  has  moved  5 
feet?  Ans.  1795  feet, 

Quest.  14.  There  are  two  bodies,  the  one  of  which  ha$ 
passed  over  50  miles,  the  other  only  5 ;  and  the  first  had 
moved  with  5  times  the  celerity  of  the  second  ;  what  is  the. 
ratio  of  the  times  they  have  been  in  describing  those  spaces.^ 

Ans.  as  2  to  1, 

Quest.  15.  If  a  lever,  40  effective  inches  long,  will,  by 
a  certain  power  thrown  successively  on  it,  in  1 3  hours, 
raise  a  weight  104  feet ;  in  what  time  will  two  other  levers^" 

eacljt 
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«ach,18  effective  inches  lortg,  raise   an.  equal  weight  73 
feet  ?  Ans.  1 0  hours  8^  minutes. 

Quest.  16,  "What  weight  will  a  man  be  able  to  raise,  who 
presses  with  the  force  of  a  hundred  and  a  half,  on  the  end 
of  an  equipoised  handspike,  100  inches  long,  meeting  with 
^  convenient  pjpp  exactly  74  inches  from  the  lower  end  of 
the  machine  I  •  Ans.  20721b. 

Quest.  17.  A  weight  of  l^lb,  laid  on  the  shoulder  of  a 
nian,  is  no  greater  burden  to  him  than  its  absolute  weight, 
or  24  ounces :  what  difference  will  he  feel,  between  the  said 
weight  applied  near  his  elbow,  at  12  inches  from  the  shoul- 
der, and  in  the  palm  of  his  hand,  28  inches  from  the  same ; 
and  how  much  more  must  his  muscles  then  draw,  to  support 
it  at  right  jingles,  that  is,  having  his  arm  stretched  right  out? 

Ans.  241b  avoirdupois. 

Quest,  18.  What  weight  hung  on  at  70  inches  from  the 
centre  of  rhotion  of  a  steel-yard,  will  balance  a  small  gun  of 
9-2  cwt,  freely  suspended  at  2  inches  distance  from  the" said 
centre  on  the  contrary  side  ?  Ans.  SOflb. 

Quest.  19.  It  is  proposed  to  divide  the  beam  of  a  steel- 
yard, or  to  find  the  points  of  division  where  the  weights  of 
1,  2,  3,  4,  &c,  lb,  on  the  one  side,  will  just  balance  a  constant 
weight  of  951b  at  the  distance  of  2  inches  on  the  other  side 
of  the  fulcrum  ;  the  weight  of  the  beam  being  lOlb,  and  its 
whole  length  36  inches  ? 

Ans.  30,  15,  10,  7i,  6,  5,  4^,  3|,  3i-,  3,  2^,  2i,  &c. 

Quest.  20.  Two  men  carrying  a  burden  of  2001b  weight 
between  them,  hung  on  a  pole,  the  ends  of  which  rest  on 
their  shoulders ;  how  much  of  this  load  is  borne  by  each 
man,  the  weight  hanging  6  inches  from  the  middle,  and 
the  whole  length  of  the  pole  being  4  feet  ^ 

Ans.  i251b  and  751b. 

Quest.  21.  If,  In  a  pair  of  scales,  a  body  weigh  901b  in 

one  scale,  and  only  40lb  in  the  other;  required  its  true 

weight,  and  the  proportion  of  the  lengths  of  the  two  arms  of 

the  balance  beam,  on  each  side  of  the  point  of  suspension  ? 

Ans.  the  weight  60lb,  and  the  proportion  3  to  2. 

Quest.  22.  To  find  the  weight  of  a  beam  of  timber,  or 
other  body,  by  means  of  a  man's  own  weight,  or  any  otlier 
weight.  For  Instance,  a  piece  of  tapering  thnber,  24  feet 
long,  being  laid  over  a  prop,  or  the  edge  of  another  beam, 
is  found  to  balance  itself  when  the  prop  is  13  feet  from  the 
less  end ;  but  removing  the  •  prop  a  foot  nearer  to  the  said 
^nd,  it  takes  a  man's  weight  of  2101b,  standing  on  the  less 

end. 
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end,,  to  ho  A  it  in  equilibrium.  Required  the  weight  of  the 
tree  ^  Ans.  25201b. 

r  Quest.  23.  If  ab  be  a  cane  or  walking-stick,  40  inches 
}ongi,  suspended  by  a  string  sd  fastened  to  the  middle  point 
D :  now  a  body  being  hung  on  at  e,  6  inches  distance  from  d, 
is  balanced  by  a  weight  of  21b,  hung  on  at  the  larger  end'  A  ;■ 
but  removing  the  body  to  f,  one  inch  nearer  to  d,  thfe  21b 
weight  on  the  other  side  is  moved  tp  g,  within  8  inches  of  D, 
before  the  cane  will  rest  in  equilibrio.  Required  the  weight 
of  the  body  ?  Ans.  241b. 

Quest.  24.  If  ab,  bc  be,  two  inclined  planes,  of  the 
lengths  of  30  and  40  inches,  and  moveable  about  the  joint 
jit  B :  what  will  be  the  ratio  of  two  vreights  P,  q,  in  equi- 
librio on  the  planes,  in  all  positions  of  them :  and  what  will 
be  the  altitude  bd  of  the  angle  b  above  the  horizontal  plane 
AC,  when  this  is  50  inches  long  ?.        ,  , 

Ans.  BD  =  24  ;  and  p  to  Q  as  ab  to  BC,  or  as  S  tg  4. 

Quest.  25.  A  lever,  of  6  feet  long,  is  fixed  at  right  angles 
in  a  screw,  whose  threads  are  one  inch  asunder,  so  that  the 
lever  turns  just  once  round  in  laising  or  depressing  the  screw 
one  inch.  If  then  this  lever  be  urged  by  a  weight  or  force 
gf  50lb,  with  \xhat  force  ]^ill  the  screw  press  ? 

'  V',!    '    ",  Ans.  2261911b. 

Quest.  26.  If  a  man  can  draw  a  weight  of  1501b  up  the 
side  of  a  perpendicular  wall,  of  20  feet  high ;  what  weight 
will  he  be  able  to  rai:>e  along  a  smooth  plank  of  30  feet  long, 
laid  aslope  from  the  top  of  the  wall  ?  Ans,  2251b. 

Quest.  27.  If  a  force  of  1501b  be  applied  on  the  head  of 
a  rectangular  wedge,  ite  thickness  being  2  inches,  and  the 
length  of  its  side  12  inches ;  what  weight  will  it  raise  or  ba-: 
lance  perpendicular  to  its  side  ?  Ans.  9001b. 

Quest.  28.  If  a  round  pillar  of  30  feet  diameter  be 
raised  on  a  plane,  inclined  to  the  horizon  in  an  angle  of  75% 
or  the  shaft  inclining  15  degrees  out  of  the  perpendicular; 
what  length  will  it  bear  before  it  overset  ? 

Ans.  30  (2-  +  v'S)  or  111-9615  feet. 

Quest.  29.  If  the  greatest  angle  at  which  a  bank  of  na- 
tural earth  will  stand,  be  45* ;  it  is  proposed  to  determine 
what  thickness  an  upright  wall  of  stone  must  be  made 
throughout,  just  to  support  a  bank  of  12  feet  high ;  the  spe- 
cific gravity  of  the  stone  being  to  that  of  earth,  as  5  to  4. 

. ,;  V.  I  ».  ■  ;o-.         .  Ans.  12v/ A>  or.  6-76356  feet. 
Quest.  St).  If  the^^'stone  wall  be  made  like  a  wedge,  or 
having  its  upright  section  a  triangle,  tapering  to  a  point  at' 

top^ 
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top,  but  Its  side  next  the  bank  of  earth  perpendicular  to  the 
horizon ;  what  is  its  thickness  at  the  bottom,  so  as  to  sup- 
port the  same  bank  ?  Ans.  ISv'l,  or  10-733126  feet. 

•  ,  Quest.  31.  But  if  the  earth  will  6nly  stand  at  an  angle  of 
SO  cie'grees  to  the  horizontal  line ';  it  is  required  to  determine 
the  thickness  of  wall  in  both  the  preceding  cases  ? 

.  Ans.  the  breadths  are  the  same  as  before,  because  the  area 
qf  the  triangular,  bank  of  earth  is  increased  in  the  same 
proportion  as  its  horizontal  push  is  decreased.        •       - 

Qu:est:  82.  To  find  the  thickness  of  an  upright  ref^tari- 
gular  Avail,  necessary  to  support  a  body  of  water  ;  the  water 
being  10  feet  deep,  and  the  wall  12  feet  high;  also  the  specific 
gravity  of  tlie  wail  to  that  of  the  water,  as  1 1  to  -7."  • 

'-       ■'■■          •:  ■';  :      :■      -  -::      :   -   Aris.  4-204374.  feet. 

'  ^  •  Quest.-  2S ; •  .To :  determine  the  thickness  of:  the^:  WaU  at 
the  bottom,  when  the  section,  of  it  is  triangular,  and  the  al- 
titudes as  before.  .  . !  i  L,.,^  'Ans.  5*1492866  feeL 
Quest.  34.  Supposing  the  distance  of  the  earth  from  the 

-  sun-  to.  be. 95  millions  of  miles  ;, I. would  know  at  what}  di- 
stance from  Jiim  another  body  must, ^ie;  placed j  scr^^to, i;e- 
oeiye' light  and  heat  quadruple  to  that  of  the  earth.       _  • 

*Z:    ^>;.,       J    •,       Ans.  at  half  the  distance,  or  47^. millions. 

Quest.  35.  If  the,  mean  distanjjepjf  th^  sun  £i;om  us  be 
106  of  liis  diameters  ;  how  much  hotter  is  it  at  the'surface 
of  the  sun,  than  under  our  equator  ? 
V'";      ^"  '     "^  Ans.  11236  times  hotter. 

^  Quest.  '36.  The  distance  between  the  earth  and  the  sun 
being  accounted  95  millionsof  miles,  and  between  Jupiter ^ml 

•  the  sun  495  millions ;  the  degree  of  light  and  heat  received 
by  Jupiter,  compared  with  that  of  the  earth,  is  required  ? 

Ans.  -^W*  or  nearly  -^  of  the  earth's  light  and  heat. 

Quest.  37.  A  certain  body  on  the  surface  of  the  eart^i 
.  weighs  a  cwt,  or  1121b  ;  the  question  is,  whither  this  body 
must  be  carried,  that  it  may  weigh  only  lOlb  ?  ,    .,,^., 

Ans.  either  j^t  3*3466  semi-diameters,  or  -j?^' 6f  a  ■semi- 
diameter,  from  the  centre.     . 

Quest.  38.  If  a  body  weigh  1  pound,  or  16  ounces, 'on 
the  surface  of  the  earth  j  what  will  its  weight  be  at  50  miles 
above  it,  taking  the  earth's  diameter  at  7930  miles  ?      . 

Ans.  15oz.  9|-dr.  nearly. 

Quest.  39.  Whereabouts,  in  the  line  between  the  earth 

■  and  moon,  is  their  common  centre  of  gravity ;  supposing 

the  earth's  diameter  to  be  7930  miles,  and  the  moon's  2160 ; 

also 
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also  the  density  of  the  foriiler  to  that  of  the  latter,  as  99  td 
68f  or  as  10  to  7  nearly,  and  their,  mean  distance  30  of  the 

earth's  diameters?    '     -':/  .-■■',      ■         -  - -•  ..--... ^  ^ 

Ans.at  ^14- parts.Qf^a,,4lameter.,frpm  thie  ^artVs  centre, 

,     or  xoV  parts  of  aiameter-l  or  64)8  Dalles  below  the 

surface.    ^  ,    ,.  ^,...,  ^.,    .■.  ,^,  ,  ;  •^r.,.,^,.  .o<4f  ■;•-.■.  •  .:. 

Quest.  40.  Whereabouts,  bfeti^e^i^  tl^^-esMi  -and;  moon, 
are  their  attractions  equal  to  ^ach'oth^r  ?  'Oi^,  wherfe  must 
another  body  be  placed,  so  as  to  remain  suspended  in  equi- 
^librio,  not  being  more  attracted  to  the  one  than  t6  the  other, 
or  having  no  tendency  to  fall  either  way  ?  Xh^ju:  diin^nsions 
being  as  in  the  last  question .;;,,,:  ',ii,  ^,..:^^3L  i^.:  wl  .^..J 
Ans.  From  the  earth's  centre  26^-^7  of  .thp  earth's  di^ 
.    .    From  the  moon's  centre    2>-^  5         amef ers. 

Quest.  41.  Suppose  a  stone,'  dropt  into  an  abyss, '  should 
be  stepped  at  the  end  of  the   11th  secorid  after  i  its -4e-» 
livery ;  vi^hat  space  would  it  have  gone  through  ?     '  :.-.' jr? 
\,  ;:,   .,  Ans.  1946^  feet* 

Quest.  42.  What  is  tlie  diiFerence  between  the  depths  of 

two  wells,  into  -each  of  which  should  a  stone  be  dripped  at 

the  same  instant,  th"6  6tie'\Vill  strike  the  bottom  at  6  seconds, 

•the  other  at  10  ?     —    •    -  -  ■  •  -  '-      Ans.  1029|  feet. 

Quest,  is.  If  21  stbne  be  l^^'seeonclsin  descending  from 
the  top  of  a  prfecipice  to  the  bottom,  -^hat  is  its  height  ? 

•''■'-  ^•^'-  '■,  Ans.  61 15||  feet* 

Quest.  44.  In  what  time  will, a  musket  ball,  dropped  from 
.the  top  of  ^alisbiury  steeple,  said  to  be  400  feet  high,  reach 
the  bottom  ?  ,  '  ■    Ans.  5  seconds  nearly. 

Que^t.  45.  If 'a  heavy  body  be  observed  to  full  through 
100  feet  in  the  last  second  of  time,  froih  what  hei'ght  did  it 
fall,  and  how  long  was  it  in  motion  ? 

Ans.  time;  3ff|  sec.  and  height  209f||^  feet. 

Quest.  46.  A  stone  being  let  fall  into  a  well,  it  was  ob- 
served that,  after  being  dropped,  it  was  1 0  seconds  before  the 
sound  of  the  fall  at  the  bottom  reached  the  etir.  What  is 
the  depth  of  the  well  ?  Ans.  1270  feet  nearly. 

Quest.  47.  It  is  proposed  to  determine  the  length  of  a 

pendulum  vibrating   seconds,   in   the   latitude  of  London, 

where  a  heavy  body  falls  through  16^^  f^^t  in  the  first  second 

®f  time?  Ans.  39*1 1  inches. 

By  experiment  this  length  is  found  to  be  39f  incheSit' 

Quest.  48, 
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.    QuE^T.  48.  What  is  the  length  of  a  pendulum  vlbfatlng 
m  2  seconds ;  also  in  half  a  second,  and  in  a  quarter  second? 
Ans.  the  12  second  pendulum  1^64- 
the  4  second  pendulum      9-|i 
^  the  ^  second  pendulum      2^5,^  inches. 

jQuEST.  4j9,  What  diiFerence  will  there  be  in  the  number 
of  vibrations,  made  by  a  pendulum  of  6  inch-es  long,  and 
another  of  12  incjies  long,  in  an  hour's  time  ?     Ans.  2692^^. 

Quest.  50.  Observed  that  while  a  stone  was  descending, 
to  measure  the  depth  of  a  well,  a  string  and  plummet,  that 
from  the  point  of  suspension,  or  the  place  where  it  was  held,  . 
to  the  centre  of  oscillation,  measured  just  18.  inches,  had 
made  8  vibrations,  when  the  sound  from  the  bottom  re- 
turned. What,  was  iJae  depdi  of  the  well  ? 
'  :  '.i-i  8f;':''?nt:.' :."  r;.j  jisfc,  Ans.  412*61  ffeet* 

Quest,  ^t.  tf  a  Ball  vibrate  in  the  arch  of  a  circle,  10  de- 
grees on  each  side  of  the  perpendicular  ;  or  a  ball  roll  down 
the  lowest  10  degrees  of  the  arch;  required  the  velocity  at 
the  lowest  point  ?  the  radhis  of  the  circle,  or  length  of  the 
pendulum,  l)eing  20  feet*  Ans.  4*42 IS  feet  per  second. 

,  Quest. ,52.  If  a; ball  descend  down  a  smooth  incljned 
plane,  whose  length  is  100  feet,  and  altitude  10  feet ;  how 
long  will  it  be  in  descending,  and  what  will  be  the  last  ve- 
locity ?  I^rhi 

Ans.  the  veloc.  25*3^4  feet  per  sec.  and  time  7*8852  sec. 

'  ^UEsT.  S3.  If  a  cannon  ball,  of  lib  weight,  be  fired 
against  a  pendulous  block  of  wood,  and,  striking  the  centre 
of  oscillation,  cause  it  to  vibrate  an  arc  whose  chord  is  30 
inches  j  the  radius  of  that  arc,  or  distance  from  the  axis  to 
the  lowest  point  of  the  pendulum,  being  118  inches,  and 
the  pendulum  vibrating  in  small  arcs  40  oscillations  per  mi- 
nute. Required  the  velocity  of  the  ball,  and  the  velocity  of 
the  centre  of  oscillation  of  the  pendulum,  at  the  lowest  point 
of  the  arc ;  the  whole  weight  of  the  pendulum  being  5001b? 
Ans.  veloc, ball  1956*6054  feet  per  sec. 
.  and  veloc.  cent,  oscil.  3*9054  feet  per  sec. 

Quest.  54.  How  deep  willacube  of  oak  sink  in  common 
water  j  each  side  of  the  cube  being  1  foot  ? 

*   Ans.  1 1-rV  inches. 

Quest.  55.  How  deep  will  k  globe  of  oak  sink  in  water  •, 
tjie  diameter  being  1  foot  ?  Ans.  9*9867  inches. 

Quest.  56^ 
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,  Quest.  55.  If  a  cube  of  wood,  floating  in  common  wa^fer, 
Eave  S  inches  of  its  height  dry  above  the  water,  and  4-r4y 
inches  dry  when  in  ^ea-water ;  it  is  proposed  to  determine 
the  magnitude  of  the  cube,  and  what  sgrt  of  wood  it  m  made 
ofi  Ans.  the  wood  is  oak,  and  each  side  40  inches. 

OuEST.  57,  An  irregular  piece  of  lead  ore  weighs,  in  air 
12  Ounces,  but  in  water  only  7 ;  and  another  fragment 
weighs  in  air  14^  ounces;  but  in  water  only  9;  required 
their  comparative  densities,  or  specific  gravities?. 

Am.  ds  145io:i32. 

Quest.  58.  An  irregular  fragment  of  glass,  in  the  scaler 
weighs  171  grains,  and  another  of  magnet  102  grains.;,  but 
in  wrater  the  first  fetclies  up  no  more  than  120  grains>  and 
the  other  79  ;  what  then  will  their  specific  gravities  turn  out 
to  be  ?  Ans.  glass  to  magnet  as  3933  to  5202 

r  , .  ,.^P^  ne^ly  as  10  to  13i 

-.  Quest.  59.  Hiero,  king  of  Sicily^  ordered  his  jeweller  to 
m^e  him  a  crown,  containing  63.  ounces  of  gold.  .The 
workmen  thought  that  substituting  part  silver  was  only  a 
proper  perquisite ;  which  taking  air,  Archimedes  was  ap* 
poiuted  to  examine  it ;  who,  on  putting  it  into  a  vessel  of 
water,  found  it' raised  the  fluid  8*2245  cubic  incht?s :  and 
having  discovered  that  the  inch  of  gold  moi*e  criticall)r 
weighed  10*36  ounces,  and  that  of  silver  but  5^85  ounces j.h^ 
found  by  calculation  what  part  of  the  king's^  gold  had  beert 
changed;     And  you  are  desired  to;  repeat  the  process. 

■t.r^.r,,'  ^•'r    p..  :;,...    ,  Ans.  28*^  p^n^es. 

Quest.  60.' Supposing  the  cubic  inch  of  comniph  gUss 
weigh  1*4921  ounces  troy,  the  sanie  of  sea-water  '59542,  and 
of  brandy  '5368;  then  a  seaman  having  a  gallon  of  this 
liquor  in  a.  glass  bottle,  which  weighs  3*84lb  out  of  water, 
and,  to  cqnceal  it  from  the  ofRcers  of  the  custPmsV  th'rowS 
It  overboard.  It '  i^  proposed  to  determine,  if  it  will  siiik^ 
how  much  fprce  will  just  buoy  it  up  ? 

*        ~        '  .   Ans.  14'149^'oun'c^sV 

Quest.  61.  Another  person  has  half  an  anker  of  brandy, 
of  the  same  specific  gravity  as  jn  the  last  question ;.  the  wood 
of  the  cask  suppose  measures  -f  of  a  cubic  foot ;  it  is  proposed 
to.  assign  what  quantity  of  lead  is  just  requisite  "to  keep  the 
cask  and  liquor  under  water  ?  Ans.  89*743  ounces. 

Quest-^  §2i  Suppose,  by  measurement,  it  be  found  that  a 
man-of-war,  with  its  ordnance,  rigging,  and  appointments, 
'  sinks 
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sinks  so'  deep  as  to  display  50000  cubic  feet  of  fresh 
Water  j  what  is  the  whole  weight  of  the  vessel  ? 

Ans.  1395-^  tons. 

Quest.  63.  It  Is  required  to  determine  what  would  be 
the  height  of  the  atmosphere,  if  it  were  everywhere  of  the 
:Same  density  as  at  the  surface  of  the  earth,  whfen  the  quick- 
silver in  the  barometer  stands  at  30  inches;  and  also,  what 
would  be  the  height  of  a  water  barometer  at  the  same  time  ? 
Ans.  height  of  the  air  29166-|  feet  or  5*5240  miles, 
height  of  water  35  feet. 

Quest*  64.  With  what  velocity  would  each  of  those  three 
fluids,  viz.  quicksilver,  water,  and  air,  issue  through  a  small 
Orifice  in  the  bottom  of  vessels,  of  the  respective  heights  of 
30  inches,  35  feet,  and  5*5240  miles  ;  estimating  the  pressure 
by  the  half  altitudes,  and  the  air  rushing  into  a  vacuum  ? 

Ans.  the  veloc.  of  quicksilver  8*967  feet, 
the  veloc.  of  water     *     33*55 
the  veloc.  of  air     -     -     968*6 
But,  estimating  by  the  whole  altitude,  the  veloc. 

of  air  is     -         -         ^         ^         -         -       1369*8 
And  the  mean  between  these  two  is  -       1169*2 

which  is  nearly  the  velocity  of  sound,  and  also  nearly  equal 
to  the  velocity  of  a  ball  through  th«  air  when  it  sutFers  a  re- 
sistance equal  to  the  pressure  of  the  atmosphere. 

QuESTi  65,  A  very  large  vessel  of  10  feet  high  (no  matter 
what  shape)  being  kept  constantly  full  of  water,  by  a  large 
supplying  cock  at  the  top  ;  If  9  small  circular  holes,  each 
•i  of  an  inch  diameter,  be  opened  in  its  perpendicular  side  at 
every  foot  of  the  depth :  it  is  required  to  determine  the  se- 
veral distances  to  which  they  will  spout  on  the  horizontal 
plane  of  the  base,  and  the  quantity  of  water  discharged  by 
»n  of  them  in  10  minutes  ? 

Ans.  the  distances  are 
^36  or  6*00000 
-/64  -  8*00000 
-v/84  -  9*16515 
^/96  -  9*79796 
v/ 100 -10*00000 
^^96  -  9*79796 
V'84  -  9*16515 
v/64  -  8*00000 
V36  -  6*00000 
and  the  quantity  discharged  in  10  min.  l23*8S49.gallons. 

-TdL.  IL  T  Nffte. 


TrS'  PRACTICAL  EXERCISES,  &c. 

Notf.  In  this  solution,  the  velocity  of  the  water  is  sup- 
posed to  be  equal  to  that  which  is  acquired  by  a  heavy  body 
in  falling  through  the  whole  height  of  the  water  above  the 
ori§c9;  and^that  it  is  the  same  in  every  part  of  the  holes. 

^UEST.  ^6.  if  the  inner  axis  of  a  hollow  globe  of  copper, 
exhausted  of  aii'j  be  100  feet  j  what  thickness  must  it  ba 
of,  that  it  m,ay  just  float  in  air  ? 

.Ans. -02688  of  an  inch  thick. 

Quest.  67.  If  a  sphericalbatloon  of  copper,  of -r^  of  an 
inch  thick,  have  its  cavity  of  100  feet  diameter,  and  be  filled 
M^ith  inflammable  air,  of  ■^-  of  the  gravity  of  common  air, 
\i^hat  weight  will  just  balance  it,  and  prevent  it  from  rising 
up  into  the  atmosphere  ?  Ans.  27981  lb. 

-..,.,.  t 

Quest.  68,  If  a  glass  tube,  36  inches  long,  close  at  top, 
be  sunk  perpendicularly  into  water,  till  its  lower  or  open 
end  be  30  inches  below  the  surface  of  the  A's^ter ;  how  high 
will  the  water  rise  within  the  tube,  the  quicksilver  in  the 
common  barometer  at  the  same  time  standing  at  29|-  inches  ? 

Ans.  2*26545  inches. 

\  Quest.  69.  If  a  diving  bell,  of  the  form  of  a  parabolic 
conoid,  be  let  down  into  the  sea  to  the  several  depths  of 
5,  10,  15,  and  20  fathoms;  it  is  required  to  assign  the 
respective  heights  to  which  the  water  will  rise  within  it : 
its  axis  and  the  diameter  of  its  base  being  each  8  feet, 
and  the  quicksilver  in  the  bai'ometer  standing  at  30*9 
iAches  ? 

Ans.  at    5  fathoms  deep  the  water  rises  2*03546  feet, 
at  10  -         -         -         -         3*06393 

at  15  3*70267 

at  20  -         -         -         -         4*14658 
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The  doctrine  of  FLUXIONS. 


/ 

DEFINITIONS  AND  PRINCIPLES. 

Art.  1.  In  the  Doctrine  of  Fluxions,  magnitudes  or 
quantities  of  all  kinds,  are  considered,  not  as  made  up  of  a 
numSer  of  small  parts,  but  as  generated  by  continued  mo- 
tion, by  means  of  which  they  increase  or  decrease.  As,  a 
line  by  the  motion  of  a  point ;  a  surface  by  the  motion  of  a 
line ;  and  a  solid  by  the  motion  of  a  surface.  So  likewise, 
time  may  be  considered  as  represented  by  a  line,  increasing 
uniformly  by  the  motion  of  a  point.  And  quantities  of  all 
kinds  whatever,  which  are  capable  of  increase  and  decrease, 
may  in  like  manner  be  represented  by  geometrical  magni- 
tudes, conceived  to  be  generated  by  motion. 

2.  Any  quantity,  thus  generated,  and  variable,  is  called  a 
Fluent,  or  a  Flowing  "Quantity.  And  the  rate  or  proportion 
accorcHng  to  which  any  flowing  quantity  increases,  at  any 
position  or  instant,  is  the  Fluxion  of  the  said  quantity,  at 
that  position  or  instant :  and  it  is  proportional  to  the  mag- 
nitude by  which  the  flowing  quantity  would  be  uniformly 
increased,  in  a  given  time  with  the  generating  celerity  uni- 
formly continued  during  that  time. 

3.  The  small  quantities  that  are  actually  generated,  pro- 
duced, or  described,  in  any  small  given  time,  and  by  any 
continued  motion,  either  uniform  or  variable,  are  called 
Increments. 

4.  Hence,  if  the  motion  of  increase  be  uniform,  by  which 
increments  are  generated,  the  increments  will  in  that  case 
be  proportional,  or  equal,  to  the  measures  of  the  fluxions : 
but  if  the  motion  of  increase  be  accelerated,  the  increment 
so  generated,  in  a  given  finite  time,  will  exceed  the  fluxion : 
and  if  it  be  a  decreasing  motion,  the  Increment,  so  generated, 
will  be  less  than  the  fluxion.  But  if  the  time  be  indefinitely 
small,  so  that  the  motion  be  considered  as  uniform  for  that 
instant ;  then  these  nascent  increments  will  always  be  pro- 
portional, or  equal,  to  the  fluxions,  aiid  may  be  substituted 
instead  of  them,  in  any  calculation. 

T  2  5.  To 
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5.  To  illustrate  these  definitions  :  Sup-  m 

pose  a  point  m  be  conceived  to  move  from     . .  ,^ 

the  position  a,  and  to  generate  a  line  ap,     A  P      ^ 

by   a    motion    any   how    regulated  \    and 

suppose  the  celerity  of  the  point  ;«,  at 
any  position  p,  to  be  such,  as  would,  if  from  thence  it  should 
become  or  continue  uniform,  be  sufficient  to  cause  the  point 
to  describe,  or  pass  uniformly  over,  the  distance  f/>,  in  the 
given  time  allowed  for  the  fluxion :  then  will  the  said  line 
vp  represent  the  fluxion  of  the  fluent,,  or  flowing  line>  ap, 
at  that  position. 

6.  Agaift,  suppose  the  right  line 
m?i  to  move,  from  the  position  ab, 
continually  parallel  to  itself,  with 
any  continued  motion,  so  as  to  ge- 
nerate the  fluent  or  flowing  rect- 
angle AKQP,  whilst  the  point  ;;/ 
describes  the  line  ap  :  also,  let  the  distance  p/>  be  taken,  as 
before,  to  express  the  fluxion  of  the  line  or  base  ap  ;  and 
complete  the  rectangle  VQ.qp.  Tlien,  like  as  vp  is  the 
fluxion  of  the  line  ap,  so  is  vq  the  fluxion  of  the  flowing 
parallelogram  aq  •,  both  these  fluxions,  or  increments,  being 
uniformly  described  in  the  same  time. 

7.  In  like  manner,  if  the  solid 
AERP  be  conceived  to  be  gene- 
rated by  the  plane  pqr,  moving 
fi'om  the  position  a  be,  always 
parallel  to  itself,  along  the  line 
AD  j  and  if  vp  denote  the  fluxion 
of  the  line  ap  :  Then,  like  as 
the  rectangle  vaqp,  or  pq  x  vp, 

expresses  the  fluxion  of  the  flowing  rectangle  abqp,  so  also 
shall  the  fluxion  of  the  variable  solid,  or  prism  aberqP,  be 
expressed  by  the  prism  Vojirqp,  ox  the  plane  PR  x  vp. 
And,  in  both  these  last  two  cases,  it  appears,  that  the  fluxion, 
of  the  generated  rectangle,  or  prism,  is  equal  to  the  product 
of  the  generating  line,  or  plane,  drawn  into  the  fluxion  of 
the  line  .aloilg  which  it  moves. 

r  8.  Hitherto  the  generating  line,  or  plane,  has  been  con- 
sidered as  of  a  constant  and  invariable  magnitude  ;  in  which 
case  the  fluent,  or  quantity  generated,  is  a  rectangle,  or  a 
prism,  the  former  being  described  by  the  motion  of  a  line, 
and  the  latter  by  the  motion  of  a  plane.  So,  in  like  manner 
are  other  figures,  v/hethcr  plane  or  solid,  conceived  to  be 

described 
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described  by  the  motion  of  a  Variable  Magnitude,  whether 
it  be  a  line  or  a  plane.  Thus  let  a  variable  line  pq.  be 
carried  by  a  parallel  motion  along  ap,  or  while  a  point  P 
h  carried  along,  and  describes  the  line  ap,  suppose  another 


point  Q  to  be  carried  by  a  motion  perpendicular  to  the  former, 
and  to  describe  the  line  Pa  :  let  pq  be  another  position 
of  PQ,  indefinitely  near  to  the  former ;  and  draw  ar  parallel 
to  AP.  Now,  in  this  case,  there  are  several  fluents,  or  flowing 
quantities,  with  their  respective  fluxions  :  namely,  the  line  or 
fluent  AP,  the  fluxion  of  which  is  vp  or  Q.r ;  the  line  or 
fiuent  PQ,  the  fluxion  of  which  is  rq  ;  the  curve  or  obhque 
line  AQ,  described  by  the  oblique  motion  of  the  point  q, 
the  fluxion  of  which  is  q^;  and  lastly,  the  surface  apq, 
described  by  the  variable  hne  pq,  the  fluxion  of  which  is 
the  rectangle  vwp,  or  pq  x  p^.  In  the  same  manner 
may  any  solid  be  conceived  to'  be  described,  by  the  motion 
of  a  variable  plane  parallel  to  itself,  substituting  the  variable 
plane  for  the  variable  line  ;  in  which  case,  the  fluxion  of  the 
solid,  at  any  position,  is  represented  by  the  variable  plane, 
at  that  position,^  drawn  into  the  fluxion  of  the  line  along 
which  it  is  carried. 

9.  Hence  then  it  follows  In  general,  that  the  fluxion  of 
any  figure,  whether  plane  or  solid,>at  any  position,  is  equal 
to  the  section  of  It,  at  that  position,  drawn  into  the  fluxion 
of  the  axis,  or  line  along  which  the  variable  section  is  sup- 
posed to  be  perpendicularly  carried ;  that  is,  the  fluxion  of 
the  figure  aqp,  is  equal  to  the  plane  pq  x  pp,  when  that 
figure  is  a  solid,  or  to  the  ordinate  pq  x  p/,  when  the 
figure  Is  a  surface.  ■■      -> 

10.  It  also  follows,  from  the  same  premises,  that,  in  any. 
curve,  or  oblique  line,  aq,  whose  absciss  Is  ap,  and  ordi- 
nate is  P^,  the  fluxions  of  these  three  form  a  small  right- 
angled  plane  triangle  Q.qr ;  for  Qr  =  p/>"  is  the  fluxion  of 
the  absciss  ap,  qr  the  fluxion  of  the  ordinate  pq,  and  <iq 
the  fluxion  of  the  curve  or  right  line  AQ.  And  consequently 
that,  in  any  curve,  the  squai*e  of  the  fluxion  of  the  curve,  is 

.  equa 


282  NOTATION.        •    ' 

equal  to  tke  sum  of  the  squares  of  the  fluxions  of  the  absciss 
and  ordinate,  when  these  two  are  at  right  angles  to  each 
other. 

11.  From  the  premises  it  also  appears,  that  contempora- 
neous fluents,  or  quantities  that  flow  or  increase  together, 
which  are  always  in  a  constant  ratio  to  each  other,  have  their 
fluxions  also  in  the  same  constant  ratio,  at  every  position. 
For,  let  AP  and  bq  be  two  con- 
temporaneous fluents,  described  in 

the   same  •  time   by  the   motion  of        "7  p' '  *  * 

the  point$  p  and   q,   the  c®nteni-  • £ 

porarieous    positions    being    P, ~Q,         -i^  O '  * '  * 

and  /),  q;    and  let  ap   be  to  bq,  ^       " 

or   J'p   to   Bq,    constantly   in  .  the 
ratio  of  1  to  «.     Then  is  «  x  ap  :=  bq, 
and  «  X  Ap  =  tq ; 
therefore,  by  subtraction,  n  x  vp   =  aq  ; 
that  is,  the  fluxion  -    p/>   :  fluxion  q^  ^  r  ,1  *  {h.. 
the  same  as  the  fluent  ap  :  fluent    BCi'r.r'l!r  ^Y 
or,  the  fluxions  and  fluents  are  in  the  same  constant  ratio. 

But  if  the  ratio  of  the  fluents  be  variable,  so  will  that  of 
the  fluxions  be  also,  though  not  in  the  same  variable  ratio 
with  the  former,  at  every  position. 

■NOTATION,   &C. 

12.  To  apply  the  foregoing  principles  to  the  determina- 
tion of  the  fluxions  of  algebraical  quantities,  by  means  of 
which  those  of  all  other  kinds  are  determined,  it  will  be 
necessary  first  to  premise  the  notation  commonly  used"  in  this 
science,  with  some  observations.  As,  first,  that  the  final 
letters  of  the  alphabet  z,  y,  x,  w,  &c,  are  used  to  denote 
variable  or  flowing  quantities  ;  and  the  initial  letters  a,  3,  c, 
di  &c,  to  denote  constant  or  invariable  ones  :  Thus,  the 
variable  base  ap  of  the  flowing  rectangular  figure  abqp,  in 
art.  6,  may  be  represented  by  x ;  and  the  invariable  altitude 
PQ,  by  a:  also,  the  variable  base,  or  absciss  ap,  of  the 
figures  in  art.  8,  may  be  represented  by  x  ;  the  variable  or-f 
dinate  pq,  by  ;;,-  and  the  variable  curve  or  line  aq,  by  z. 

Secondly,  that  the  fluxion  of  a  quantity  denoted  by  a  single 
letter,  is  represented  by  the  same  letter  with  a  point  over  it: 
Thus,  the  fluxion  of -v  is  expressed  by  i,  the  fluxion  of  y  by 
Ji,  and  the  fluxion  of  z  by  z.  ..As  to  the  fluxions  of  constant 
or  invariable  quantities,  as  of  a,  b,  c,  ^c^,  they  are  equal 
to  nothing,  because  they  do  not  flow  or  change,  their  mag^ 
nitude. 

Thirdly, 
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Thirdly,  that  the  Increments  of  variable  or  flowing  quan- 
tities, ai'e  also  denoted  by  the  same  letters  with  a  small  ' 
over  them  ;  Thus,  the  increments  of. ^^,  v,  z,  are  ;t',  j/,  2. 

13.  From  these  notations,  and  the  foregoing  principles, 
the  quantities,  and  their  fluxions,  there  considered,  will  be 
denoted  as  below.     Thus,  in  all  the  fpregoiif^  figures  put 
the  variable  or  flowing  line     -     -     ap  =  .r, 
in  art.  6,  the  constant  line      -     -     Pa  =  j, 
in  art.  8,  the  variable  ordinate     -     pq  =  ^, 
'  also,  the  variable  line  or  curve     -     Aq  =  z  : 
Then 'shall  the  several  fluxions  be  thus  represented,  namely^ 
X  ■=  vp  the  fluxion  of  the  line  ap, 
cix  =  VQ.qp  the  fluxion  of  abqp  in  art.  6, 
yx  =  PQrj>  the  fluxion  of  apq  in  art.  8, 
2:  =  Q^  =  *J  x^  -j-y^  the  fluxion  of  AQ;  aiid, 
/7.r  2=  pr  the  fluxion  of  the  solid  in  art.  7,  if  a  denote 
the  constant  generating  plane  Pqr.     Also,' 
'  fijv  =  Bq  in  the  figure  to  art.  li,  and 

nx  =  Qq  the  fluxion  of  the  same- 

l'^,  The  principles  and  notation  being  now  laid  down,  we 
may  proceed  to  the  practice  and  rules  of  this  doctrine,  which 
consists  of  two  principal  parts,  called  the  Direct  and  Inverse 
Method  of  Fluxions ;  namely,  the  direct  method, ,  which 
consists  in  finding  the  fluxion  of  any  proposed  fluent  or  flow- 
ing quantity;  and  the  inverse  method,  which  consists  in 
^  Ending  the  fluent  >of  any  proposed  fluxion.  As  to  the  former 
of  these  two  problems,  it  can  always  be  determined,  and  that 
in  finite  algebraical  terms ;  but  the  latter,  or  finding  of  fluents, 
(can  only  be  effected  in  some  certain  cases,  except  by  means 
pf  infinite  series.— rFirst  then,  of 

The  direct  METHOD  of  FLUXIONS. 

To  find  the  Fluxion  of  the  Product  or  Rectangle  of  two  Vanalh 
Qtiatttities, 


15.  Let  ARQp,  =  xjy  be  the  flow-  -  > 
ing  or  variable  rectangle,  generated  by  li 
two  lines  pq  and  rq,  moving  always 
perpendicular  to  each  other,  from  the 
positions  ar  and  ap  ;  denoting  the 
one  by  .r,  and  the  other  by  y ;  sup* 
posing  X  and  y  to  be  so  related,  that 

the  curv^e  line  aq  may  always  pass  thi'ough  the  intersection 
«.  of  tho!?e  lines,  or  the  opposite  angle  of  the  rectangle. 

Now, 
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.   Now,  the  rectangle  consists  of  the  two  trilinear  spaces 

APQ,  ARQ,  of  which  the 

fluxion  of  the  former  is  pq  X   p/>,  or  yx,  and 

that  of  the  latter  is    -     rq  x  Rr,  or  xjy  by  art.  8  ; 

therefore  the  sum  of  the  two  xy  +  -^'a  is  tlie  fluxion  of  the 

whole  rectangle  .z-y  or  ARQP.  '        ' 

The  Same  Otherwise. 

16.  Let  the  sides  of  the  rectangle,  x  and  ^,  by  flowing, 
become  x  -{-  x  and  y  +  j' :  then  the  product  of  these  two, 
or  xy  '\-  xy  -\-  yx  +  xj  will  be  the  new  or  contemporaneous 
value  of  the  flowing  rectangle  PR  or  xy ;  subtract  the  one 
value  from  the  other,  and  the  remainder,  .i^  +  y^  +  -'^', 
will  be  the  increment  generated  in  the  same  time  as  x  or  J  ,- 
of  which  the  last  term  xy  is  nothing,  or  indefinitely  small, 
hi  respect  of  the  other  two  terms,  because  x  and  J  are 
indefinitely  small  in  respect  of  x  and  y;  which  term 
being  therefore  omitted,  there  rem.ains  A^  -{-  yx  for  the 
value  of  the  increment ;  and  hence,  by  substituting  x.  and  y 
for  X  and  j',  to  which,  they  are  proportional,  there  arises 
xJ'  -f-  >^  for  the  true  value  of  the  fluxion  of  xy  j  the  same 
as  before. 

17.  Hence  may  be  easily  derived  the  fluxion  of  the  powers 
and  products  of  any  number  cf  flowing  or  variable  quantities 
whatever;  as  of  Xyz,  or  ivxyz,  or  viuxyz,  &c.  And,  first, 
for  the  fluxion  o£  xyz:  put  p  =  xy,  and  the  whole  given 
fluent  xyz  =  q,  or  q  =  xyz  =  pz.  Then,  taking  the  fluxions 
cf  ^  =  pZy  by  the  last  article,  they  are  q  =  pz  -\~  pz ;  but 
p  =  xyy  and  sop  =  xy  +  ^ty  by  the  same  article  j  substituting 
therefore  these  values  of  p  and  p  instead  of  them,  in  the 
value  of  q,  this  becomes  q  =  xyz  +  .iyz  +  -^y^i  the  fluxion 
of  xyZ  recpired  ;  vrhich  is  thei-efore  equal  to,  the  sum  of  the 
products,  arising  from  the  fluxion  of  each  letter,  or  quantity, 
multiplied  by  the  product  of  the  other  two. 

Again,  to  determine  the  fluxion  of  luxyz,  the  corjtinual 
product  of  four  variable  quantitiesj  put  this  product,  namely 
luxyZy  or  qtuy  ==  r,  where  q  =.  xyz  2ls  above.  Then,  taking 
the  fluxions  by  the  last  article,  r  ;^  '^iu  -f  <7w ,-  which,  by 
substituting  for  q  and  q  their  values  as  above,  becomes 
r  =  luxyz  -\-  ivxyz  -f  ivxyz  -\-  luxyZf  the  fluxion  of  ivxyz 
as  required  :,  consisting  of  the  fluxion  of  each  quantity,  drawn 
Jnto  the  products  of  the  other  three. 

In 
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In  the  very  same  manner  It  is  found,  that  the  fluxion  of 
vivXyZ  is  vnu-VyZ  -f-  -uiuxyz  ~\-  vwxyz  -f-  vivxjz  ^-  vivxyii  * 
and  so  on,  for  any  number  of  quantities  whatever  j  in  which 
it  is  always  found,  that  there  are  as  many  terms  as  there  are 
variable  quantities  in  the  proposed  fluent;  and  that  these  terms 
consist  of  the  iluxion  of  each  variable  quantity,  multiplied 
by  the  product  of  all  the  rest  of  the  quantities.        ... 

18.  From  hence  is  easily  derived  the  fluxion  of  any  power 
of  a  variable  quantity,  as  of  .r'^,  or.  x'\  or  or^*,  &c.  For,  in 
the  product  or  rfectangle  xy,  if  x  =  y^  then  is  xy  =  xx  or  x^» 
and  also  its  flUxion  xy  -{^  xj  =  xx  4"  -^^  or  2xi,  the  fluxion 
of  x\ 

Again,  if  all  the  three  x,  y,  z  be  equal  j  then  is  the  pro- 
duct of  the  three  xyz  =  aP ;  and  consequently  its  fluxion 
xyz-^ar}iz-\-xyi;=zxxx-\-xxx-{-xxx  or  Sx'x,  the  fluxion  of  ^'■^. 

In  the  same  manner,  it  will  appear  that 
the  fluxion  of  x'^  is  =  4!x''xf 
the  fluxion  of  .r"  is  =  5x^Xy  and,  in  general, 
the  fluxion  of  ^"'is  =  fix^~^x; 
where  n  is  any  positive  whole  number  Avhatever. 

That  is,  the  fluxion  of  any  positive  integral  power,  is  equal 
to  the  fluxion  of  the  root  (.r),  multiplied  by  the  exponent  of 
the  power  [n)y  and  by  the  power  of  the  same  root  whose 
i^dex.  is  less  by  1^  (-2:'""^). 

And  thus,  the  fluxion  of  a  -\-  ex  being  ex, 
that  of  {a    4-  ^-^  y  is  2cx     X   {a  +  cx  )  or  2acx     -f-  2c  xx, 
that  of  {a    -f  ^^'^'y'  is  4fcxx  X   (a  -{-  cx')  or  i-acxx- -^  4rx"i', 
that  of  {x'  +■    /)'"'  is  (4ri  +.    4p')  x   (x^  +   /), 
that  of  {x    4-  fy'-y  is  (3,v    +  G^yj)  X  {x   +  0'"K 

1 9.  From  the  conclusions  In  the  same  article,  we  may  also 
derive  the  *  fluxion  pf  any  fraction,  or  the  quotient  of  one 
variable  quantity  divided  by  another,  as  of 

X  '. .   ;,'" :   ,     y      .  X  '    -   ' 

— .  For,  put  the  quotient  or  fraction  -  =  q;  then,  multiply- 
ing by  the  denominator,  x  =  qy;  and,  taking  the  fluxions, 

x  =  qy  -^  qj/f  or  qy  =  .v  —  qy ;  and,  by  division, 

X        qy  '    •  ,       '  '  X 

q  =  -  ^ =  (by  substituting  the  value  of  q,  or  -), 

X       xjf       xy -- xy  !,  ^".'•^'     r^  •     .  ' 
-_  ■  ,.    .  -     the  fluxion  or  — ,  as  required. 

That 
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Thit  isi  tho  fluxion  of  any  fraction,  is  equal  to  the  fluxion 
of  the  numerator  drawn  into  the  denominator^  minus  the 
iluxion  of.  the  denominator  drawn  into  the  nuriierator,  and 
the  rcmairtcjer  divided  by  the  square  of  the  denominator.  So 

that  the  fluxion  of  -  -  is  a  x  '  '^  ■'■  '\r  '^-^  ^r  •'     :■.:■■<, 

"   ,  y  ■  r         '    -  y 

20.  Hence  too  is  easily  derived  the  fluxion  of  any  negative 

integer  power  of  a  variable  quantity,  as  of  4r'",  or  rr^,  which 

1  .  -     .      ^  ...  X 

is  the  sgipe  thing.  For  hjere  tl^e  numerator  bf  the  fraction 
is  1,  Avhose  fluxion  is  nothing ;  and  therefore,  by  the  last 
article,  the  fluxion  of  such  a  fraction,  or  negative  power, 
is  barely  equal  to  ininus  the  fluxion  of  the  denominator,  di- 
vided by  the  square  of  the  said  denominator.     Th;it  is,  the 

r.      .         r    -^  1     .         tur'^~\v    •  fix  _  _,  . 

fluxion  x£  ^^,  or  -,  is  ~  — .^p  or  --  -^^^  or  -,  nx  "^  '  x  ; 

or  the  fluxion  of  any  negative  integer  power  of  a  variable 
quantity,  as  .z'~",  is  equal  to  the  fluxion  of  the  root,  multi- 
pHed  by  the  exponent  of  the  power,  and  by  the  next  power 
Jess  by  1. 

The  same  thing  is  otherwise  obtained  thus  :  Put  the  pro* 

posed  fraction,  or  quotient  —  =  5- ,-  thesis .^x"  =  1  \ 

and,  taking  the  fluxions,  we  have  ''^  "^ 

qx^  +  qnx^'^x  =  0;  hence  qx""  =  —  qnx^'^x;  divide  by  x'^^  then' 

qnx  ^,       ■        .      .         1    r       N     ^  ^^k 

q--  -J    =    (by  substituting   ~   for  ^),  -—^^    or    == 

'-  nK~^~^x'y  the  same  as  before. 

Hence  tlie fluxion  of^*^  or  -'is  —  s^xVor  -r  -77, 

X  x~ 

_,    •    i  .  -,  Wi- 

thal: of       -         x"^  or  -^  Is  —  2x^^x  or  —  ~^f 
x^  x^ 

1  3x 

that  of       -         ;v~^  or  ^  is  —  Sx'^x  or V, 

■     .'        .-  ;•     A?-^.  .  i.    ■      ,,.       .  •    a; 

,          -                     .,        a  .         ,     ^K'             ^^^^^ 
that  of       -       ^a;  ^  or  -r  is  —  4^Af  a?  or r, 

.V*  x^ 

that  of  (^  +  x)"^  or  — - — is— (^7+^)'^;ror— - — --y,^ 

andthatof<:(a+3;fT^or7— 4-^>is  ^  \2cxx  X  (^  +  "ix^W 

'  IScxx 

*""  ~  la  +  Sx'f 

21.  Much 
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21.  Much  in  the  same  manner  is  obtained  the  fluxion  of 
any  fractional  ppyer  of  a  fluent  quantity,  as  of  x'^i  gr  V»^"*» 

■   '  m 

For,  put  the  proposed  quantity  x''  =  q;  then,  raising  each 
to  the  n  power,  gives  x"^  =  q^.', 
take  the  fluxions,  so  shall  mx'^'^x  =  ncf^^q;  then 
,..,.,          _,      .        •        mx'^'Kx       mx^'^'^x       m    ?'-i  . 
dividmg  by /73^  \  gives  q  =  — ift  ^ ^  ="n^"^  «*•• 

Which  is  still  the  same  rule,  as  before,  for  finding  the  fluxion 
of  any  power  of  a  fluent  quantity,  and  v^^hich  therefore  is  ge- 
neral, w^hether  the  exponent  be  positive  or  negative,  integral 

or  fractional.     A^id  hence  the  fluxion  of  ax^'  is  l^x'^x, 

y  f      \:  •  i~^  -i  ax       ^  ax  ,    ,  ^ 

that  of  ^;c    IS  ^x      x  =  ^x    x  =  - — j  =  ^pr-j  ^and that  ot 

2^r      ^V^ 


I  1  "'  XX 


j^a"  —  ^v  or  {a^  —  x~)    is  ■^{a"  —  x~)      X  —  2xx  = 


V^' 


22.  Having  now  found  out  the  fluxions  of  all  the  ordinary 
forms  of  algebraical  quantities;  it  remains  to  determine  those 
of  logarithmic  expressions,  and  also  of  exponential  ones,  that 
is,  such  powers  as  have  their  exponents  variable  or  flowing 
quantities.  And  fir^t,  for  the  fluxion  of  Napier's,  or  the 
hyperbolic  logarithm. 

23.  Now,  to  determine  this  from 
the  nature  of  the  hyperbolic  spaces. 
Let  A  be  the  principal  vertex  of  an 
hyperbola,  having  its  asymptotes €D, 
cp,  with  the  ordinates  da,  ba,  pqj 

&:c,  parallel  to  them.     Then,  from         q iq^ — =p^ 

the  nature  of  the  hyperbola  and  of 

logarithms,  it  is  known,  that  any  apace  abpq  is  the  log.  of 
the  ratio  of  <:b  to  cp,  to  the  modulus  abcd.  Now,  put 
1  =  CB  or  BA  the  side  of  the  square  or  rhombus  db  ; 
m  =  the  modulus,  or  cb  x  ba  ;  or  area  of  db,  or  sine  of 
the  angle  c  to  the  radius  1 ;  also  the  absciss  cp  =  Xy  and  the 
ordinate  PCI  =  y.  Then,  by  the  nature  of  the  hyperbola, 
CP  X  PQ  is  always  equal  to  db,  that  is,  xy  =  m;    hence 

^  =  — ,  and  the  fluxion  of  the  space,   xy  is  —  =  'so.qp 

the  fluxion  of  the  log.  of  a-,  to  the  modulus^;^.  -And,  in 
the  hyperbolic  logarithms,  the  modulus  m  being  1>  therefore 

X  , 
-   IS 
X 
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i  ■  '    '     ■ 

-  is  the  fluxion  of  the  hyp.  log.  of  x  \  which  is  therefore 

equal  to  the  fluxion  of  tHe  quantity,  divided  by  the  quantity 
itself.. 

Hence  the  fluxion  of  the  hyp.  log. 

X 


of  1  +  ^  is 
of  1  —  jc  is 
of  AT'  -f-  z  is 


1    +   K^ 

—   X 

X  '\-   ^ 


■.  rt!  -f-  ^  .    X  [a  —  x)  '\-  X  ia  -^  x)       a  --  X         - 2ax 

of IS __^ 1 X  — —  -_  ^_ 

a-r   ^  {^  —.  ^)  a -f- X       a"  —  x^ 

-               .    nax^'^x        fix 
of    ax^      is z —  =  — . 

^^"  x 

24.  By  means  of  the  fluxions  of  logarithms,  are  usually 
determined  those  of  exponential  quantities,  that  is,  quanrities 
which  have  their  exponent  a  flowing  or  variable  letter. 
These  exponentials  are  of  two  kinds,  namely,  when  the  root 
is  a  constant  quantity,  as  e^^  and  when  the  root  is  variable  as 
well  as  the  exponent,  as  ^i"^. 

25.  In  the  first  case,  put  the  exponential,  whose  fluxion 
is  to  be  found,  equal  to  a  single  variable  quantity  z,  namely, 
z  =■  e"" ;  then  take  the  logarithm  of  each,  so  shall  log.  z  = 

X  X  log.  ^5  take  the  fluxions  of  these,  so  shall  -  =  x  x  log.  e 

'  '  z    ' 

by  the  last  article;  hence  2;  -=■' zx  x  log.  e  =  e^x  x  log.  e^ 
which' Ts  the  fluxion  of  the  proposed  quantity  e^  or  ;r,  and 
which  therefore  is  equal  to  the  said  given  quantity  drawn 
into  the  fluxion  of  the  exponent,  and  into  the  log.  of  the  root. 
Hence  also,  the  fluxion  of  [a  -\-  cf^  is  {a  -|-  cf^  X  nx  X 
log.  {a  -f  c\ 

26.  In  like  manner,  in  the  seccHid  case,-f)ut  the  given 
quantity  f-  z:^  z\  then  the  logarithms  give  log.  z  ='  .t  X  log.  y, 

and  the  fluxions  give  -  =  ^  x  log.  y  ■\'  x  X  -  •,  hence  -  - 

-v'-i^?  ■-■  -^ ..    '*'•":  ■  y  - 

'  ^  Zxy 

%,'scZk.X  log.  y  4-  ~-r-':.r='  (by  substituting  y'^  for  z)  y^x  x 

log.  y  +-^/~^,  which  -is 'the  fltixion  of  the  proposed  quan- 
tity/ ;  and  which  therefpre  consibts  of  two  terms,  of  wiiich 

the 
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tliQ  one  Is  the  fluxion  of  the  given  quantity  considering  the 
exponent  as  constant,  and  the  other  the  fluxion  of  the  same 
quantity  considering  the  root  as  constant. 
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Having  explained  the  manner  of  considering  and  deter-* 
mining  the  first  fluxions  of  flowing  or  variable  quantities  ; 
it  remains  now  to  consider  those  of  the  higher  orders,  as 
second,  third,  fourth,  &c,  fluxions. 

27.  If  the  rate  or  celerity  with  which  any  flowing  quan- 
tity changes  its  magnitude,  be  coiistant,  or  the  sanue  at  every 
position ;  then  is  the  fluxion  of  it  also  constantly  the  same. 
But  if  the  variation  x)f  magnitude  be  continually  changing, 
either  increasing  or  decreasing ;  then  will  there  be  a  certain 
degree  of  fluxion  peculiar  to  every  point  or  position ;  and 
the  rate  of  variation  or  change  in  the  fluxion,  is  called  the 
Fluxion  of  the  Fluxion,  or  the  Second  Fluxion  of  the  given 
fluent  quantity.  In  like  manner,  the  variation  or  fluxion  of 
this  second  fluxion,  is  called  the  Third  Fluxion  of  the  first 
proposed  fluent  quantity  5  and  so  on. 

These  orders  of  fluxions  are  denoted  by  the  same  fluent 
letter,  with  the  corresponding  number  of  points  over  it: 
namely,  two  points  for  the  second  fluxion,  three  points  for 
the  third  fluxion,  four  points  for  the  fourth  fluxion,  and  so 
on.  So,  the  different  orders  of  the  fluxion  of  Xy  are  Xy  x, 
X,  X,  &c ;  where  each  Is  the  fluxion  of  the  one  next  before  it. 

28.  This  description  of  the  higher  orders  of  fluxions 
may  be  illustrated  by  the  figures  exhibited  in  page  281  ; 
where,  if  .v  denote  the  absciss  ap,  and  y  the  ordinate  Pq  ; 
and  if  the  ordinate  pq  or  y  flow  along  the  absciss  ap  or  x, 
with  an  uniform  motion ;  then  the  fluxion  of  z,  namely, 
X  =  vp  or  Qr,  is  a  constant  quantity,  or  x  =  0,  In  all  the 
figures".  Also,  in  fig.  1,  in  which  A^  is  a  right  line,*^  =  rq, 
or  the  fluxion  of  pq,  Is  a  constant  quantity,  or  ^  =  0 ;  for, 
the  angle  q,  =  the  angle  a,  being  .constant,  Qr  is  to  r^,  or, 
x  tojv.  In  a  constant  ratio.  But  in  tlie  2d  fig.  rq,  or  the 
fluxion  of  PQ,  continually  increase.s  more  and  more;  and 

in 
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in  fig.  3  it  continually  decreases  more  and  more,  and  there- 
fore in  both  these  cases  ^  has  a  second  fluxion,  being  positive 
in  fig.  2,  but  negative  in  fig.  3.  And  so  on,  for  the  other 
orders  of  fluxions. 

Thus,  if,,  for  instance,  the  nature  of  the  curve  be  such 
that  x^  is  everywhere  equal  ci'y  \  then,  taking  the  fluxions, 
it  is  d^y  =  3.nv;  and,  considering  x  alvs^ays  as  a  constant 
quantity,  and  taking  always  the  fluxions,  the  equations  of 
the  several  orders  of  fluxions  will  be  as  below,  viz. 

the  1st  fluxions  ^73^'  =  3 x'.r, 

the  2d  fluxions  a^^  =  ^xx^^ 

the  3d  fluxions  d'y  1=.  6.v\ 

the  4th  fluxions  ^y  =■  0, 

and  all  the  higher  fluxions  also  =  0,  or  nothing. 

Also,  the  higher  orders  of  fluxions  are  found  in  the  same 
manner  as  the  lower  ones.     Thus, 
the  first  fluxion  of  y  is     -     -     -     -     -       S/j ; 
it  2d  flux,  or  the  flux,  of  S/jy,  consI-7  3X  .  g  -5. 

dered  as  tlie  rectangle  of  3y^  andj*',  is  5    ^^      -^  ' 
and  the  flux,  of  this  again,  or  the  3d 7  Sy''\^  ^ISvyy  +  Sf. 

flux,  of/,  is     ------     -3    -^/   '      '^-^  '    -^ 

29.  In  the  foregoing  articles,  it  has  been  supposed  that  the 
fluents  increase,  or  that  their  fluxions  are  positive ;  but  it 
often  happens  that  some  fluents  decrease,  and  that  therefore 
their  fluxions  are  negative :  and  whenever  this  is  the  case,  the 
sign  of  the  fluxion  must  be  changed,  or  made  contrary  to 
that  of  the  fluent.  So,  of  the  rectangle  xy,  when  both  re 
;^nd  y  increase  together,  the  fluxion  is  xy  +  xj' ;  but  if  one 
of  them,  as  j,  decrease,  while  the  other,  x,  increases  *,  then, 
the  fluxion  of  jy  being  —  j,  the  fluxion  of  xy  will  in  that  case 
be  XV  ~  xjf»  This  may  be  illustrated 
by  the  annexed  rectangle  apqr  =  xy^ 
supposed  to  be  generated  by  the  motion 
of  the  line  pq  from  a  towards  c,  and 
by  the  motion  of  the  Ime  rq  from  B 
towards  A  :  For,  by  the  motion  of  pq, 
from  A  towards  c,  the  rectangle  is 
increased,  and  its  fluxion  is  +  .ry;  but, 
by  the  motion  of  rq,  from  B  towards 
A^  the  rectangle  is  decreased,  and  the 
fluxion  of  the  decrease  is  ^ ;  therefore, 

taking 
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: 

y          y 
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taking  the  fluxion  of  the  decrease  from  that  of  the  increase, 
the  fluxion  of  the  rectangle  xyy  when  .v  increases  and  y  de- 
creases, is  xy  —  xjy, 

30.  "We  may  now  collect  all  the  rules  together,  which  have 
been  demonstrated  in  the  foregoing  articles,  foe  finding  the 
fluxions  of  all  sorts  of  quantities.     And  hence,  ' 

1st,  For  the  jlttxion  of  Any  Poriver  V*-  a  Jlowing  qumitiiy. — • 
Multiply  all  together  the  exponent  of  the  power,  the  fluxion 
of  the  root,  and  the  power  iiext  jess  by  1  of  the  same  root. 

2d,  For  the  flttxion  of  the  Redavgle  of  tiuo  qualities, — Mul- 
tiply each  quantity  by  the  fluxion  of  the  oth-er,  and  connect 
the  two  products  together  by  their  proper  signs. 

3d,  For  the  Jluxion  of  the  Continual  Product  of  aJiy  nUfnher 
of  flowing  quantities. — Multiply  the  fluxion  of  each  quantity 
by  the  product  of  all  the  other  quantities,  and  connect  all' 
the  products  together  by  their  proper  signs.  .        ' 

4th,  For  the  fluxion  of  a  Fraction, — From  the  fluxion  of  the 
numerator  drawn  into  the  denominator,  subtract  the  fluxion 
of  the  denominator  drawn  into  the  numerator,  and  divide 
the  result  by  the  square  of  the  denominator, 

5th,  Or,  the  ^d,  2d,  and  \th  cases  may  he  all  included  under 
me,  and  performed  thus, — ^Take  ■  the  fluxion  of  the  given  ex- 
pression as  often  as  there  are  variable  quantities  in  it,  supposing 
flrst  only  one  of  them  variable,  and  the  rest  constant ;  then 
another  variable,  and  the  rest  constant  -,  and  so  on,  till  they 
have  all  in  their  turns  been  singly  supposed  variable  y  and 
connect  all  these  fluxions  together  with  their  own  signs. 

6th,  For  the  fluxion  of  a  Logarithm. ■^-'Divide  the  fluxion  of 
the  quantity  by  the  quantity  itself,  and  multiply  the  result 
by  the  modulus  of  the  system  of  logarithms. 

Note.  The  modulus  of  the  hyperbolic  logarithms  is  1, 
and  the  modulus  of  the  common  logs,  is    -    0*43429448. 

7th,  For  the  fluxion  of  an  Exponential  quafitity,  having  the 
root  Constant. — Multiply  all  together,  the  given  quantity,  the 
fluxion  of  its  exponent,  and  the  hyp.  log.  of  the  root.  •. 

8th,  For  the  fluxio7t  of  an  Exponejitial  quantity  having  the 
root  Variable. — ^To  the  fluxion  of  the  given  quantity,  found 
by  the  1st  rule,  as  if  the  root  only  wei^e  variable,  add  the 
fluxion  of  the  same  quantity  found  by  th^  7th  rule,  as  if 
the  exponent  only  were  variable ;  and  the  sum  will  be  the 
fluxion  for  both  of  them  variable.  / 

Note.  When  the  given  quantity  consists  of  several  terms, 
find  the  fluxion  of  each  term  separately,  and  connect  them 
all  together  with  their  proper  signs, 
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31*   PRACTICAL  EXAMPtl^S  TO  EXERCISE  THE  FORtGdlNC 
RULES* 

1.  The  fluxion  of  axy  \s 

2.  The  fluxion  of  Bxyz  is  ' 

3.  The  fluxion  of  ex  x  {ax  —  cy)  is 

4.  The  fluxion  of  x'Y  is 
'5.  The  fluxion  of  ^/c'^/z'*.  is 

(5.  The. fluxion  of^(A;  +  .y)  X  (a;  —  y)  is 

7.  The  fluxion  of  ^.'za;^  is 

8.  The  fluxion  of  2x^  is 

9.  The  flexion  of  Sx'^y  is 

10.  The  fluxion  of  4<.v"^/  Is 

11.  The  fluxion  of  axy  —  x'^f  is 

12.  The  fluxion  of  4a;*  -  x\'\'  SByz  is 

13.  The  fluxion  of  Yx  or  ;^"  is 

■         m 

14.  The  fluxion  of  V^""  or  a;"*  is 

.1  1  _!!?  . 

15.  The  fluxion  of  ^^y—  or  — ~  or ;«  '^  is 

y  a:  — 

16.  The  fluxion  of  -v/;v  or  a;^  is 

17.  The  fluxion  of  X/x  or  a-  ^  is 

2 

18.  The  fluxion  of  -H/x^  or  .v'^"  is 

19.  The  fluxion  of  V^^  ^^  ^^  is 

20.  The  fluxion  of  V^'  or  ^^  is 

21.  The  fluxion  of  %/x^  or  ^^  is 

22.  The  fluxion  of  A/a^  +  x'  or~a^~+"x^  is 


23.  The  fluxion  of  ^/a^  —  x'  or  a'^  —  at^^ 


is 


24.  The  fluxion  of  x^2rx  -  xx  or  ^2rx  —  xx^  is 

25.  The  fluxion  of  ■  ^  _!__  ox^a^  -  ;fT^  is 

:    .        Aya'- x'^    ^'"-' 


26.  The  fluxion  of  ax  -  ^^v"^  is 

27.  I'he 
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27.  The  fluxion  oi2x,/d^  ±  x'^  is 

28.  The  fluxion  of  a^  -~x^  is 

29.  The  fluxion  of  ^xz  or  xz^  is 


30.  The  fluxion  of  -yZ/vz  —  zz  or  ;vz  —  zz'^  is 

31.  The  fluxion  of or x  ^  is 

tt/s/  X  a 


32. 

a  -{■  X 

S3, 

x^ 
The  fluxion  of  —^  is 

34. 

The  fluxion  of  ~  is 
z 

35. 

The  fluxion  of  —  is 

XX 

36. 

The  fluxion  of : 

a  —  X 

97 

z 

IS 


IS 


1     *5 

Af  +  z 


38. 

The  fluxion  of  —,  is 
z'' 

39. 

2 

The  fluxion  of  — r  is 

/ 

40. 

The  fluxion  of—  is 

z 

41 

3 

Tho  fliTxion  nf 

V""-/ 

IS 


42.  The  fluxion  of  the  hyp.  log.  o£  ax  is 

43.  The  fluxion  of  the  hyp.  log.  of  1  +  a?  is 

44.  The  fluxion  of  the  hyp.  log.  of  1  —  a?  is 

45.  The  fluxion  of  the  hyp.  log.  of  x"^  is 

46.  The  fluxion  of  the  hyp.  log.  o£  a/zIs 

47.  The  fluxion  of  the  hyp.  log.  of  ;c"  is 
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48.  The  fluxion  of  the  hyp.  log.  o£  —  is 

49.  The  fluxion  of  the  hyp.  log.  of  :j •  is 

50.  The  fluxion  of  the  hyp.  log.  of  —  .    .   is 

51.  The  fluxion  of  c"^  is 

52.  The  fluxion  of  10"=  is 

53.  The  fluxion  oi  a  -\-  c   is 
^    54.  The  fluxion  of  100'^>"  is 

SB,  The  fluxion  of  x'-  is 

56.  The  fluxion  oi  f^^  is 

57.  The  fluxion  of  ^'"^  is 

58.  The  fluxion  of  xy     is 

59.  "The  fluxion  oi  xy  is 

60.  The  fluxion  of  xy'  is 

61.  The  second  fluxion  of  .rj;  is 

62.  The  second  fluxion  of  xy^  when  x  is  constant,  is 

63.  The  second  fluxion  of  .r"  is 

64.  The  third  fluxion  of  .r"j  when  x  is  constant,  is 
^5.  The  third  fluxion  of  xy  is 


The  inverse  METHOD,  or  the  FINDING  of 
FLUENTS. 

32.  It  has  been  observed,  that  a  Fluent,  or  Flowing  Quan- 
tity, is  the  variable  quantity  which  is  considered  as  increasing 
or  decreasing.  Or,  the  fluent  of  a  given  fluxion,  is  siK;h  a 
quantity,  that  its  fluxion,  foiwid  according  to  the  foregoing 
rules,  shall  be  the  same  as  the  fluxion  given  or  proposed. 

33.  It  may  farther  be  observed,  that  Contemporary  Fluents, 
or  Contemporary  Fluxions,  are  such  as  flotv  together,  or  for 
the  same  time.^-When  contemporary  fluents  are  always 
equal,  or  in  any  constant  ratio  ;  then  also  ,-are  their  fluxions 
respectively  either  equal,  or  in  that  same  constant  ratio.' 
That  is,  if  ^  =  _y,  then  Is  x  =  rj  or  \i  ^t  \  y  \\  n  \  1,  then 
is  X  :  J^'  ; :  «  :  i  ;  or  if  X  i=:  fiy^  then  is  i  ss  ny, 

.  •  .54.  It 
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Si.  It  is  easy  to  find  the  fluxions  to  all  the  given  forms  of 
fluents ;  but,  on  the  contrary,  it  is  difficult  to  find  the  fluents 
of  many  given  fluxions  5  and  indeed  there  are  numberless 
cases  in  which  this  cannot  at  all  be  done,  excepting  by  the 
quadrature  and  rectification  of  curve  lines,  or  by  logarithms, 
or  by  infinite  series.  For,  it  is  only  in  certain  particular 
forms  and  cases  that  the  fluents  of  givei;i  fl,uxions  can  be 
found;  there  being  no  method  of  perforpaing  this  univer- 
sal!)^ a  priori,  by  a  direct  investigation,  like  finding  the  fluxion 
of  a  given  fluent  quantity.  We  can  only  therefore  lay  down 
a  few  rules  for  such  forms  of  fluxions  as  we  know,  from  the 
direct  method,  belong  to  such  and  such  kinds  of  flowing 
quantities  :  and  these  rules,  it  is  evident,  must  chiefly  consist 
in  performing  such  operations  as  are  the  reverse  of  those  by 
which  the  fluxions  are  found  of  given  fluent  quantities.  The 
principal  cases  of  which  are  as  follow. 

35.  To  find  the  Fluent  of  a  Simple  Fluxion  ;  or  of  that  in  nvhich 
there  is  no  variable  quantity^  and  only  one  fiuxional  quantity,    . 

This  is  done  by  barely  substituting  the  variable  p;r  Rowing 
quantity  instead  of  its  fluxion ;  being  tl).e  result  or  reverse  of 
the  notation  only. — ^Thus, 

The  fluent  of  ax  is  ax. 

The  fluent  o^i  Qy  -j-  ly  is  ay  +  %. 

The  fluent  of  ^  d^  -j-  jr-'  is  ^  a'-  -\-  x^, 

36.  When  a?ty  Poiuer  (f  a  fi owing  qua  fit  it y  is  Multiplied  by  the  - 

Fluxion  ofthf  Root: 

Then,  having  substituted,  as  before,  the  flowing  quantity, 
for  its  fluxion,  divide  the  result  by  the  new  index  of  the 
power.  Or,  which  is  the  same  thing,  take  out,  or  divide  by, 
the  fluxion  of  the  root ;  add  I  to  the  index  of  the  power ; 
and  divide  by  the  index  so  increased.  Which  is  the  reverse 
of  the  ist  rule  for  finding  fluxions. 

So,  if  the  fluxion  proposed  be         -         3xlr. 
Leave  out,  or  divide  by,  .r,  then  it  is        2>x'' ; 
add  1  to  the  index,  and  it  is  .         -         3./' ; 
divide  by  the  index  6,  and  it  is       -         j^./^  or  4-^'^, 
wtuch  is  the^uent  of  tl;ie. proposed :fluxion  ^/^x. 

In  like  manner, 

The  fluent  of  2axx  is 
The  .fluent  of  ^x%x  -is 
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The  fluent  of  4:x^x  is 

The  fluent  of  2y^jy  Is 

The  fluent  of  az^z  is 

The  fluent  of  a:^a'  +  3yy  is 
The  fluent  of  x^~^x  is 
The  flueni^;//"^  is 

The  fluent  of  — ,  or  z~^z  is 
The  fluent  of  ^  is 

y 

The  fluent  of  (^z  +  x)Kv  is 
'  The  fluent  of  («^  +  /)/^  is 
The  fluent  of  (^  +  z^fz^^z  is 
The  fluent  of  (^z"  +  .v")™.v""'i  is 
The  fluent  of  [a"'  +  y^TyJ  is 


The  fluent  of 


X 

The  fluent  of  — =r=.  is 


37.  When  the  Root  under  a  Vinculum  is  a  Compound  Qtiantity  ; 
and  the  Index  .of  the  part  or  factor  Without  the  Vinculum,  in- 
creased  by  1,  is  some  Multiple  of  that  Under  the  Vinculum : 

Put  a  single  variable  letter  for  the  compound  root ;  and 
substitute  its  powers  and  fluxion  instead  of  those,  of  the  same 
value,  in  the  given  quantity ;  so  will  it  be  reduced  to  a  sim- 
pler form,  to  which  the  preceding  rule  can  then  be  applied. 

2 

Thus,  if  the  given  fluxion  be  f  =  [a^  +  x-J^p^x,  where 
S,  the  index  of  the  quantity  without  the  vinculum,  increased 
by  1,  making  4,  which  is' just  the  double  of  2,  the  exponent 
of  x^  within  the  vinculum :  therefore,  putting  z  =  a'^  -{-  x'y 
thence  x'  =  z  —  a^,  the  fluxion  of  which  is  2xx  =  s; ;  hence 
then  x^x-  =  ^x'^z  =:  -^z  {z  —  c^),  and  the  given  fluxion  f,  or 
(fl*^  +  x^)^x^>Xy  is  ==  \z^z\z—  d^  or  =  ^z'^z  —  4^V«;;.  and 

hence  the  fluent  f  is  =  ^Z"  —  ■^d^z'^  =  3z^\-^-^z  —  tV")- 
Or,  by  substituting  the  value  of  z  instead  of  it,  the  same 

fluent  Is  S{a^  -f-  ^')^  X  (tV«^-  ^'^),  or  ^ .  ^^^-j-  w^^  J^JJ. 

In 
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In  like  manner  for  the  following  examples. 


To  find  the  fluent  of -y/^rrh  ^^  ,X  x^x. 


To  find  the  fluent  of  ^  -{-  cx]'^x^x. 

To  find  the  fluent  of  {a  r\-  oP^Y  X  dx'^^- 


CZZ  ,     i 


To  fiiid  the  fluent  of  Or  {a  -}-  z)~^czz, 

^/a  -{-  z 

To  find  the  fluent  of    !^^„  or  (a  +  ^")~\2^"-'^. 
To  find  the  fluent  of  V^!_±i!  or  («'^  +  ^")V^5;. 


To  find  the  fluent  nf  Va  -  «"  or  (a  -  x-yV"-'*. 


38.  W^hen  there  are.  several  Terms ^  involving  Tnuo  or  more  Va-. 
riahle  Qimntities,  having  the  Fluxion  of  each  Multiplied  by  the 
other  Qiiantity  or  Quantities :  .  - 

Take  the  fluent  of  each  term,  as  if  there  were  only  one 
variable  quantity  in  it,  namely,  that  whose  fluxion  is-; con- 
tained in  it,  supposing  all  the  others  to  be  constant  in  that 
term  ;  then,  if  the  fluents  of  all  the  terms,  so  found,  be  the 
very  same  quantity  in  all  of  them,  that  quantity  will  be  the 
fluent  of  the  whole.  Which  Is  the  reverse  of  the  5th"  rule 
for  finding  fluxions  :  Thus,  if  the  given  fluxion  be  xy  +  xy^ 
then  the  fluent  of  .vy  is  xy^  supposing  y  constant ;  and  the  fluent 
oi  xy  is  also  ;vy,  supposing  x  constant :  therefore  xy  is  the  re- 
quired fluent  of  the  given  fluxion  xy  -\-  xj. 

In  like  manner. 

The  fluent  of  xyz  +  'xj/Z  +  xyz  i^s 

The  fluent  of  2^:^;^  ;^7  >Py  is 

_i_  I 

The  fluent  of  ^x  *i/  +  2x^yy  is 

_    '     ■  '        ^Jty-^'xy'     X .'  '  xjf  . 
1  he  fluent  of  -^ — r-^  or ry  is 

f        y     r 

rru    n       .    ^^axxy'-'-laxy^y        ^axx         axy    . 
The  fluent  of =-^ =^— ^  or ir~^  ^s 

y  '  Wy       ^ys/y 

39,  When 
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39.  When  the  given  Ftuxional  Expression  is  in  this  Form  -^ — j-=^> 

namely^  a  Fraction^  including  T'Wo  QuaHtitidSy  hmg  thi  Fhxion 
of  the  former  of  them  draivn  into  the  latter ^  minus  the  Fluxion 
of  the  latter  draivn  into  the  former^  and  divided  by  the  Square 
of  the  latter : 

Then,  the  ftaent  is  the  fraction  -,  or  the  iottmr  quantity 
divided  by  the  latter.     That  is. 

The  fluent  of   '^    ./ '     is  -.     And,  in  like  manner. 

The  fluent  of  2^^St;i^  is  C 

Though,  indeed,  the  examples  of  this  case  may  be  per- 
formed by  the  foregoing  one.     Thus,  the  ^iveti  fluxion 

^y  —  xy                     X       xy        X  .  _„       r     i_.  . 
2 —  reduces  to -4,,  or ^>'V    >  of  which, 

u 
the  fluent  of  —  xyy''^  is  also  xy"^  or  -,  when  x  is  constant  j 


the  fluent  of-  is  -^supposing;;  constant ;  atid 


y  y 


therefore,  by  that  case,  -  is  the  fluent  6f  the  Whole  -"^   ^     . 


40.  W'heh  the  Fluxion  of  a  Qiiantity  is  Divided  by  the  Qjuantity 

itself: 

Then  the  fluent  is  equal  to  the  hyperbolic  logarithm  of  that 
quantity  5  or,  which  is  the  same  thing,  the  fluent  is  equal  to 
i}*30258509  multiplied  by  the  common  logarithm  of  the 
same  quantity. 

X 

So,  the  fluent  of  -  or  m~\v  Is  the  hyp.  log.  of  x, 

X  ^ 

■  Si* 
The  fluent  of  ~  is  2  x  hyp.  log.  6f  a:,  or  =  hy|>.  log.  x\ 

X 

The  fluent  of  —  is  2  x  hyp.  log.  x,  or  j;=  hyp.  log.  of  ^', 

X 

The  fluent  of  — ; —  is 
a  -\-  X 

The  fluent  of  — ; — 3  is 

41.  Man^ 
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4'h  Many  Jluents  may  he  found  by  thu  Direct  Method  thus  ; 
Take  the  fluxion  again  of  the  given  fluxion,  or  the  second 
fluxion  of  the  .fluent  sought ;  into  which  substitute  —  for  x, 

—  for  }',  &c  5  that  is,  make  .v,  .v,  Xy  as  also  y,  y,  y,  &c,  to 

■^'    .  .   '  ••         , 

be  in  continual  proportion,  or  so  that  x  ',  x  y.  x  ]  x,  and   - 

y  '.  y  y.  y  I  yt  &c  -,    then  divide  the  square  of  the  given 

fluxional  expression  by  the  second  fluxion,  just  found,  and 

the  quotient  will  be  tha  fluent  required  in  many  cases. 

Or  the  same  rule  may  be  otherwise  delivered  thus : 

In  the  given  fluxion  f,  write  x  for  x,  y  for  y,  &c,  and 
call  the  result  G,  taking  also  the  fluxion  of  this  quantity,  G ; 
then  make  G  T  f  .*  .*  G  I  f  j  so  shall  the  fourth  proportional 
F  be  the  fluent  sought  in  many  cases. 

It  may  be  proved  if  this  be  the  true  fluent,  by  taking  the 
fluxion  of  it  again,  which,  if  it  agree  with  the  proposed 
fluxion,  will  shew  that  the  fluent  is  right  j  otherwise,  it  is 
wrong. 

EXAMPLES. 

Exam.  1.  Let  It  be  rcquired  to  find  the  fluent  of  «a,"""Iv. 

Here  f  =  nx^~\v.  Write  x  for  x,  then  nx'^'Kv  or  nx^  =  G ; 
the  fluxion  of  this  i$  G  =  ;rV~'.v;  therefore  G  .*  f  : ;  g  ;  f, 
becomes  /i^x^~^x  :  nx'^'^S^  '.  .*  «.v"  :  ;c"  =  f,  the  fluent  sought. 

Exam.  2.  To  find  the  fluent  o£  xy  +  xy. 
Here  f  =  xy  ^  xy',  then,  writing  x  for  x,  and  y  for  j*, 
it  is  >vy  +  .vy  or  2~ty  =  G ;  hence  g  =  2xy  -{-  2.r)'  •,  then 
G  :  F  : ;  g  :  f,  becomes  2Ay  +  2.ry  l  iy'-^-  ^y  i ;  2j:y  I  jry 
=  F,  the  fluent  sought. 

42.  To  find  Fluents  by  means  of  a  Table  of  Forms  of  Fluxions  and 

Fluents. 

In  the  following  Table  are  contained  the  most  usual  forms 
of  fluxions  that  occur  in  the  practical  solution  of  problems, 
with  their  corres}X)nding  fluents  set  opposite  to  them ;  by 
means  of  which,  namely,  by  comparing  any  proposed  fluxion 
with  the  corresponding  form  in  the  table,  the  fluent  of  it 
will  be  found. 

Forms. 
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Forms. 

Fluxions, 

Fluents, 

I 

jc^-'x 

— ,  or  -  or" 

II 

{a  ±  .r")'""'.r"-'i' 

III 

^mn-l^. 

1                  ^"^" 

(^±^")-  +  »            . 

?«w^      («  ±  x-^Y 

IV 

(a  ±  ^")>^-'i 

mna  ^         ^'^^^ 

^mn  +  l 

y 

{my,v  +  nary)  x  ;r"?"y~\ 
mx    ,    qy.     ^  ^ 

^-/ 

VI 

or  {mxyz  +  «^z  +  r^;'2;):r'"~y~'2*"'"^, 
mx       nv        rx^ 

.r"'j;"z'^                                  i 

VII 

• 

-  or  x~^x 

log.  of  X 

VIII 

jr""'jc 

±  -  log.  of  ^±  ^" 

aio-" 

IX 
X 

x-'x 

—  log.  of  - r 

na      ^        a  ±,  «" 

a±x^ 

in-l 

1    -,          ^v/^  +  v/^^'" 

a-x^ 

XI 
XII 

m-l 

2                                X" 
— 7-  X  arc  to  tan.  a/  —  ,  or 

1                        .      «  -  ^^ 
— -   X  arc  to  cosine  — - — - 

^  +  ^'^ 

X^      "" 

9. 

;^log.ofv/.r"+v^±«  +  .r" 

^±a^x- 

AND  FLUENTS.                           .    SOI 

Forms. 

Fluxions. 

Fluents. 

XIII 

2                              .r"    ' 
-  X  arc  to  sin.  >v/— ,  or 
//                                  a 

s/'a-x"" 

1                             2.r" 
-  X  arc  to  vers. 

XIV 

x~\x    ''^ 

^r'_-;;  ±v.±-r^+v- 

v/^  ±  ^-^"^         .    •  ' 

— r-  log.  or  — ■ 

n\/d-  •  °         ^,^  -J-  ^^.u  4_  ^^ 

.  XV 

•  x-\v  •          ' 

■  2                                   ^^'^ 
• — —  X  arc  to  secant  '^ — ^  oi- 
fi/^  a                                    a 

-^^  X  arc  to  cosm.-  -^ — -^-^ 

v/  -  ^  +  ^." 

XVI 

circ.  seg.  to  diam.  d.  Sc  vers.  2 

x^dx  —  x^ 

XVII 

-   ■ .  ;     1  i     •    ■     f 

« 

^nx 

//  log.  t' 

XVIII 

U/  log.  y  -^  Xy''  ^y 

/ 

Note.,  The  logarltlims,  in  the  above  forms,  are  the  hyper- 
bolic ones,  which  are  found  by  multiplying  the  common 
logarithms  by  2*302535092994.  And  the  arcs,  whose  sine, 
or  tangent,  &c,  are  mentioned,  have  the  radius  1,  and  are 
those  in  the  common  tables  of  sines,  tangents,  and  secants. 
Also,  the  numbers  wz,  ;/,  &c,  are  to  be  some  real  quantities, 
as  the  forms  fail  when  7«  =  0,  or  n  =  0,  &c. 


The  Use  of  the  foregoing  Table  of  Forms  of  Fluxions  and  Fluents. 

43.  In  using  the  foregoing  table,  it  is  to  be  observed,  that 
the  first  column  serves  only  to  shew  the  number  of  the  form ; 
in  the  second  column  are  the  several  forms  of  fluxions,  which 
are  of  different  kinds  or  classes  ;  and  in  the  third  .  or  last 
column,  are  the  corresponding  fluents. 

The  method  of  using  the  table,  is  this.  Having  any 
fluxion  given,  to  And  its  fluent :  First,  Compare  the  given 
fluxion  with  tlie  several  forms  of  fluxions  in  the  second  co- 
lumn of  the  table,  till  one  of  the  forms  be  found  that  agrees 
with  it ;  which  is  done  by  comparing  the  terms  of  the 
given  fluxion  with  the  like  part6  ©f  the  tabular  fluxion, 
namely,  the  radical  quantity  of  the  one,  with  that  of  the 

other  5 
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other;  and  the  exponents  of  the  variable  quantities  of 
cachj  both  within  and  without  the  vinculum  ;  all  which, 
being  found  to  agree  or  correspond,  will  give  the  particular 
values  of  the  general  quantities  in  the  tabular  form :  then 
substitute  these  particular  values  in  the  general  or  tabular 
form  of  the  fluent,  and  the  result  will  be  the  particular 
fluent  of  the  given  fluxion  ;  after  it  is  multiplied  by  any 
co-efficient  the  proposed  fluxion  may  have. 

EXAMPLES. 

5 

Exam.  1.  To  find  the  fluent  of  the  fluxion  S-r^.r. 

This  is  found  to  agree  with  the  first  form.  And,  by  com- 
paring the  fluxions,  it  appears  that  x  =  x,  and  «  —  1  =  -J-, 
or  n  =  ^y  which  being  substituted  in  the  tabular  fluent,  or 

X  .4 

nA",  gives,  after  multiplying  by  3  the  co-eflicient5,  3  x  -|:i'^, 

8 

or  -1^"^,  for  the  fluent  sought. 


X 


Exam.  2.  To  find  the  fluent  of  5A>v/^'*  ~  ^\  or  5iPx  {c^  -  .x^) 

This  fluxion,  it  appears,  belong  to  the  2d  tabular  form : 
for  a  =  c\  and  —  .r""  =  —  .r^,  and  n  =  S  under  the  vinculum, 
also  ?n  —  I  =  ^,  or  m  =  ^,  and  the  exponent  ""'of  .t"""^ 
without  the  vinculum,  by  using  3  for  ;/,  is  w  —  1  =  2,  which 
agrees  with  ^^  in  the  given  fluxion  :  so  that  all  the  parts  of 
the  form  are  found  to  correspond.  Then,  substituting  these 
values  into  the  general  fluent,  —    ~n  (^  ~  ^r")™, 

it  becomes  -  i  X  |  {P  -  .v'f^  =  -  V  (^'  -  '^')'- 
Exam.  3.  To  find  the  fluent  of 


1  +  .1- 

This  is  found  to  agree  with  the  8th  form  ;  where  -  -  - 
Ht  r"  =  +  x^  in  the  denominator,  or  ;^  =  3  ;  and  the  nume- 
rator ^"""^  then  becomes  x\  which  agrees  with  the  numerator 
in  the  given  fluxion ;  also  ^i  =  1.  Hence  then,  by  substi- 
tuting in  the  general  or  tabular  fluent,  ^  log.  of  «  +  *^^"3  it 
becomes  ^  log.  of  1  -f  jt^. 

Exam.  4.  To  find  the  fluent  of  a:t^x. 

Exam.  5.  To  find  the  fluent  of  2(10  -f  ^'')W 

Exam.  6.  To  find  the  fluent  of  ..    /    •■■:?» 

Sx'\v 
F.xam.  7.  To  find  the  fluent  of  — -— • 

a  -  .r  * 


Exam.  8. 
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Exam.  8.    To  find  the  fluent  of 


x'-' 


ExAM.  9.    To  find  the  fluent  of  — ^-^  x. 

Exam.  10,  To  find  the  fluent  of  (—  +  — )  Jpy\ 

Exam-  11.  To  find  the  fluent  of  {-  +  ^)-r/. 

K        iiy 

Si'        3 
Exam.  12.  To  find  the  fluent  of—  or  -  ^"'i. 

n.r        a 

Exam.  13.  To  find  the  fluent  of 


3  -  '2jr 

Sx            Sx'-x 
Exam.  14.  To  find  the  fluent  of  — o  or  ~ . 

2.r  2.T^x 

Exam.  15.  To  find  the  fluent  of —-:,  or 


Exam.  16.  To  find  the  fluent  of 
Exam.  17.  To  find  the  fluent  of 


jv  -  .Sjt^        1  -  3j^-* 


1  -  ^^ 

2  -  r^' 


Exam.  18.  To  find  the  fluent  of  ,    .      - 

1  +  X* 

Exam.  19.  To  find  the  fluent  of  — -r-^.. 

2  -f-  ^* 

Exam.  20.  To  find  the  fluent  of 1j 


Exam.  21.  To  find  the  fluent  of 


v/1  f  -r^ 
ax 


Sxx 

Exam.  22.  To  find  the  fluent  of ^■^—~, 

s/l  -  X' 

^_  .     ax 

Exam.  23.  To  find  the  fluent  of     — ^ — ^. 


2x  ^x 
Exam.  24.  To  find  the  fluent  of  — ■■    ■    .. 

V"!  -  x'^ 

Exam.  25.  To  find  the  fluent  of—    ^^    >^ 


Exam.  26.  To  find  the  fluent  of : 


^x"  -  1 

,  Exam.  27. 
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Exam.  27.  To  find  the  fluent  of 


\/ •I'i  —  aX" 


Exam.  28.  To  find  the  fluent  of  2iv'2.r  -  \r\ 

Exam.  29.  To  find  the  fluent  of  ^V. 

Exam.  30.  To  find  the  fluent  of  ^a-^'x. 

Exam.  31.  To  find  the  fluent  of  ^z'x  log.  z  -f  2>x:^~-z, 

Exam.  32.  To  find  the  fluent  of  (1  +  x^)  xx. 

Exam.  33.  To  find  the  fluent  of  (2  +  x'^)  x'^x. 
Exam.  34.  To  find  the  fluent  ofx'^x^a'  +  x\ 


To  find  Fluents  by  Infinite  Series. 

44.  When  a  given  fluxion,  whose  fluent  is  required,  is  so 
complex,  that  it  cannot  be  made  to  agree  with  any  of  the 
forms  in  the  foregoing  table  of  cases,  nor  made  out  from 
the  general  rules  before  given  •,  recourse  is  then  to  be  had  to 
the  method  of  infinite  series ;  which  is  thus  performed : 

Expand  the  radical  or  fraction,  in  the  given  fluxion,  into 
an  infinite  series  of  simple  terms,  by  the  methods  given  for 
that  purpose  in  books  of  algebra;  viz.  cither  by  division  or 
extraction  of  roots,  or  by  the  binomial  theorem,  &c ;  and 
multiply  every  term  by  the  fluxional  letter,  and  by  such  simple 
variable  factor  as  the  given  fluxional  expression  may  contain. 
Then  take  the  fluent  of  each  term  separately,  by  the  fore- 
going rules,  connecting  them  all  together  by  their  proper 
$igns;  and  the  scries  will  be  the  fluent  sought,  after  it  is 
multiplied  by  any  constant  factor  or  co-efiicient  which  may 
be  contained  in  the  given  fluxional  expression. 

45.  It  is  to  be  noted,  however,  that  the  quantities  must 
be  so  arranged,  as  that  the  series  produced  may  be  a  con- 
verging one,  rather  than  diverging ;  and  this  is  efi'ected  by 
placing  the  greater  terms  foremost  in  the  given  fluxion. 
When  these  are  known  or  constant  quantities,  the  infinite 
series  will  be  an  ascending  one  ;  that  is,  the  powers  of  the 
variable  quantity  will  ascend  or  increase ;  but  if  the  variable 
quantity  be  set  foremost,  the  infinite  series  produced  will  be 
a  descending  one,  or  the  powers  of  that  quantity  will  de- 
crease always  more  and  more  in  the  succeeding  terms,  or  in- 
crease in  the  denominators  of  them,  which  is  the  same  thing. 

For 
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1  —  jr 

For  example,  to  find  the  fluent  of  - — ; r,  x. 

\  -{■  X  —  x'- 

Here,  by  dividing  the  numerator  by  the  denominator,  the 
proposed  fluxion  becomes  .r  —  ^xx  +  ^tx^'x—  '5x^x  -\-  Sx'^x-^Sic, 
then  the  fluents  of  all  the  terms  being  taken,  give     -    -    - 
X  ~  x^  -{-  x^  -  i-,r*  -f  f  r'  -■  &c,  for  the  fluent  sought. 
Again^  to  find  the  fluent  of  i-y/ 1  ~  •z^"'- 

Here,  by  extracting  the  root,  or  expanding  the  radical 
quantity  -v/ 1  —  x\  the  given  fluxion  becomes  -  -  -  - 
.r  —  ^xiv  —  ^^x^x  —  -^x'x  —  &c.  Then,  the  fluents  of  all 
the  terms,  being  taken,  give  x  —  ^x^  —  -^jyor^— #j.^jr"  —  &c, 
fgr  the  fluent  sought. 

Oy^HER  EXAMPLES^ 
l^XX 

Exam.  1.  To  find  the  fluent  of  — - —  both  in  an  ascend- 

a  —  X 

ing  and  descending  series. 
Exam.  2,  To  find  the  fluent  of      ,    .    in  both  series. 

.      XI  -{-  X 

Sx  ' 
Exam.  3.  To  find  the  fluent  of 


{a  +  xf 

1  —  X-  +  2.r* 

Exam.  4.  To  find  the  fluent  of ; ~x. 

1  +  X  —  x'- 

hx 
Exam.  5.  Given  z.  =  ■ ..    ,    .  -o,  to  find  z. 
a^  +  x^ 

a^  +  x'^ 
Exam.  6.   Given  %  = x  to  find  z. 

■    a  +  X 


Exam.  7.   Given  »  =  ^x^/a  +  x,  to  find  z. 
Exam.  8.  Given  z  =  2xA^/d\-\-  x\  to  find  z. 
Exam.  9,   Given  ^  =  ^^ d^  —  x\  to  find  z, 

ExAM>  10.  Given  ^  =  —  _,  to  find  z. 

^x'  -  d^ 

Exam.  11.  Given  .i  =  2S^y/a^  ~  x^y  to  find  z.- 

_  _,  Sax 

Exam.  12.  Given  z  =  —  ,  to  fii^d  z, 

.   .  ,,  \/ax.-  XX 


Exam.  13.  Given  -z  —  2x^ x'  +  V*  -j-  x*y  to  find  z. 


ExAM..H.  Given  js  =♦,  5iy^jA?  —  xv,  to  find  z. 
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To  Correct  the  Fluent  of  any  Given  Fluxion, 

4^.  The  fluxion  found  from  a  given  fluent,  is  always 
perfect  and  complete :  but  the  fluent  found  from  a  given 
fluxion,  is  not  always  so  •,  as  it  often  wants  a  correction,  to 
make  it  contemporaneous  with  that  required  by  the  problem 
under  consideration,  &c :  for,  the  fluent  of  any  given  fluxion^ 
as  Xy  may  be  either  x,  which  is  found  by  the  rule,  or  it  may 
be  X  -J-  r,  or  jr  —  r,  that  is,  x  plus  or  minus  some  constant 
quantity  r;  because  both  x  and  x  ±:  c  have  the  same  fluxion  x^ 
and  the  finding  of  the  constant  quantity  r,  to  be  added  or 
subtracted  with  the  fluent  as  found  by  the  foregoing  rules, 
is  called  correcting  the  fluent. 

Now  this  correction  is  to  be  detei*mined  from  thfe  nature 
of  the  problem  in  hand,  by  which  we  come  to  know  the  re- 
lation which  the  fluent  quantities  have  to  each  other  at  some 
certain  point  or  time.  Reduce,  therefore,  the  general  fluen- 
tial  equation,  supposed  to  be  found  by  the  foregoing  rules,  to 
that  point  or  time ;  then  if  the  equation  be  true,  it  is  correct; 
but  if  not,  it  wants  a  correction ;  and  the  quantity  of  the 
correction,  is  the  difference  between  the  two  general  sides  of 
the  equation  when  reduced  to  that  particular  point.  Hence 
the  general  rule  for  the  correction  is  this : 

Connect  the  constant,  but  indeterminate,  quantity  r,  with 
one  side  of  the  fluential  equation,  as  determined  by  the  fore- 
going rules ;  then,  in  this  equation,  substitute  for  the  variable 
quantities,  such  values  as  they  are  known  to  have  at  any 
particular  state,  place,  or  time ;  and  then,  from  that  par- 
ticular state  of  the  equation,  find  the  value  of  r,  the  constant 
quantity  of  the  correction. 

EXAMPLES. 

4-7.  Exam.  1 .  To  find  the  correct  fluent  of  js  =  ax"\r. 

The  generaPfluent  is  z  =  ^.r^,  or  z  =i  ^jr*  -f-  <:,  taking  In 
the  correction  r.  ' 

Now,  if  it  be  known  that  z  and  x  begin  together,  or  that 
z  is  =  0,  when  x  =  0\  then  writing  0  for  both  x  and  z,  tne 
general  equation  becomes  0  =  0  +  r,  or  =  f ;  so  that,  the 
value  of  c  being  0,  the  correct  fluents  are  z  =  ax^. 

But  if  z  be  =  0,  when  x  \s  —  h,  any  known  quantity ; 
then  substituting  0  for  z,  and  b  for  Xy  in  the  general  equa- 
tion, it  becomes  Q  =z  ab^  -\-  Cy  and  from  hence  we  find 
r  =  —  ay^\  which  being  written  for  c  in  the  general  fluential 
equation,  it  becomes  z  =  ax^  —  ah^y  for  the  correct  fluents. 

Or. 
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Or,  if  It  be  known  that  z  is  =  some  quantity  r/,  when  x 
is  =  some  other  quantity  as  ^j  then  substituting  d  for  sr,  and 
^  for  .r,  in  the  general  fluential  equation  z  =  aa^  4-  ^j  it: 
becomes  </  ==  «^  -f-  <"  J  and  hence  is  deduced  the  value  of 
the  correction,  namely,  c  =  cf  —  ah'^;  consequently,  writing 
this  value  for  r  in  the  general  equation,  it  becomes  -  -  - 
z  =  ax'*  —  ai?^  +  d,  for  the  correct  equation  of  th^  fluents 
in  this  case. 

48.  And  hence  arises  another  easy  and  general  way  of 
correcting  the  Huents,  which  is  this :  In  the  general  equation 
of  the  fluents,  write  the  particular  values  of  the  quantities 
which  they  are  known  to  have  at  any  certain  time  or  po- 
sition ;  tlien  subtract  the  sides  of  the  resulting  particular 
equation  from  the  corresponding  sides  of  the  general  one, 
and  the  remainders  will  give  the  correct  equation  of  the 
fluents  sought. 

So,  the  general  equation,  being  z  =  ^.r^; 

write  d  for  z,  and  b  for  x,  then  d  =  ah"^', 

hence,  by  subtraction,    -     z  —  d  =  ax*^  —  nb^, 

or  z  =  ax^  —  ab^  -\-  d,  the  correct  fluents  as  before. 

Exam.  2.  To  find  the  corjrect  fluents  of  «  =  5xx ;  z  being 
=  0  when  .v  is  =  a. 


Exam.  3.  To  find  the  correct  fluents  of  ^  =  SxA^a  +  ^  i 
z  and  X  being  =  0  at  the  same  time. 

Sax 
Exam.  4.  To  find  the  correct  fluents  of  sj  =  — - — ;  sup- 

«  -j-  a:         ^ 

posing  z  and  x  to  begin  to  flow  together,  or  to  be  each 

=  0  at  the  same  time. 

2x 

Exam.  5.  To  find  the  correct  fluents  of  «  =   -.>    ,     .; ;  sup- 

a~  4-  *•"        '^ 

posing  z  and  £  to  begin  together. 


'^F  MAXIMA  AND  MINIMA;  or,  The  GREATEST  ani» 
LEAST  MAGNITUDE  of  VARIABLE  or  FLOWING 
QUANTITIES. 

49.  Maximum,  denotes  the  greatest  state  or  quantity 
attainable  in  any  given  case,  or  the  greatest  value  of  a  variable 
quantity :  by  which  it  stands  opposed  to  Minimum,  which  h 
the  least  possible  quantity  in  any  case» 

Thus, 


SOS 


FLUXIONS. 


Thus,  the  expression  or  sum  a'  +  hx,  evidently  increases 
as  A-,  or  the  term  bx^  increases ;  therefore  the  given  expression 
will  be  the  greatest,  or  a  maximum,  when  x  is  the  greatest, 
or  infinite  \  and  the  same  expression  will  be  a  minimum,  or 
the  leasts  when  x  is  the  least,  or  nothing.. 

Again,  in  the  algebraic  expression  d^  —  bx,  where  a  and  b 
denote  constant  or  invariable  quantities,  and  x  a  flowing  or 
variable  one.  Now,  it  is  evident  that  the  value  of  this  re- 
mainder or  difference,  d^  —  bx,  will  increase,  as  the  term  bx^ 
or  as  X,  decreases ;  therefore  the  former  will  be  the  greatest, 
when  the  latter  is  the,  smallest ;  that  is,  a^  —  bx  is  a  maxi- 
mum, when  X  is  the  least,  or  nothing  at  all  j  and  the  diffe- 
rence is  the  least,  when  x  is  the  greatest. 

50.  Some  variable  quantities  increase  continually ;  and  so 
have  no  maximum,  but  what  is  infinite.  Others  again  de- 
crease continually ;  and  so  have  no  minimum^  but  what  is  of 
no  magnitude,  or  nothing.  But,  on  the  other  hand,  some 
variable  quantities  increase  only  to  a  certain  finite  magnitude, 
called  their  Maximum,  or  greatest  state,  and  after  that  they 
decrease  again.  While  others  decrease  to  a  certain  finite 
magnitude,  called  their  Minimum,  or  least  state,  and  after- 
wards increase  again.  And  lastly,  some  quantities  have 
several  maxima  and  minima. 


■\v 


A    JB 


G   HI 


Thus,  for  example,  the  ordinate  bc  of  the  parabola,  or 
such-like  curve,  flov/ing  along  the  axis  ab  from  the  vertex  a, 
continually  increases,  and  has  no  limit  or  maximum.  And 
the  ordinate  gf  of  the  curve  EtH,  flowing  from  e  towards 
H,  continually  decreases  to  nothing  when  it  arrives  at  the 
point  H.  But*in  the  circle  ilm,  the  ordinate  only  increases 
to  a  certain  magnitude,  namely  the  radius,  when  it  arrives  at 
the  middle  as  at  kl,  which  is  its  maximum ;  and  after  that 
it  decreases  again  to  nothing,  at  the  point  m.  And  in  the 
curve  NO Q,  the  ordinate  decreases  only  to  the  position  op, 
where  it  is  least,  or  a  minimum;  and  after  that  it  continually 
increases  towards  q.  But  in  the  curve  Rsu  &c,  the  ordi- 
nates  have  several  maxima,  as  ST,  \vx,  and  several  minima, 
as  vu,  Yz,  &c. 

51.  Now 
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51.  Now,  because  the  fluxion  of  a  variable  quantity,  is 
the  rate  of  its  increase  or  decrease;  and  because  the  maximum 
or  minimum  of  a  quantity  fieither  increases  nor  decreases,  at 
those  points  or  states  -,  therefore  such  maximum  or  minimum 
has  no  fluxion,  or  the  fluxion  is  then  equal  to  nothing. 
From  wliich  we  have  the  following  rule. 

To  find  the  Maximum  or  Minimum. 

52.  From  the  nature  of  the  question  or  problem,  find  an 
algebraical  expression  for  the  value,  or  general  state,  of  the 
quantity  whose  maximum  or  minimum  is  required;  then 
take  the  fluxion  of  that  expression,  and  put  it  equal  to  no- 
thing ;  from  which  equation,  by  dividing  by,  or  leaving  out, 
the  fluxional  letter  and  other  common  quantities,  and  per- 
forming other  proper  reductions,  as  in  common  algebra,  the 
value  of  the  unknown  quantity  will  be  obtained,  determining 
tlie  point  of  the  maximum  or  minimum. 

So,  if  it  be  required  to  find  the  maximum  state  of  the 
compound  expression  lOOr  —  Sx^  ±  Cy  or  the  value  of  x 
when  lOOx  —  Sx^  ±  7:  is  a  maximum.  The  fluxion  of  this 
expression  is  lGO.r  —  lOxi-  =  0;  jvhich  being  made  =  0,  and 
divided  by  lOi,  the  equation  is  10  —  a:  =  0;  and  hence 
X  =  10.  That  is,  the  value  of  a:  is  10,  when  the  expression 
lOOx  —  Sd?  ±  ^7  is  the  greatest.  As  is  easily  tried  :  for  if  10 
be  substituted  for  x  in  that  expression,  it  becomes  ±  r  -f  500: 
but  if,  for  x,  there  be  substituted  any  other  number,  whether 
greater  or  less  than  10,  that  expression  will  always  be  found 
to  be  less  than  ±  ^  +  500,  which  is  therefore  its  greatest 
possible  value,  or  its  maximum. 

53.  It  is  evident,  that  if  a  maximum  or  minimum  be  any 
way  compounded  with,  or  operated  upon,  by  a  jgiven  constant 
quantity,  the  result  will  still  be  a  maximum  or  minimum. 
That  is,  if  a  maximum  or  minimum  be  increased,  or  de- 
creased, or  multipHed,  or  divided,  by  a  given  quantity,  or 
any  given  power  or  root  of  it  be  taken  ;  the  result  will  still 
be  a  maximum  or  minimum.     Thus,  if  x  be  a  maximum  or 

minimum,  then  also  is  j:  +  ^,  or  x  —  ^,  or  ax^  or    ,  or  a% 

or  V  ^y  still  a  maximum  or  minimum.  Also,  the  logarithm 
of  the  same  will  be  a  maximum  or  a  minimum.  And  there- 
fore, if*  any  proposed  maximum  or  minimum  can  be  made 
simpler  by  performing  any  of  these  operations,  it  is  better  to 
do  so,  before  the  expression  is  put  into  fluxions. 

Vol.  IL  X  54.  When 
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54.  When  the  expression  for  a  maximum  or  minimum 
contains  several  variable  letters  or  quantities  ;  take  the  fluxion 
of  it  as  often  as  there  are  variable  letters  *,  supposing  first  one 
of  them  only  to  flow,  and  the  rest  to  be  constant  •,  then  another 
only  to  flow,  and  the  rest  constant ;  and  so  on  for  all  of  them: 
then  putting  each  of  these  fluxions  =  0,  there  will  be  as  many- 
equations  as  unknown  letters,  from  which  these  may  be  all 
determined.  For  the  fluxion  of  the  expression  must  be  equal 
to  nothing  in  each  of  these  cases ;  otherwise  the  expression 
might  become  greater  or  less,  without  altering  the  values  of 
the  other  letters,  which  are  considered  as  constant. 

So,  if  it  be  required  to  find  the  values  of  x  and  y  when 
ix'  —  xy  -^  2y\s  2i  minimum.     Then  we  have, 

First     -     Sxx  —  xy  =  0,  and  8x  —  v  =  0,  or  )?  =  8.r. 

Secondly,    2>'  —  ^  =  0,  and   2    —  .r  =  0,  or  ^  =  2. 

And  hence    ;;  or  8.r  =16, 

SS.  To  find  whether  a  proposed  quantity  admits  of  a  Maximum 
or  a  Minimum. 

Every  algebraic  expression  does  not  admit  of  a  maximum 
or  minimum,  properly  so  called  •,  for  it  may  either  increase 
continually  to  infinity,  or  decrease  continually  to  nothing ; 
and  in  both  these  cases  there  is  neither  a  proper  maximum 
nor  minimum  •,  for  the  true  maximum  is  that  finite  value  to 
which  an  expression  increases,  and  after  which  it  decreases 
again :  and  the  minimum  is  that  finite  value  to  which  the 
expression  decreases,  and  after  that  it  increases  again.  There- 
fore, when  the  expression  admits 'of  a  maximum,  its  fluxion 
is  positive  before  that  point,  and  negative  after  it ;  but  when 
it  admits  of  a  minimum,  its  fluxion  is  negative  before,  and 
positive  after  it.  Hence,  taking  the  fluxion  of  the  expression 
a  little  before  the  fluxion  is  equal  to  nothing,  and  again  a  little 
after  the  same  \  if  the  former  fluxion  be  positive,  and  the- 
latter  negative,  the  middle  state  is  a  maximum ;  but  if  the 
former  fluxion  be  negative,  and  the  latter  positive,  the  mid- 
dle state  is  a  minimum. 

So,  if  we  would  find  the  quantity  ax  —  x"  a  maximum  or 
minimum  ;  make  its  fluxion  equal  to  nothing,  that  is,  -  - 
ax  —  ^xx  =  0,  or  {a  —  ^x)x  =  0 ;  dividing  by  x,  gives 
a  —  2^  =  0,  or  vT  =  ^a  at  that  state.  Now,  if  in  the  fluxion 
r[a  —  2x)x,  the  value  of  x  be  taken  rather  less  than  its  true 
value,  ^a,  that  fluxion  vv-ill  evidently  be  positive  :  but  if  X  be. 
taken  somewhat  greater  than  4^,  the  value  oi  a  —  2jr,  and 
consequently  of  the  fluxion,  is  as  evidently  negative.  There- 
fore, the  flijxion  of  ax  —  or  being  positive  before,  and  ne- 
gative 
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gative  after  the  state  when  its  fluxion  is  =  0,  it  follows  that 
at  this  state  the  expression  is  not  a  minimum,  but  a  maximum. 
Again,  taking  the  expression  x"  —  ax\  its  fluxion  ^6x^x  — 
2axx  ==  [^x  —  2a)jcx  =  0 ;  thi^  divided  by  xx  gives  Sx—'2a  =  0, 
and  X  =•  |.«,  its  true  value  when  the  fluxion  of  jr^  —  ax'^  is 
equal  to  nothing.  But  now  to  know  whether  the  given  ex- 
pression be  a  maximum  or  a  minimum  at  that  time,  take  x  a 
little  less  than  ~a  in  the  value  of  the  fluxion  (3:r  —  2a)  xx, 
and  this  will  evidently  be  negative ;  and  again,  taking  x  a 
little  more  than  fa,  the  value  of  Sx  —  2a,  or  of  the  fluxion, 
is  as  evidently  positive.  Therefore  the  fluxion  of  x^  —  ax^ 
being  negative  before  that  fluxion  is  =  0,  and  positive  after 
it,  it  follows  that  in  this  state  the  quantity  x^  —  ax'^  admits 
of  a  minimum,  but  not  of  a  maximum. 

-    56,  Some  Examples  for  Practice. 

Exam.  1.  To  divide  a  line,  or  any  other  given  quantity  Of 
into  two  parts,  so  that  their  rectangle  or  product  may  be  the 
greatest  possible. 

Exam.  2.  To  divide  the  given  quantity  a  into  two  parts 
such,  that  the  product  of  the  fn  power  of  one,  by  the  n 
power  of  the  other,  may  be  a  maximum. 

Exam.  3.  To  divide  the  given  quantity  a  into  three  parts 
such,  that  the  continual  product  of  them  all  may  be  a 
maximum. 

Exam.  4.  To  divide  the  given  quantity  a  into  three  parts 
such,  that  the  continual  product  of  the  1st,  the  square  of  thfe 
2d,  and  the  cube  of  the  3d,  may  be  a  maximum. 

Exam.  5.  To  determine  a  fraction  such,  that  the  difFe- 
rence  between  its  m  power  and  n  power  shall  be  the  greatest 
possible. 

Exam.  6.  To  divide  the  number  80  into  two  such  parts, 
X  and  J,  that  2x'^  ■\-  xy  +  ^y'^  may  be  a  minimum. 

Exam.  7.  To  find  the  greatest  rectangle  that  can  be  in- 
scribed in  a  given  right-angled  triangle. 

Exam.  8.  To  find  the  greatest  rectangle  that  can  be  in- 
scribed in  the  quadrant  of  a  given  circle. 

Exam.  9.  To  find  the  least  right-angled  triangle  that  can 
circumscribe  the  quadrant  of  a  given  circle. 

Exam.  10.  To  find  the  greatest  rectangle  inscribed  in,  and 
the  least  isosceles  triangle  circumscribed  about,  a  given  semi- 
ellipse.  I 

X2  Exam.  11. 


312  FLUXIONS. 

Exam.  11.  To  determine  the  same  for  a  given  parabola. 

Exam.  12.  To  determine  the  same  for  a  given  hyperbola. 

Exam.  13.  To  inscribe  the  greatest  cylinder  in  a  given 
cone ;  or  to  cut  the  greatest  cylinder  out  of  a  given  cone. 

Exam.  14.  To  determine  the  dimensions  of  a  rectangular 
cistern,  capable  of  containing  a  given  quantity  a  of  water, 
so  as  to  be  lined  with  lead  at  the  least  possible  expense. 

Exam.  15.  Required  the  dimensions  of  a  cylindrical  tan- 
kard, to  hold  one  quart  of  ale  measure,  that  can  be  made  of 
the  least  possible  quantity  of  silver,  of  a  given  thickness. 

Exam.  16.  To  cut  the*  greatest  parabola  from  a  given 
cone. 

Exam.  17.  To  cut  the  greatest  ellipse  from  a  given  cone. 

Exam.  IS.  To  find  the  value  of  x  when 


The  METHOD  of  TANGENTS;  Or,  To  draw  TAN- 
GENTS  TO  CURVES. 

The  Method  of  Tangents,  is  a  method  of  determining 
the  quantity  of  the  tangent  and  subtangent  of  any  algebraic 
curve  J  the  equation  of  the  curve  being  given.  Or,  •vice 
versay  the  nature  of  the  curve,  from  the  tangent  given. 

57.  'If  AE  be  any  curve,  and  E  be 
any  point  in  it,  to  which  it  is  required 
to  draw  a  tangent  te.  Draw  the  or- 
dinate ed:  then  if  we  can  determine 
the  subtangent  td,  limited  between 
the  ordinate  and  tangent,  in  the  axis 
produced,  by  joining  the  points  T, 
E,.the  line  te  will  be  the  tangent 
sought. 

58.  Let  dae  be  another  ordinate,  indefinitely  near  io  de, 
meeting  the  curve,  or  tangent  produced,  in  e ;  and  let  Ea 
be  parallel  to  the  axis  ad.  Then  is  the  elementary  triangle 
jt.ea  similar  to  the  triangle  tde  5 

and 
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and  therefore     -     ea  '  aE  '.',  ed  ',  T>r. 

But        -         -  .  ea  :  aE  ','  flux.  ED  :  fluXr  AD. 

Therefore      -    flux,  eb  I  flux,  ad  : :  de  ;  dt. 

_,       .  yx 

That  IS.  '   y  I  X  : :  y  .*  —  =  dt. 

which   IS   therefore  the  value  of  the   suhtangent  sought ; 
where  ^  is  the  absciss  ad,  and  y  the  ordinate  de. 
Hence  we  have  this  general  rule. 

«• 

GENERAL  BULE. 

59.  By  means  of  the  given  equation  of  the  curve,  when 
put  into  fluxions,   find  the  value  of  either  x  or  jk,  or  of 

t;  whicl;  value  substitute  for  it  in  the  expression  dt  =  ^t 

and,  when  reduced  to  its  simplest  terms,  it  will  be  the  value 
of  the  suhtangent  sought. 

EXAMPLES. 

Exam.  1.  Let  the  proposed  curve  be  that  which  is  de- 
fined, or  expressed,  by  the  equation  ax^  +  ^/  —  /  =  0. 

Here  the  fluxion  of  the  equation  of  the  curve  is 
^axx  -j-  fx  -}-  2xyy  —  Sfy  =  0 ;  then,  by  transposition, 
^axx  +  f^  =  ^fy    ■"  ^^yy ;  ^nd  hence,  by  division, 
X        Sv'  —  ^xy  ,    yx        3/  —  '2xy^ 

-  =  -^ 1 — |.;  consequently  V  =  -^ r— ^, 

y         2ax  +  y  ^         ^  y  2ax  +  / 

which  is  the  value  of  the  suhtangent  td  sought. 

Exam.  2.  To  draw  a  tangent  to  a  circle ;  the  equation  of 
which  is  ax  —  x'  =  / ;  where  x  is  the  absciss,  y  the  ordi- 
nate, and  a  the  diameter. 

Exam.  3.  To  draw  a  tangent  to  a  parabola ;  its  equation 
being  ax  =  y^;  where  a  denotes  the  parameter  of  the  axis. 

Exam.  4^  To  draw  a  tangent  to  an  ellipse ;  its  equation 
being  c^  {ax  —  x'^)  =  «y ;  where  a  and  c  are  the  two  axes. 

Exam.  5.  To  draw  a  tangent  to  an  hyperbola ;  its  equa-* 
tion  being,  c^  [ax  +  x'^)  =  d'f ;  where  a  and  c  are  the  two 
axes. . 

Exam.  6.  To  draw  a  tangent  to  the  hyperbola  referred  to 
the.  asymptote  as  an  axis ;  its  equation  being  xy  =  d^  j  where 
a^  denotes  the  rectangle  of  the  absciss  and  ordinate  answer- 
ing to  the  vertex  of  the  curve. 


Ob 


314  FLUXIONS. 


Or  RECTIFICATIONS ;  Or,  To  find  thje  LENGTHS  or 
CURVE  LINES. 

Rectification,  is  the  finding  the  length  of  a  curve  line, 
or  finding  a  right  line  equal  to  a  proposed  curve. 

60.  By  art.  10  it  appears,  that  the 
elementary  triangle  e^^,  formed  by  the 
increments  of  the  absciss,  ordinate,  and 
curve,  is  a  right-angled  triangle,  of 
which  the  increment  of  the  curve  is  the 
hypothenuse;  and  therefore  the  square 
of  the  latter  is  equal  to  the  sum  of  the 

squares  of  the  two  former ;  that  is,  Ef^  =  ^cP'  -{-  ae".  Or, 
substituting,  for  the  increments,  their  proportional  fluxions, 
it  is  z'z,  =  XX  -f  yjy  or  %  =  a/ x^  -{-  jp",  where  z  denotes  any 
curve  line  ae,  k  its  absciss  ad,  and  ^  its  ordinate  de. 
Hence  this  rule. 

RULE. 

61.  From  the  given  equation  of  the  curve  put  into 
fluxions,  find  the  value  of  x^  or  j/^  which  value  substitute 
instead  of  it  in  the  equation  z  =  -y/i-  -f  y' ;  then  the  fluents, 
being  taken,  will  give  the  value  of  2,  or  the  length  of  the 
curve,  in  terms  of  the  absciss  or  ordinate. 

examples. 

Exam.  1.  To  find  the  length  of  the  arc  of  a  circle,  in 
terms  both  of  the  sine,  versed  sine,  tangent,  and  secant. 

The  equation  of  the  circle  may  be  expressed  in  terms  of 
the  radius,  and  either  the  sine,  or  the  versed  sine,  or  tangent, 
or  secant,  &c,  of  an  arc.  Let,  therefore,  the  radius  of  the 
circle  be  ca  or  ce  =  r,  the  versed  sine  ad  (of  the  arc 
ae)  =  xy  the  right  sine  de  =  y^  the  tangent  te  =  /,  and 
the  secant  CT  =  / ;  then,  by  the  nature  of  the  circle,  there 
arise  these  equations,  viz. 

r¥  /  -  r^   , 

Then,  by  means  of  the  fluxions  of  these  equations,  with 
the  general  fluxional  equation  ^  =  x^  -{■  y\  are  obtained  the 
following  fluxional  forms,  for  the  fluxion  of  the  curve ;  the 
fluent  of  any  one  of  which  will  be  the  curve  itself  j  viz. 

rx  ry  r^t  r^s 

Heace 
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Hence  the  value  of  the  curve,  from  the  fluent  of  each  of 
these,  gives  the  four  following  forms,  in  series,  viz.  putting 
//  =  2r  the  diameter,  the  curve  is  z 

/  3/  3.5/  , 

=  (^  +  2:^+ 2:i:5?i+ 2X6:?;^  +  ^^^-^^ 
/^     /*     /^     /^ 

Now,  it  Is  evident  that  the  simplest  of  these  series,  is  the 
third  in  order,  or  that  which  is  expressed  in  terms  of  the 
tangent.  That  form  will  therefore  be  the  fittest  to  cal- 
culate an  example  by  in  numbers.  And  for  this  purpose 
it  will  be  convenient  to  assume  some  arc  whose  tangent,  or 
at  least  the  square  of  it,  is  known  to  be  some  small  simple 
number.  Now,  the  arc  of  45  degrees,  it  is  known,  has  its 
tangent  equal  to  the  radius ;  and  therefore,  taking  the  radius 
r  =  1,  and  consequently  the  tangent  of  4'5'',  or  /,  =  1  also, 
in  this  case  the  arc  of  45°  to  the  radius  1,  or  the  arc  of  the 
quadrant  to  the  diameter  1,  will  be  equal  to  the  infinite  se- 
ries 1  -  j-  +  4-  -  |-|- i-  -  &c. 

But  as  this  series  converges  very  slowly,  it  will  be  proper 
to  take  some  smaller  arc,  that  the  series  may  converge  fiister; 
such  as  the  arc  of  30  degrees,  the  tangent  of  which  is 
=  -vZ-jj  or  its  square  f  =  -■:  which  being  substituted  in  the 
series,  the  length  of  the  arc  of  30*"  comes  out       -     -     -     - 

(^  -  4 + si-  7-3- + i  -  ^'^  ^^-  "'"'"' '° '°'"- 

pute  these  terms  in  decimal  numbers,  after  the  first,  the  suc- 
ceeding terms  will  be  found  by  dividing  always  by  3,  and 
these  quotients  again  by  the  absolute  numbers  3,  5,  7,  9,  &c; 
and  lastly,  adding  every  other  term  together,  into  two  sums, 
the  one  the  sum  of  the  positive  terms,  and  the  other  the  siim 
of  the  negative  ones;  then  lastly,  the  one  sum  taken  from 
the  other,  leaves  the  length  of  the  arc  of  30  degrees  ;  which 
being  the  12th  part  of  the  whole  circumference  when  the 
radius  is  1,  or  the  6th  part  when  the  diameter  is  1,  conse- 
quently 6  times  that  arc  will  be  the  length  of  the  whole  cir- 
cumference to  the  diameter  1.  Therefore,  multiplying  th& 
first  term  ^j.  by  6,  the  product  is  v^l2  ==  3*4641016 ;  and 
hence  the  operation  will  be  conveniently  made  as  follows : 

4-  TeruiS, 
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4-  Terms. 

—  Terms. 

1 ; 

)  3-4641016 

( 

3-4641016 

3 ; 

)  1 -1547005 

( 

0-3849002 

5 ; 

3849002 

( 

769800 

7 ; 

\      1283001 

( 

. 

.       183286 

9] 

)        427667 

47519 

11  ) 

142556 

( 

12960 

13  ] 

47519 

( 

3655 

15  ) 

15840 

( 

1056 

17  ) 

5280 

( 
( 

311 

19) 

1760 

93 

21   ) 

587 

( 

23 

23  ) 

196 

( 

8 

25  ) 

65 

( 

S 

27) 

22 

( 

+3-5462332 

1 

-0-4046406 

So  that  at  last 

-0-4046406 

3-1415926  is 

the  whole  circum- 

ference to  the  dia^ 
meter  1, 

Exam.  2.  To  find  the  length  of  a  parabola. 

Exam.  3.  To  find  the  length  of  the  semicubical  parabola^ 
whose  equation  is  ax'  =  f. 

Exam.  4.  To  find  the  length  of  an  elliptical  curve. 

Exam.  5.  To  find  the  length  of  an  hyperbolic  curve. 


Of  QUADRATURES;  or,  FINDING  the  AREAS  op 
CURVES. 

62.  The  Quadrature  of  Curves,  is  the  measuring  their 
areas,  or  finding  a  square,  or  other  right-lined  space,  equal 
to  a  proposed  curvilineal  one. 

By  art.  9  it  appears,  that  any  flowing 
quantity  being  drawn  into  the  fluxion  of 
the  line  along  which  it  flows,  or  in  the 
direction  of  its  motion,  there  is  produced 
the  fluxion  of  the  quantity  generated  by 
the  flowing.  That  is,  Dd  x  de  or  yx  is 
tt^e  fluxion  of  the  area  ade.  Henqe  this 
rule. 

RULE. 
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63.  From  the  given  equation  of  the  curve,  find  the  value 
either  of  i  or  of  ^  V  which  value  substitute  instead  of  it  in 
the  expression  yx-,  then  the  fluent  of  that  expression,  beinj 
taken,  will  be  the  area  of  the  curve  sought. 

EXAMPLES. 

Exam.  1.  To  find  the  area  of  the  common  parabola. 

The  equation  of  the  parabola  being  ax  =  y^',  where  a  is 
the  parameter,  x  the  absciss  ad,  or  part  of  the  axis,  and  y 
the  ordinate  de. 

From  the  equation  of  the  curve  is  found  y  =  ^ax.  This 
substituted  in  the  general  fluxion  of  the  area  j^i-,  gives  x\^ax 

t)r  a^x^x  is  the  fluxion  of  the  parabolic  area ;  and  the  fluent 

I,    3 

of  this,  or  -f^^/v"^  =  ^x^ax  =  ^xy,  is  the  area  of  the  parabola 
ADE,  and  which  is  therefore  equal  to  f  of  its  circumscribing 
rectangle. 

Exam.  2.  To  square  the  circle,  or  find  its  area. 
The  equation  of  the  circle  being  ^^  =  ax  —  ^^,  or  v  t= 
y/ax  —  x\  where  a  is  the  diameter;  by  substitution,  the 
general  fluxion  of  the  area  ji,  becomes  x^  ax  —  x\  for  the 
fluxion  of  the  circular  area.  But  as  the  fluent  of  this  cannot 
be  found  in  finite  terms,  the  quantity  a/ ax  —  x^  is  thrown 
into  a  series,  by  extracting  the  root,  and  then  the  fluxion  of 
the  area  becomes 

,,         X  x^  1.3^  1.3.5.r*         ,    , 

.V-  X  (1  -   --  -^,  -  -—3  -  ^^^^^  ~  &c); 

then  the  fluent  of  every  term  being  taken,  it  gives 
2        \.x         \.x^  l^x'  „    , 

for  the  general  expression  of  the  semisegment  ade. 

When  the  point  d  arrives  at  the  extremity  of  the  diameter, 
then  the  space  becomes  a  semicircle,  and  x  =.  a\  and  then 
the  series  above  becomes  barely 

2/2        1  1  1.3  ^    . 

Z'  (3-  -  5  -  4:7  -  4Z-9  -  ^^^ 

for  the  area  of  the  semicircle  whose  diameter  is  j. 

Exam.  3. 
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Exam.  3.  To  find  the  area  of  any  parabola,  whose  equa- 
tion is  rt'"^*  =  ^"»+n. 

Exam.  4.  iTo  find  the  area  of  an  ellipse. 

Exam.  5.  To  find  the  area  of  an  hyperbola. 

Exam.  6.  To  find  the  area  between  the  curve  and  asymp- 
tote of  an  hyperbola. 

Exam.  7.  To  JBnd  the  like  area  in  any  other  hyperbola 
whose  general  equation  is  x^y^  =  «°^  +", 


To  FIND  THE  SURFACES  OF  SOLIDS. 

64-.  In  the  solid  formed  by  the  rota- 
tion of  any  curve  about  its  axis,  the 
surface  may  be  considered  as  generated 
by  the  circumference  of  an  expanding 
circle,  moving  perpendicularly  along 
tl^e  axis,  but  the  expanding  circum- 
,  ference  moving  along  the  arc  or  curve 
of  the  solid,  Therefcre,  as  the  fluxion 
of  any  generated  quantity,  is  produced  by  drawing  the  ge- 
nerating quantity  into  the  fluxion  of  the  line  or  direction  in 
which  it  moves,  the  fluxion  of  the  surface  will  be  found  by 
drawing  the  circumference  of  the  generating  circle  into  the 
fluxion  of  the  curve.  That  is,  the  fluxion  of  the^  surface 
BAE,  is  equal  to  ae  drawn  into  the  circumference  bcef, 
whose  radius  is  the  ordinate  de. 

65.  But,  if  r  be  =  3*1416,  the  circumference  of  a  circle 
whose  diameter  is  I,  a:  =  ad  the  absciss,  )>  =  de  the  ordi- 
nate, and  js:  =  AE  the  curve ;  then  2y  =  the  diameter  be, 
and  2cy  =  the  circumference  bcef  ;  also,  ae  =;  js  =s 
s/x^  -f  y^ :  therefore  2cyz  or  2cy^  x"-  -\-  f  is  the  fluxion  of 
the  surface.  And  consequently  if,  from  the  given  equation 
of  the  curve,  the  value  of  x  or  jr  be  found,  and  substituted 
'  in  this  expression  2cy^  x^  +^%  the  fluent  of  the  expression, 
being  then  taken,  will  be  the  surface  of  the  solid  required. 

examples. 

Exam.  1.  To  find  the  surface  of  a  sphere,  or  of  any  seg- 
ment.     . .  _. ^.     .     ..    

In 
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In  this  case,   ae   is  a  circular  arc,  whose  equation  is 

f  j=  ax  —  x'^y  or  y  =  >^  ax  —  x'^. 

__  ■    _     .         ^  ,  .      .        .            a  —  2x       .       a  —  ^x  . 
The  fluxion  of  this  mves  y  =  — zr     x  =  — x  ; 

l^ncey  =  ^5 ;.-  =  — i/"^'  ^ 

conseq.  x" -^  f  -  ^yF,  and  z  =  ^x'  -{.  f  =  ^y 

This  value  of  Zy  the  fluxion  of  a  circular  arc,  may  be  found  > 
more  easily  thus :   In  the  fig.  to  art.  60,  the  two  triangles 
EDC,  "Eae  are  equiangular,  being  each  of  them  equiangular 
to  the  triangle  etc  :  conseq.  ed  :  EC  : ;  Ea  :  e^,  that  is,    - 

(IX 

y  '.  ia  l\  X  \  z  =  — ,  the  same  as  before. 

The  value  of  z.  being  found,  by  substitution  is  obtained 
2cyz  =  acx  for  the  fluxion  of  the  spherical  surface,  generated 
by  the  circular  arc  in  revolving  about  the  diameter  ad. 
And  the  fluent  of  this  gives  acx  for  the  said  surface  of  the 
spherical  segment  bae. 

But  ac  is  equal  to  the  whole  circumference  of  the  gene- 
rating circle ;  and  therefore  it  follows,  that  the  surface  of 
any  spherical  segment,  is  equal  to  the  said  circumference  of 
the  generating  circle,  drawn  into  a-  or  ad,  the  height  of  the 
segment. 

Also  when  .r  or  ad  becomes  equal  to  the  whole  diameter  a^ 
the  expression  acx  becomes  aca  or  r^%  or  4  times  the  area  of 
the  generating  circle,  for  the  surface  of  the  whole  sphere. 

And  these  agree  with  the  rules  before  found  in  Mensura- 
tion of  Solids. 

Exam.  2.  To  find  the  surface  of  a  spheroid. 

Exam.  3.  To  find  the  surface  of  a  paraboloid. 

Exam.  4.  To  find  the  surface  of  an  hyperboloid. 


To  FIND  THE  CONTENTS  of  solids. 

6Q,  Any  solid  which  is  formed  by  the  revolution  of  a 
curve  about  its  axis  (see  last  fig.)^  niay  also  be  conceived  to 
be  generated  by  the  motion  of  the  plane  of  an  expanding 
circle,  moving  perpendicularly  along  the  axis.     And  thereJ- 

fore 
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fore  the  area  of  that  circle  being  drawn  into  the  fluxion  of 
the  axis,  will  produce  the  fluxion  of  the  solid.  That  is, 
AD  X  area  of  the  circle  bcf,  whose  radius  is  de,  or  diameter 
BE|  is  the  fluxion  of  the  solid,  by  art.  9. 

67.  Hence,  if  ad  =  ^,  de  =  j;,  ^  ==  3-1416 -,  because 
cf  is  equal  to  the  area  of  the  circle  bcf  ;  therefore  cfx  is 
the  fluxion  of  the  solid.  And  consequently  if,  from  the  given 
equation  of  the  curve,  the  value  of  either  y  or  x  be  found, 
and  that  value  substituted  for  it  in  the  expression  cfxy  the 
fluent  of  the  resulting  quantity,  being  taken,  will  be  the  so- 
Ijidity  of  the  figure  proposed* 

EXAMPLES. 

Exam.  1.  To  find  the  solidity  of  a  sphere,  or  any  segment. 
The  equation  to  the  generating  circle  being  f-  =^  ax  —  x^y 
where  a  denotes  the  diameter,  by  substitution,  the  general 
fluxion  of  the  solid,  cfx^  becomes  caxx  —  ex  x,  the  fluent  of 
which  gives  -cax'^  —  -Jr.r'%  or  \cx\^a  —  2x)y  for  the  solid  con- 
tent of  the  spherical  segment  bae,  whose  height  ad  is  f. 

.  When  the  segment  becomes  equal  to  the  wholQ  sphere, 
then  X  ==  a,  and  the  above  expression  for  the  solidity,  becpjjne^ 
•Icd^  for  the  solid  content  of  the  whole  sphere. 

And  these  deductions  agree  with  .the  rules  before,  givea 

and  demonstrated  in  the  Mensuration  of  Solids. 

Exam.  2.  To  And  the  solidity  of  a  spheroid. 
Exam.  3.  To  find  the  solidity  of  a  paraboloid. 
Exam.  4.  To  find  the  solidity  of  an  hyperboloid. 


To  FIND  LOGARITHMS. 

68.  It  has  been  proved,  art.  23,  that  the  fluxion  of  the 
hyperbolic  logarithm  of  a  quantity,  is  equal  to  the  fluxion  of 
the  quantity  divided  by  the  same  quantity.  Therefore,  when 
any  quantity  is  proposed,  to  And  its  logarithm ;  take  the 
fluxion  of  that  quantity,  and  divide  it  by  the  same  quantity; 
then  take  the  fluent  of  the  quotient,  either  in  a  series  or 
otherwise,  and  it'  will  be  the  logarithm  sought ;  when  cor- 
rected as  usual,  if  need  be ;  that  is,  the  hyperbolic  logarithm. 

69.  But,  for  any  other  logarithm,  multiply  the  hyperbolic 
'logarithm,  above  found,  by  the  modulus  of  the  system,  for 
the  logarithm  sought, 

NQte, 
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Note.  The  modulus  of  the  hyperbolle  log;arithms,  is  1  ; 
and  the  modulus  of  the  common  logarithms,  is  •434'^944.8190 
Sec ;  and,  in  general,  the  modulus  of  any  system,  is  equal  to 
the  logarithm  of  10  in  that  system  divided  by  the  number 
'2-3025850929940  &c,  whicli  is  the  hyp.  log.  of  10.  Also, 
the  hyp.  log.  of  any  number,  is  in  proportion  to  the  com.  log. 
of  the  same  number,  as  unity  Or  1  is  to  '43429  &c,  or  as 
the  number  2*302585  &c,  is'*t6  1  ;  and,  therefore,  if  the 
common  log.  of  any  number  be  multiplied  by  2*302585  &c, 
it  will  give  the  hyp.  log.  of  the  same  number ;  or  if  the  hyp. 
log.  be  divided  by  2*302585  &c,  or  multiplied  by  '43429 
^c,  it  will  give  the  common  logarithm. 

Exam.  1.  iTo  find  the  log.  of  ^       ^. 

Denoting  ahy  proposed  nutnber  z,  tvhoS6  logarithm  is 
required  to  be  found,  by  the  comp'ound  expression     -     -    - 

/J   -j-   ;^  .     JV 

"^ ,  the  fluxion  of  the  number  z,  is  -,  and  the  fluxion 

a  s  a 

f.   ,  ,    ,  JS  X'  X         XX     ^     A         x^x 

of  the  loff.  —  =  — ; —  = ^  -r  ~T  —  -^T  "T  &c. 

^  z-        a  -\-  :v        a         a^         or  a* 

Then  the  fluents  of  these  terms  give  the  logarithm  of  s 
^  a  -\-'x       .t        or         x^         x^ 

orloganthmof.     -    -— =  -  -  ^,  + -,  -  _  &c. 

writing  -  «for«,giveslog.^"=  -^-.|^,-^-£j&c. 

Mult,  these  numbs,  and 7       ■  a-\-  x  _^2x       2x^  _i_^^^  o 
adding  their  logs.  gives3  *^S'  ^17^  ~  T  ^  3<*^  "^  5? 

..      .  a         ^      a-\-x       ,  a  ^,^±'>^ 

Also,  because  — ; —  =  1  -t*  — ^  j  w  Iof.  — ; —  =  0  —  locr * 

.\    a:^x  a  ^  a±x  ^     a 

a       ,         X 


therefore  lo?.  of  — \ —  is h  th^  "  7^^ '\'  Tl.  ^Cj 

^        a  -^  X  a        '■lor        %a'       4^* 

Cl  X  X  X  X 

and  the  lop.  of is  +  -  +  ;r7  4-  o"!  +  7-1  &c, 

a^  2v^        2x^^        9^x^ 

the  prdd.  gives  log.  ^^,  =  2?  +  3?  +  i?  +  *""• 


Now,  for  an  example  ih  numbers,  suppose  It  were  required 
to  compute  the  common  logarithm  of  the  number  2.  This 
will  be  best  done  by  the  series, 

a<,g.  of  ^-±i  =  2/»  x'  (-  +  p,i  ?i  +  ^7  &c). 

^        u  —  x  ^a        3tt^        Bo"        ia' 

Making 
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Making =  2^gives  a  =  Sx;  conseq.  -  =  4>  and  -5 

a  —  •X'  a  a 

r=  -J-,  which  is  the  constant  factor  for  every  succeeding  term ; 
also,2;«  =  2  x  •434'29448190  =  -868588964-;  therefore  the 
calculation  will  be  conveniently  made,  by  first  dividing  this 
number  by  3,  then  the  quotients  successively  by  9,  and 
lastly  these  quotients  in  order  by  the  respective  numbers 
I,  3,  5,  7,  9,  &c,  and  after  that,  adding  all  the  terms  toge- 
ther, as  follows : 


3) 

•868588964 

9  ) 

289529654 

1  ) 

•289529654  | 

[  -289529654 

9  ) 

32169962 

3  ) 

32169962 

'   10723321 

9  ) 

3574440 

5  ) 

3574440 

714888 

9  ) 

397160 

7  ) 

397160  i 

;      56737 

9) 

44129 

9 

44129  1 

^      4903 

9) 

4903 

11 

4903 

;       446 

9  ) 

545 

13 

545  1 

42 

9) 

61 

15  ) 

61  1 

4. 

Sum  of  the  terms  gives  log.  2  =  '301029995 


Exam.  2.  To  find  the  log.  of 


a  '\-  X 


Exam.  3.  To  find  the  log.  oi  a  —  x. 
Exam.  4.  To  find  the  log.  of  3. 
Exam.  5.  To  find  the  log.  of  5. 
ExA;M.  6.  To  find  the  log.  of  11. 


To  FIND  THE  POINTS  OF  INFLEXION,  or  of  CONTRARY 
FLEXURE,  IN  CURVES. 

70.  The  Point  of 
Inflexion  in  a  curve, 
is  that  point  of  it 
which  separates  the 
concave  from  the  con- 
vex part,  lying  be- 
tween the  two*,  or 
where  the  curve  changes  from  concave  to  convex,  or  from 
convex  to  concave,  on  the  same  side  pf  the  curve.  Such  as 
the  point  E  in  the  annexed  figures  j  where  the  former  of 

the 
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the  two  IS  concave  towards  the  axis  ad,  from  A  to  E,  but 
convex  from  e  to  f  5  and,  on  the  contrary,  the  latter  figure 
is  convex  from  A  to  E,  and  concave  from  £  to  f. 

71.  From  the  nature  of  curvature,  as  has  been  remarked 

before  at  art.  28,  it  is  evident,  that  when  a  curve  is  concave 

towards  an  axis,  then  the  fluxion  of  the  ordinate  decreases, 

or  is  in  a  decreasing  ratio,  with  regard  to  the  fluxion  of  the 

absciss ;  but,  on  the  contrary,  that  it  increases,  or  is  in  an 

increasing  ratio  to  the  fluxion  of  the  absciss,  when  the  curve 

is  convex  towards   the  axis;   and  consequently  those  two 

fluxions  are  in  a  constant  ratio  at  the  point  of  inflexion, 

where  the  curve  is  neither  convex  nor  concave  j  that  is,  x  is 

,  y       X  , 

to  ^  m  a  constant  ratio,  or  t  or  t  is  a  constant  quantity. 

But  constant  quantities  have  no  fluxion,  or  their  fluxion  is 
equal   to   nothing  j    so  that,   in  this  case,   the  fluxion  of 

T  or  -:  is  equal  to  nothing.  And  hence  we  have  this  general 
rule : 

72.  Put  the  given  equation  of  the  curve  into  fluxions; 

from  which  find  either  t  or  -.     Then  take  the  fluxion  of 

X        y 

this  ratio,  or  fraction,  and  put  it  equal  to  0  or  nothing ;  and 

from  this  last  equation  find  also  the  value  of  the  same  t  or .-. 

y       X 

Then  put  this  latter  value  equal  to  the  former,  which  will 

form  an  equation;  from  whence,  and  the  first  given  equation 

of  the  curve,  x  and  y  will  be  determined,  being  the  absciss 

and  ordinate  answering  to  the  point  of  inflexion  in  the 

curve,  as  required. 

EXAMPLES. 

Exam.  1.  To  find  the  point  of  inflexion  in  the  curve  whose 

equation  is  ax'^  =  d^y  -\-  x^y. 

This  equation  in  fluxions  is  2axx  =  c^  -J-  2xyx  -f  x"y^ 

X  Ci'^  ~|~  J?*^ 

which  gives  -  =  - — --^^ — .  Then  the  fluxion  of  this  quantity 
made  =  0,  gives  2xx  {ax  —  xij)  =  (a^  -}-  x')  x  {ax  —  iy  —  xy)\ 

X  d^      I     jcp'  ■    r» 

and  this  again  gives  -  =  -^ ^  x . 

X 

Lastly,  this-  value  of  -  being  put  equal  the  former,  gives 

g^  -f  >r' 
a'  —  X* 
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c-4-^' 


CO 


fl'  +  ^r 


or  3^^  =  ^z%  and  x  =  oy^  5,  the  absciss. 
Hence  also,  from  the  original  equation,  - 


ax^ 


\a^  the  ordinate  to  the  point  of  ili- 


^  ~  a*  +  :r^-  "" 
flexion  sought. 

Exam.  2.  To  find  the  point  of  inflexbn  in  a  curve  de- 
fined by  the  equation  ay  =  a^/  ax  -\-  ^.r. 

Exam.  3.  To  find  the  ipo'mt  of  inflexion  in  a  curve  defined 
"by  the  equation  af  =  a'x  -\-  x^. 

Exam.  4.  To  find  the  point  of  inflexion 
in  the  Conchoid  of  Nicomedes,  which  is 
generated  or  constructed  in  this  manner: 
From  a  fixed  point  p,  which  is  called  the 
pole  of  the  conchoid,  draw  any  number  of 
right  lines  pa,  pb,  pc,  pe,  &c,  cutting 
the  given  line  fd  in  the  points  f,.  g,  h,  i, 
&c :  then  make  the  distances  fa,  gb,  hc,  •  IE,  &c,  equal 
to  each  other,  and  equal  to  a  given  line  ;  and  the  curve  line 
ABCE,  &c,  will  be  the  conchoid  j  a  curve  so  called  by  its  in- 
ventor Nicomedes. 


To  FIND  THE  RADIUS  OF  CURVATURE  of  CURVES. 

73.  The  Curvature  of  a  Circle  is  constant,  or  the  same 
in  every  point  of  it,  and  its  radius  is  the  radius  of  curvature. 
But  the  case  is  different  in  other  curves,  every  one  of  which 
has  its  curvature  continually  varying,  either  increasing  or 
decreasing,  and  every  point  having  a  degree  of  curvature  pe- 
culiar to  itself;  and  the  radius  of  a  circle  which  has  the  same 
curvature  with  the  curve  at  any  given  point,  is  the  radius  of 
curvature  at  that  point ;  which  radius  it  is  the  business  of  this 
chapter  to  find. 

74.  Let  ae^  be  any  curve,  con- 
cave towards  its  axis  ad;  draw  an 
ordinate  de  to  the  point  e,  where 

^  the  curvature  is  required  tobefound; 
and  suppose  ec  perpendicular  to  the 
curve,  and  equal  to  the  radius  of 
curvature  sought,  or  equal  to  the  ra- 
dius of  a  circle  having  the  same  cur- 
vature there,  and  with  that  radius  de- 
seribe  the  said  equally-curved  circle 

ee^  ; 
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BE^;  lastly,  draw' si  parallel  to  Ab,  ahd  de  parallel  and 
indefinitely  near  to  de  ;  thereby  making  e^  the  fluxion  or 
increment  of  the  absciss  ab,  also  de  the  fluxion  of  the  ordi- 
nate DE,  and  E^  that  of  the  curve  ae.  Then  put  x  =  ad, 
y  =  DE,  z  =  AE,  and  r  =  CE  the  radius  of  curvature  j 
then  is  iE.d  =  i,  de  =^,  and  Ee  =  ». 

Now,  by  sim.  triangles,  the  three  lines  ud,  de^  Ef, 

or  X,    jy,  Zy 
are  respectively  as  the  three      -  *  -    -    ge,  gc,  ce  ; 
therefore  ,--    -     -    -    -    -    -     ^  gc  ,  x  s=s  ge  .J  ^    . 

and  the  flux,  of  this  eq.  is  GC  .  x  +  gc  .  i  =  ge  .}'  +  ge  .J^, 
or^  because  gc  =  —  eg,  it  is,  gc  .  at  —  bg  .  ;r  =  ge  .  )i  +  GE  .jr. 

But^  since  the  two  curves  ae  and  be  have  the  same  cui*.* 
vaturektthe  poiiit  e^  their  abscisses  and  ordinates  have  the 
same  fluxions  at  that  point,  that  is,  Ed  or  x  is  the  fluxion 
both  of  AD- and  bg,  2ind^de  orjp  is  the  fluxion  both  of  de 
and'  GE.  In'  the  equation  above,  therefore,  substitute  x  for 
BO,  andjF  for  ce,  and  it  becomes  '  ^  -  - /' 

or  GC^  —  GEj;  =  i"*  -f"^*  =  2J^ 
Now,  mukiply  the  three  terms  of  this  equation  respectively 

1'  X  !2»  ■  /        ... 

by  these  three  quantities,  — ,  — ,  — ,  which  are  equal, 

;tod it  becomes      -    •    -      y:t;  —  xy  == — ,  or.— ; 

-^  -^        CE         r 

andc^  iaice  is  found  r  =  --r. ; ,  for  the  general  value  of  the 

jyx  —  xy 

radius  of  curvature,  for  allxurves  whatever,  in  terms  of  the 

fluxions  of  the  absciss  and  ordinate. 

75.  Further,  as  in  any  case  either  x  or  ^  may  be  supposed 
to  flow  equably,  that  is,  either  x  or  jy  constant  quantities,  or 
xory  equal  to  nothing,  it  follows  that,  by  this  supposition, 
either  of  the  terms  in  the  denominator,  of.  the  value  of  r, 
maybe  made  to  vanish.  Thus,  when  x  is  supposed  constant, 
X  being  then  =c  p,  the  value  of  r  isbarply -^  r-dr^    "    ^    * 

::.,  or  r  is  =  -TT-  when^  is  constant.         ' '''' " 

""  ^y  yx 

EXAMPLES. 

Exam.  1.  To  find  the  radius  of  curvature  to  any  point 
Vol.  II.  Y  of 


of  a  parabola,  ^fe^ge^^tiep  {§|f^,,^  j(>  i^^veftex^^^ng^^^ 
3iid  a:Jiis  ad;  . ,  v,^  r,:.:-/;  ,;  vds'iont  • -g  -t  i-orr  'tor:  ^ior-  ' 
- .  Now,  the  ecjitationtto  the  curvp  being  ax.  =  y^i  the  fluxion 
of  it  is  ^.r  =  ^yy'i  'and  the  iflia^i^n'ofthis^again  is  ax  5=  2^% 
suppgsingjy  constant  J  keiiceih^nr  Oif'-   «•'     ~  '^  «-^'  "^    . 

for  the  general  vah>e  of  the  radius  of  curvature  at  any  poi^nt  £> 
the  ordulate  to  whicTi  cuts  off  the  absciss  ad  =-r,  ■•         ■ 

'"H^hc^,  wheh  the  absciss  i  is  hofhing,  thelasf  expression 
b^onies  bareJy  -^n  =  r,  -  for  the  radius  of  curvature  at  the 
vertex,  of  the  parabola;  ithat  is,  the  diameter  5jf,_jh^j:irjqle  of 
<;iiryature  at  the  vertex  9£..^  paraboU,  i^  ^ftuil  t^jfy^^^^^S^^ 
i^t^QftH^'^,     ,     ^:  i^u  \iiZ.^  V.  ft  ...  .iioI/mH^.  :'^ 

whose'eqiiation  is  «y  =  ^  ^^c^^^i  b:i^  ,:io  loi  \  b:in  .::f 

Ans.  /^  =^  '^    ■  ■      ''      o^ 

Y I E-Xii^At. ^.g'T  jTo-  iind  th^  >adkis-. » 0f - eU¥Y^t^i^.T()flrj?#  .-fe^p^r- 
bpla,  whose  ^cj^uation  is  a^y^  ==  c^  .  jff-r  x^£^^   ,,^^.-t.  ^.„ ..» 
Exam.  4..  To  i^nd' the  radios'"  of  curvature  of  the  cycloid. 
Ans.  r.  =  Qx/aa  —'.ax,  \v4iepe  ^-is  the  ;^ciss>  and 
^  the  diameter  cf .  the  generating  circle. 


,.<^> 


VOf^i^yjpiUTE  AND  EVsQilJum  <JyRVES,^ 

*.V*7it  JVNEy,pilii^  i^VJanF;tuv*^>  si^ippp^ed  iiO.,be;.€ivol>ved,or 
Oj^eneqv  )3y  paving  ^^  tlire^id  wr^ppied  <}}ose  ^bout 'it,  i^\§;t;ened 
at  one  end,  and' beeinnine.  to,  evolye  or  unwind  the  thread 
from  the  other  endj  keepmg  always  tight  jstretcned  the  part 
which  is  evolved  or  wpui^d^op'^^  tli^Q  t^is  end  of;  th-€^tbread 
will  describe  another  curve,  called  the  Involute.  Ory  the 
same  involute  is  described  in  the  contrary  way,  by  wrapping 
the  thread  about  the  curve  of  the  e\'olute,  keeping  it  at  the 
saqie  time  always  stretched. 

i  i„    J-lius, 


INVOLUTES  AND  EVOLUTES. 


tZ 


IL'tt 


77.  ^Thn^iM  jeFGH:i)e.aay  icurve, 
and  AE  be  either  a  part  of  the  curve, 
or  a  right  line  z  then  if  a  thread  be 
fixed  to  the  curve  at  h,  and  be  wound 
or  plied  close  to  the  curve,  &c,  from 
H  to  A,  keeping  the  thread  always 
stretched  tight ;  the  other  end  of  the 
tliread  will  describe  a  certain  curve 
ABCD,  called  an  Involute ;  the.  first 
curve  EFGH  being. its  evolute.  Or, 
if  the  thread,  fixed  at  H,.be  unwound 
from  the  curve,  beginning  at  A,  and  keeping  it  always  tight, 
it  wiil  describe  the  same  involute  a  BCD.  ;      -  *  - 


'^  TS.'If  AE,^  EF,  CG,  DH,  &c,  be  any  positions  of  the 
ftcread,  in"  evolving  or  unwinding ;  it  follows,  that  these  parts 
of  the  thread  are  always  the  radii  of  curvature,  at  the  cor- 
fespofidihg  points.  A,  B,  c,  Dj  and  als.o.^qual  to  the  cor- 
fespondihg  lengths  AE,  aef,  aefg,  aefgh,  of  the  eyolutef 
tiiat  is, 

AE  =  AE  is  the  radius  of  curvature  to  the  point  a, 
BF  =  af  is  the  radius  of  curvature  to  tlie  point  B, 
CG  ==  AG  is  the  radius  of  curvature  to  the  point  c, 
DH  =  AH  is  the  radius  of  curvature  to  the  point  D. 

79.  It  also  follows,  from  the  premises,  that  any  radium  of 
curvature,  bf,  is  perpendicular  to  the  involute  at  the  point  B, 
and  is  a  tangent  to  the  evolute  curve  at  the  point  F.  Also, 
that  tlie  evolute  is  the  locus  of  the  centra  of  tnrvattli-e  of  the 
involute  curve. 


80.  Hence,  and  from  art.  74,  it  will 
be  easy  to  find  one  of  these  Curves, 
when  the  other  is  given.-  To  this 
purpose,  put  -  ■  .   >  /  . 

AT  =i  AO,  the  ibsciss  of  the  Involtite, 

y  =±i  DB,  an  ordinate  to  the  same, 

z  =  AB,  the  involute  curve, 

r  =  Bc,  the  radius  of  curvature, 

'i;  =  EF,  the  absciss  of  the  evolute  EC. 

u  3=  Fc,  the  ordinate  of  the  same,  ana 

a  ~  AE,'  a  certain  given  line. 


Y2 


Then, 


528  ;     FLUXIONS. 

Then,  by  the  nature  of  the  radius  of  curvatwrcy  it  is 

:^ 

r  =  — tt — —  =  Bc  :?:  AE  +.  Ec;  also,.by'siin.  triangles j 

jx-  xy  "•'':■.% 

rx  xzr 

»  :  ;v  : ,  r  :  GB  =  -r  =  —:: — — ; 
^        j>K  —  xy 
ry  j>z 

» :  ^ : :  r :  Gc  =  4  =  -~ — . 

^       _^;w  —  xy 
'    Hence  ef  =  gb  —  db  =  -v. ~  ^  =  ^ ; 

"*  and  Fc  =  AD  —  AE  4-  Gc  =  a;  —  fl  +    .r   ',..:.!'  I^fe.  v.j 

>  -  ^y 

which  are  the  values  of  the  absciss  and  ordinate  of  the 
evolute  curve  Ec;  from  which,  therefore,  these  may  be 
fbund,  when  the  itivdlute  is  given. 

On  the  contrary,  if  .v  and  ?/,  or  the  evolute,  be;  given; 
then,  putting  the  given  curve  ec  =  j-j  since  CB  =  ae  +  Ec, 
or  r  ==  a  -\-  /,  this  gives  r  the  radius  of  curvature.  Also> 
by  similar  triangles,  there  arise  these  proportions,  viz. 


and' 


,       -                                                                  a  4-  s  • 
theref.  ad  =  ae  -f  ec  —  gc  =  a  -f  « '—7—  u  ^  x^ 

,  ^  +  /  ;:::>* -n. 

and  DB  =  GB  —   GD  =  GB   —   EF'=:  : —  V  --  v  rx  y; 

S 

which  are  the  absciss  and  ordinate  of  the  involute  curve,  and 
which  may  therefore  be  found,  when  the  evolute  is  given. 

Where  if  may  be  notedj  that  s-  =  v^  +  •''^  and  7^  =  x^  +  J^^* 
Also,  either  of  the  quantities  x,  ;>,  may  be  supposed  to  flow 

equably,  in  whi(^h  case  the  respective  second  fluxion,  x  or  y, 
will  be  nothing,  and  the  corresponding  term  in  the  denomi- 
nator jPa:  ~  xy  will  vanish,  leaving  only  th«  other  term  in  it ; 
which  will  have  the  effect  of  rendering  the  whole  operation 
simpler. 

^_^   ^ ^_  81.  EXAMPLES. 

Exam.  1.  To  determine  the  nature  of  the  curve  by  whose 
evolution  the  common  parabola  ab  is  described. 

Here 
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Herethe  equation  of  the- given  involT3te  ab,  is  ^a:  ?=y, 
where  e  is:  the   parametef  ot-ther  axis-AD.:.  Hence:  then ;> 

;i^'GOfistiantJ  '  Conseqiiently  the'  general  valaes  of  v  and "i/,  or 
of  the  absciss  and  ordjnat^>.EF  and  Fc,  above  given,  become, 
in  that  case,    '  ;^'o1<m. 

£t  =s  .V  =s  —■ :-  — .  jr  ^ r^  —  y  =  4^>/-  \  and 

•i>VT:r:';  orl*  ^  "^  iwy^y.  r- '.;•%:         — _^,  •. ..  ...  *'-  (..      •     .r' 

V  ■^Cf'-kVlJ:';^' ~  a  4-  -^  =  3a;  +  ir  -  .7. 

But  the  vakie  of  the  quantity  a  or  ae,  by  exam.  1  to 
art.  75,  was  found  to  be  4^ ;  consequently  the  last  quantity. 
Ft  or  z/,  is  barely  =  2>xi 

'H'(^hce  theii,  comparlbg  the  values  of  ■u  and  «,' tjiire'fs^ 
found  Svy/r  =  ^wy/^v,  or  STr-y'  =  IQif"  \  which  is  the!equti- 
tiori* between  the  absciss  and  ordinate  of  the  evolute  curve' 
EC,  shewing  it  to  be  the  semicubical  parabola. 

ExAMi^;'To  determine  the  evolute  of  tke  common  cy- 
cloidi  .  Ans.  another  cycloid,  equal  to  the  former. 


•To'ViND  THE  CENTRE  of  GRAVITY,  r     - 

S^,  By  referring  to  prop.  41,  &c,  ifi  Mechanics,  it  is  seen 
what  are  the  principles  and  nature  of  the  Centre  of  Gravity 
in  any  figure,  and  how  it  is  generally 
expressed.  It  t|iere  appears,  that  if 
PAQbe  a  linei  or  plane,  drawn  througli 
any  point,  as  suppose  the  vertex  of  any 
body,  or  figure,  A3p,  and  i£  -  '  - '  --  ^ 
s  denote  any  section  ef  of  the  figure, 
d  j=z  ACy  its  distance  below  pq,  and 
b  =  the  whole  body  or  figure  abd  ; 
then  the  distance  AC,  of  the  centre  of   *  * 

gravity  below  pq,  is  universally  denoted  by  , 

whether  abd  be  a  line^  or  a  plane  surface,  or  a  gurve  super- 
ficies, or  a  solid. 

But 


p      ^ 

v^a 

r/ 

r     X^^ 

^       ', 

sum  of  al 

Ithefl'j- 
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But  the  sum  of  all  the  ds,  is  the  same  as  the  iludntofl^^, 
and  b  is  the  sanie  as  the  fluent  of  ^;  therefore -the  gefi^eral 
expression  for  the  distance  of  the  centre  of  grarvitj,  is  vAc_=  ^ 

fluent  of  AT^       fluent /v<^  .        '    '    ,  t 

. — _.  3=3 .  putting  ;v«^:4/.-t4i^vambl9r4»tan6e>; 

fluentof^       ^      ^^  ^      ^  ,     ,^    .,  .       .<..jr,9fIJio 

AG.     Which  will  divide  into  the  following  four  cases^  ^^^r^  r  * 

,  83.  Gase  1.  When  AE-is  some  line,  as  a  curve  suppose. 

In  this  case,  Ms  =  2;  or  ^/x'  +  jp'^,  the  fluxion  of  the  curve; 

-       ^             fluent  of  ;f4;       fluent  of  .va/^:' +  y^ 
and  ^  =  2 :  theref.  ac  = ■         rr  =i=:  ^— ^ — z^^u^ — -C 

2  2 

is  the  distance  of  thp  p^entre  of  gravity;  ^in  a,  c.urye.  ...  j^f£ 

^'84V'€ase  2.  Wheri  the  flgure  A^b  Is'  a  :i)Iarie  ^'^^S^^ni^ 
^  =  ^ij  therefore  the. general  e3{;pression  becomes  .^g,  =: 
fluent  of  y^;e  ^      ■         ,.  ^-    '  ^  .'.,>,,„.'- 

-^^ — •  '   J.    :  for  the  distance  of'  the '  centime  of  ejravity  iri'  a 
ftuent  of  ;'^  ^        ^      ^ 

plane.  <:/.: 

,-^4  Ca§^  3.  -When  the  figure  is  thesup^rficies  of  abody 
generated  by  the^  rotation  of  a  line  aeb,   about  the  4ixis-> 

AH.  ' 

Then,  putting  c  =  3*14159  &c,  2cy  will  denote  the  cir- 
cumference of  the  generating  circle,  and  '2cyii  the  fluxion  of 

-  ,        -  fluent  of  ^cyxz       fluent  of  yxz, 

the  surface ;  therefore  Ac  =  -^ jr- — -  ==  -77- r-r- 

fluent  of  2cy'z          fluent  of  yii 

will  be  the  ^i9taB9e;,of  the  centre  of  gravity,  fgr  a  surface 

generated  by  the  rotation  of  a  curve  Hne  2. 

86.  Case  4.  When  the  figure  is  a  solid  generated  by  the 
rotation>of  a  plane  ASH,  about  the  axis  AH.  '"  j^'^'  • 

Then,  putting  e  =  3rl^l59-  &:ej  it  isP  >/>==:  the  ^area  of - 

the  circle  whose  radius  is:^,'  and'^'^i^  ^^  iP^X^^  ^^iCinXifi^ ^ 
soUd ;  therefore  -     -     -'  v !  i.     -     -  '  >'    U'J  li^  '-    -  ^-'  -' 

fluent  of  xb         ^umt^o£  cy^xS:       .fluent   of  fj^j^ 
~     fluent  of  ^    ~    ^Vimtoi  cfx.     ~~  -fluent of /i? 
is  the  distance  of  the  centre  of  gravity  below  the  vertex  in  a 
solid. 

87.  EXAMPLES. 

Exam.  1.  Let  the  figure  proposed  be  the  isosceles. triangle 

ABD.  .      ' 

It  is  evident  that  the  centre  of  gravity  c,  will  be  some- 
where 
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where  In  tlie  perpendicular  ah.     Now,  if  A 

a   denote    ah,   c   =   BD,    x   =   AG,    and  /' 

^  =  EF  any  line  piraHel  to  th«- basfe  bd  : 

ex 
then  as  ^  I  r  : :  .r  :  ;?  =  —  •,  therefore,  by  the 

fluent  ^j.vJt-'      fluent  A;^i      y.v  b       ft"     ^ 

=  fi-  =  f Art,   #h«i-;r  bet66i^^^ii.'^8ff^cWsqq^^^ 

In  like  inannerj,.tljej.cpntre  oF'^rayity.pf  any  other  plane 
triarrgle,  willbefolin^'to  be  at- -J.  .^f  the  altitude  of  the  triaij- 
gle ;  the  same  as  it  wa^  found  in  -prop,.  42,  'MechaniL. 

,  Exam.  2.  In  a  parabola  $  the  distance  from  the  vertex  is 
4'?^,  or  J- of  the  axis.  .    ..      -■:       t.    .  .>'w  «"--< 

'  Exam.  3.  In  a  clreiilai^  ai-C-j  Ihe  dktance-S-c^  t'Ke-'cfektrfe 

of  thejcircteTi^  — ;  ,wtfere  a  deaote^  tlm  ar6>  <  it^  ehOxd, 
and  r  the  radius. ""    ^^P^  ^^^^-  '^  f^^^^^^^l!^ 

Exam.  4.  In  a  circMar  seftor.j^the^ifistan^e  1frdffirii^e<^ 

m''..-'  ./  G:It  a.^nnoj^^i:  vjq  od  v,  l:  .  ..  —  •/    ■/    "q  y.,  —     ■< 
c^f  tlsLe^5!i^^lexjis•'r^  ;vVv!heye  ^  e^  r,  arejthe  sacsfe  isjiu-exa'm.  3. 

•  ;  Ex^JiSf  1  "5.';li^''^',  circj^f^^^  from  the 

centre  of- tfed?(SU  is  i^^V'^'^lier^'^'is-'*^^-^^^^^   ^rnd  ^=tltb 

area,  of  the  segment,  .i  -•    -j  •  ->'•'.  ah'  iioi-^     -ni 

Exam.  6.  In  a  cone,  or  any  other  pyramid ;  the  distance 

from  the  vertex  is  ^or,  on-|--of  tkeadtitude. 

Exam.  1.  In  the  semisphere,  or^emispherold;  the^^stapce 

from  th^  ctfiiieis  ir,  bri  oMie  radiiis./  "^^  prrrr-  e   ^  !■ 

Ex AM.;g  ■ '  Ifj  ;tlie jpstrabp^ic.^c^qnoid^  5 , tl^e  ^i^tgpo^^pm -tKf 
base  is  -J^,  or'-f  of  the  axisir^  '^^:.  .. ,  y   —  i./i /yoq:>  o"  -j' 
Exam.  9.  In  the  segmjenjfe'pf:  a  sph^^e^  oryfirfia  s^hej?oSd  j 

the  distance  from  the  fese  x^^  k- ,k  ,  ^j  wher.^  ^y^^^  ^hg  h-Ci^ght 

of  the  segment,  and  a^  the  whole  axis,  or  diamet%i^^f  Uh^ 

Exam.  10."fn,;)the-hyp^Thplic-eon£Kj^  ^^i-distaiKfei .^om 

the  base  is  tt—t    —  at  :  where  x  is  the  height  ot  th^^enoicL 

Qa  +  4ac    ■^.-::  '.  ''.cl  Jsum  '"S.  — ^i.-i  ^o    $.  —  -•  »   //? 

and"^2  the,  wiioleipxis.  oir«  cliarfDetorv r.  ajl/I  <c inod  J- :i  A     .n;  n  r 
•J  iiuin:  a  oloii  odj  Jciij  c3 

'■  .;  / 
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QUESTION  n 


A  Large  vessel,  of  10  feet,  or  any  other  given  depth, 
and  of  any  shape,  being  Icept  constantly  full  of  water,  by 
means  of  a  supplying  cock  at  the  top;  it  is  proposed  to 
assign  the  place  where  a  small  hole  must  be  made  in  the  side 
of  it,  so  that  the  water  may  spout  through  it  to  the  greatest 
^"distance  on  the  plane  of  the  base. 

Let  AB  denote  the  height  or  side  of 
the  vessel ;  d  the  required  hole  in  the 
side,  from  whence  the  water  spouts,  in 
the  paraboHc  curve  dg,  to  the  greatest 
distance  Bg,  on  the  horizontal  plane. 

•  By  the  schoHum  to  prop.  61,  Hy- 
draulics,  the  distance  bg  is  always  equal 
to  2v^AD  .  DB,  which  is  equal  to 
S^x{a  —  x)  or  2^  ax  —  x'^,  if  a  be  put  to  denote  the  whole 
height  AS  of  the  vessd,  and  a;  =  ad  the  depth  of  the  hole. 
Hence  2,/a.v  —  j;'^y,or  ax  —  or,  must  be  a  maximum.  In 
fluxions,  ax  ~  &a'  =  0,  or  a  —  2a:  ~  0,  and  2^  =  a,  or 
j;  =^^a.  So  that  the,  hole  p  must  be  in  the  middle  between 
the  top  and  bottom;  the  same  as  before  found  at  the  end  of 
the  scholium  above  quoted. 

QUESTION  II. 

"  ^  IT  the"^  same'  vessel,  as  „in  Q^^st.  1,  stand  on  high,  with 
Its  bottom  a  given  height  above  a  horizontal  plane  below;  it 
is  propoktl^  to  determine  Where  the  small  hole  must  be  made, 
so  as  to  spout  furthest  on  the  said  plane.    ' 
.  '  Let  the  annexed  figure  ifepresent  the 
vessel,  as.  before,  and  bo  the^  greatest 
distance*  sjiouted  by  the -fluid  rPG,  oii 
the  plane  ^g»^;k  ^     ^g;^^  o'.J//  .>L  . 

Here,  as  before,  bo  =  2v/ad  .  d5 
afcfc  ^ v<  jjr(r  '^.j;) '.  =s=  2^  r.r  "r-ijt'^^  by  put- 
ting  A^  =  f,  ^  and  ad  =  ^.  So  that 
S^/^.r  —  .r-  of  r.r  —  \r^  must  be  a  max- 
imum. And  hence,  like  as  in  the  former  question,  -  -  - 
a;  =z  j-c  s=z  4^AB.     So  that  the  hole  D  must  be  made  in  the 

middle 
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middle  between  the  top  of  the  vessel,  and  tl;e  giy,c;n  fii^ne, 
that  the  water  may  spout  furthest. 


tJUESTKW  Jfi, 


.Hi 


But  if-the  same  ves;sel,  as  bgjFqre,  ,?t4nd  on  the  top  of  an 
inclined  plane,,  snaking  a  given  angle,  as  suppose  of  30  de- 
grees, with  the  horizon  5  it  ^  is  proposed  to  determine  the 
place  of  the  small  hole,  so  as  the  water  may  spout  the  fur- 
thest on  the  said  inclined  plane,  j    .  ,         -  ^.  -;.- 

Here  again  (d  being  the  place. of  the 
hole,  and  bg  the  given  inclined  plane), 
Iq  c=  2a/ AB  .  D^  =  ^^x{a  —  .r  ±  z), 
putting  2  =  B^,  arid,  as  before,  a  =  ab, 
and  jr  =  AD.*  Theni^G  must  still  be  a 
maximum,  as  also  B^,  being  in  a*  given 
ratio  to  the- maxlmurfi  BG,  oh  account  ;  / 

of  the  giveh  angle  B.     Therefore  ^z.r  —  y!^       ' 

;v^  ^  a:zy  as  well, as  z,  is  a  maximum.  Hence^.by  art.. 54  of 
the  Fluxions,  ax  ^  2xx  ±  zi  =  0,  or  <»  —  2^  ±  z  =  6; 
conseq.  ±  z  =  2.r  —  ^ ;  and  hence  bo  ^  2^j:  {a  —  jv  ±  z) 
becomes  barely  2jr.  But,  as  the  given  angle  gb^  is  ==  30% 
the  sme  of  which  is  4?  therefore  bg  =  2b6  or  2z,'  and 
^g'  =  BG^ - B^ '  =  3z2  =  3  (2^ - af,  orbG  =  ±  (2.r -- ^)  ^ S. 

Putting  now  these  two  values  of  he  equal  to  each  other, 

gives  the  equation  2.r  ==  ±  (2x  —  ^)v/3,  from  which  is  found 

•^V'^          3  ±  v/3      ^  ■  _ 

.r  =  —7^-7—7  = ^f  the  value  01  ad  required. 

Jsffite.  In  the  Select  Exercises,  page  269,  this  answer  ia 
brought  out  - — — — -a,  by  taking  the  velocity  proportional 
to  the  root  o£  /)a/f  the  altitude. 


.     QUESTION  IV. 

It  iS  required  to  determine  the  size  of  a  ball,  which,  being 
let  fall  into  a  conical  glass  full  of  water,  shall  expel  the  most 
water  possible  from  the  glass  j  its  depth  being  6,  and  dia- 
meter 5  inches.    -  -  -^  ^'^■■ 

Let  ABC  represent  the  cone  of  the 
glass,  and  dhe  the  ballj  touching  the 
sides  in  the  points  D  and  E,  the  centre  of 
the  ball  being  at  some  point  F  in  the  axis 
ec;  of  the  cone. 


Put 
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GC  ==  6  =  /^,  -»<^2:L7;..  .i.oq;^  x^^  "is^^^  ^-^  ^^^^ 

AC   =  -y/AG-  +./?PW.  6-1-^  r, 
AD  =  FE  =  FH  =3  f  the  radius  of  the  ball.   , 
•     The.twO' friaitgl^s  >tcc?^;d  0CF  afe  eqtilangdlir'^  ifejeref. 

■<..    wO    .o  o- Omi.—  ■•'•    ^'^^i^l>:^Vi      ;..   ^i'x:i -.:^^  :nJ']  i-    : 

CF  ==  Gc-pc  ==  3^— ,  andGWl^  cri-^^JF^  3fc='l  +^'Jr'>^'-, 

the  height  of  the  segipe^t;,imn;ieirs94  flf^  .*^^ic  ^wf^iter;.  iXl^eii  (by 
nile  1  for  the  spherical  segment,  page  49),  the  content 
ci  the  said  immersed'  ie^ent  will  be  (6df  —  2ghO  x  "gh'^ 

:^  -5236  =  C2^  -  ^  -f  :^)  ^)<;:(tt<  4r/*ii  ^f/^x-l-Oto, 

which  must  be  a  maximxiin.bj.iKie  qivestigi>jjpthj^{|lu^ip;^,,of 

this  made  =  0,  and  divi4e.d,,by^.^lv  and  th^  qop^on  factjOrs, 

-       2a.r\-.ct   ^         s  —  a ., , .  . :  J2a..-\r  c:   .-.  ^  (t- ^^—  a  ^  .•    ^  ^ 

:  U         r;fit:  ''■'-!  "  v,  "<»  ,*-'  '  ■  ''  "  <h  ''  -'  ~  '••'^  t>ar-;y'ii'i  ^/"  ^ 

tKis  reduced  mVes  .r  ==-  ^'^'^'^■^  •  -'  '  V'-v  ^\  =^  S-^/tfie-'tia^ 
,  C  '  -  ;:  .;  -9:  '■::  ..c:{v,  ■r.i7>  X^rrj-  2ia)  i  -  ^  «-y  'C-  •. 
dms  pf^  the  baS.  CoiKe^uently''  itsr  diaineteir:  is  4?|^  ihcheis, 
as  ye^i^Lred,.. .  ir  c^-    . 

/ylliuibilQ   OJ  'kill 


:.:]<:> 


PRA€cTICAL  EXERCISES  cbi^cERi;i^N'^^0kC4SiA^WH 

THE    RELATION    BETWEEN    THBM    aInD    ¥he'  TIMg^  \^% 

!LOCITYjiNDSi>ACE^EscRiB^p.         ''i_     "/^^l/^ 

Before  entering  on  the  following  problems,  it  will  be 
convenient  here,  to  lay*  down  a  synopsis  of  the  theorems 
which  express  the  ^e?/eral;  relation;s .  betWj^Qii  any  ff>i^cesj  and 
their  corresponding  times,  velocities,,  and  spaces  described; 
which  are  all  comprehended  in  the,ibllowifig.l2  tlieorems, 
as  collected  from  the  prmciples  in  the  foregoing  part^,of  thi^ 
work.  '.  ,    ^,}     ^  .  _.-.-.  ..  :     - 

Let  yi  f,  be  any  two  constant  ^tteleraUve 'forces,  acting 
on  any  body,  during  the  respective  timesi/,  T,  at  the  eh^of 
which  are  generated  the.  Y€lQcities:/if,  v,  and  described  the 
spaces  s,  s.  Then,  because  the  spaces  are  as  th^  tinfites  and' 
velocities  conjointly,  and  the  velocities  as  the  forces  and 
times  J  we  shall  have, 

I.  ^ 


PiUUEamAJL  EXERCISES  eN^FO^RCfe^S:-       t$^ii 

-    .li^  In  Lonstant  Forces, 


w 


"  Ahd:  if  one  of  tlie  forces,  as  f,  be  the  force  of  gravity  at 
the  surfece  of  the;  earth,  and  be  called  1,  and  its  tim^  t 
be  =  1";  then  it  is  known  by  experiment  that  the  corre. 
spending  space  ^  is  =  16^  feet,  and  consequently  its  velo^ 
city  V'^  2s  =  3^4,  which  call  2^,  namely,  g  ^  16^^  feet, 
or  193  inches.  .Then  the  above  four .theorem^in, this  case*' 
become  as  here' below :  'i>.'0  t^-^i--.     .--i:^^..  ,    ...  * 

?   pfl^  3o.  ho^i'.'^      -■■    ^ili   'vSh  r  K    .,  )     :  ^  -  ::'  '•  ;--■ 

And  from  these  are  deduced'  the  following  four  theorems, 
for- variable  forces,  viz.     .      :     .-  *  * 

II.  7»  Variable  Forces. 


10,    i    ^.2gd   ^    ^ 


11.   /    =    i 


V 


vu 


^sf 


12.      f       ^         ZZ.  ;==        -tL, 

^gs        '^     2^i' 


In 
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In  these  last  four  theorems,  th^  force,/,  though  variable, 
k  supposed  to  be  constant  for  the  indefinitely  small  time  /, 
and  they  are  to  be  used  iri^  all  cases  of  variable  forces,  as  the 
former  ones  in  constmit  forces'; 'namely,'from  the  circum- 
stances of  the  problem  under  consideration,  an  expression  is 
deduced  for  the  Value  of  th6  force/,  which.being  substituted 
in  one  of  these  theorems,  that  may  be'  proper  to  the  case  in 
hand ;  the  equation  then<:e  resulting  will  determine  the 
corresponding  values  of  the  other  quantities,  requii'ed  in  the 
problem. 

When  a  motive  force  happens  toL'be  -cpnce^ne,^  in  the 
question,  it  may  be  proper  to  observe,  that  the  motive  force  w, 
of  a  body,., is  equal  to  j^,  the.  product,, of  the  accd(^rative 
ffei-cfe-yarid  the  qua^iUty  of  niattef-  in  it^j.  and  the  relation 
between  thes6  thitfe  quantities  being '^iiiv^s^Ily  e;?.pres^ed  by 
this  equation  m  =  ^/,  it  follows  that,  by  nie.^ns^  of  it,  any 
one^of  the  three  may  tie  ext)(iled  out  of  the  calculatlpriij  pr 
elsebrpught'intoit/''^''''^  J.  J"^j^,''^'?l'^f  ;^^^^^^      ,,.....   ■'      '  .. 

Als6j'th^  mom'entuth/'bf  quafiiity'ofmptwn, In  a  moving 
body,  is  qv^  the  product  of  the  velocity  and  matter. 

It  is  also  to' be  observed^  .that  the  theorems  equally  hold 
good  for  the  destruction  of  motion  and  velocity,  by  means 
of  retarding  forces,  as  for  the  generation  of  the  same,  by 
means  of  acceleratirtg  forces'."     -  -  --'     '"       - 

And  to  the  following  problems,  whi^h  are  all  resolved  by 
the  application  of  these  theorems,  it  has  been  thought  proper 
tp  subjoin  their  solutions,  for  the  bettef  information  and  con- 
venience of  the  student. 


proel]!;m  I,  , 

,,.. .,.  .4.  ^;.  :■   ..  ■  ;^.'.     •.    ■   ^'  ~  'V'  ■  '  ■'  -   ■    ' '-'  '  '  '  '■  '■'  ' 

To  determine  the  time  and  velocity  of  a  hodydescendings  hyiheforef 
of  gravity,  down  an  inclined  plane ;  the  length  of  the  plane  being 
20  feet ^  and  its  height  I  fqot.  \  ;, , , ; '^ 

Here,  by  Mechames,  the  force  of  gravity  jl?eing  to  the 
force  down  the  planes  as  the  length  of  the  plane  is  to  its 
height,  therefore  as  20 ;  1  ; ;  1  (the  force  of  gravity)  :  ^  =/, 
the  force  on  the  plane.  *.     . , 

Therefore,  by  theor.  6,  v  or  ^  ^gfs  is  \/  \t  y.  "leVy  X  -j^jy  x 
20  =  v^4<  X  16tV  =  2  X  4^  ox^^-}^  feet  nearly,  the  last 
velocity  per  second.     And, 

^      ,  . /  -  .  20  400  20 

By  theor.  7,  t  or  ,/^,  .s  v^I^^r:^^  =  ^^^  =  J 

3=  4-J4  seconds,  the  time  of  descending. 


I 

7T 


PROBLEM 
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PJ10BLE1\1  n. 


Jfa  c^mio^'ha/I  he  Jired  ivith  a  velocity  of  1000  feet  per  second^ 

^^\tf'a  sinootlsmclined  plane,  nvhich  rises  \  foot  in  20:   it  is 

.    prcposed  to  assign  tJ^e  length  luhlch  it  VJill  ascend  up  the  plane y 

before  it  si}^  and  tegms  to  reiuri}  down  agam,  and  the  time  of 


its  ascent,  ^^      ^      ^ 


Here/!  ==j^^  ^  a?  before*> 

^,        ^     ,          ^            v^            •  lOtfO^             60000000 
Then,  by  theor.  ^,  /  =  - — >  =.^ — -— ~  =  — ; 

==  310880441  feet,  or  nearlf  59,  miles,  the  distance  moved. 

.     ,   ^      ,          ^              «y  ,p,.  ...lOOa  120000 

And,  by  theor.  7,  /  =  7r-::==^:.^'      '    ' =  — — ■ —  = 

im"i-li  ^'iptxr-l-^  the  time  of  ascent. 

'■  ■•    ■   :a  CV:.  :    •   ■' •  ••  ■    •   •    '  . 
PROBLEM  IIL 

^a  hall  he  projected  up  a  smooth  inclinm  plane ,.  whUbrisesAfoo^ 
in  1 0,  and  ascend  1 00  feet  before  it  stop :  required  the  time  of 
ascent,  and  the  velocity  of  projection^  .      ■'■\ 

First,  by  theor.  6,  v  ^  ^^gfs  ==  -v/4  x  IG^-V  x  ^x 
100  ^  8^  v^  10  =  25^36408  feet  per  second,  the  Velocity. 

And,  by  theor.  7,  /  =  ^-  ^W'  ^  =TT  v^lO  == 

^^  a/  1Q  =i=  '7*88516  sfeconds,  the; time  m  motion. 


PROBLEM  IV. 

Jf  a,  ball  be  observed  to  ascend  up  a  smooth  inclined  plane, 
100  feet  in  ten  Seconds,  before 'it  stop,  to  return  back  again: 
required  the  velocity  of  projection,  and  the  a?igle  of  the  planers 
inclination. 

2/       200 
First,  by  theor.  6,  v  =  —  =  — r-  =  i20  feet  per  second, 

the  velocity. 

.     .  .     \  /       -f  JOO  12       ^, 

And,byth.or.8,/=-,=  j5^^— j^„=— .    Th« 

is,  the  length  of  the  plane  is  to  its  height,  as  193  to  12. 

Therefore,.  193  :  12  ::  100  :  6*2176  the,  height  of  the 
plane,  or  the  sine  of  elevation  to  radius  100,  which  answers 
to  3*  34',  the  angle  of  elevation  of  the  plane. 

PROBLEM 
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PJIOBLEM    v.. 

By  a  mean  of^everal  experiments^  Ihavc  J^o^incLf  ,that  a  cast  iron 
ially  ^^"^  2  -inches  tiidtnefer,  fired  perp^iaiciUQ^r)^'^ tnloH^^ 
fact'  or  end  of  a  ''block  of  elm  'w'ogd,  or  ii}  Jlx^^^irec^ton  ^-ihe 

.   fibresyivith'  a  velocify/cf  I'Spjy'feef.  'fe^^^  pehetrated 

13  Inches  deep^  into  its  substance ,  Itls''proposea  then  to  deter" 
mine  the  time  of  the  penetration^  and  the  resisting  force  of  the 
nvoody  as  compared^oythe  ffrce  of  gravity^- supposing  that  force 
take  ct  constant  qumfjty. 

Brst,  by  thW.  T.'V^^^.^-^^r-^^  =  ^  part  of  a 
second,  the  time  in  penetrating. '  -,         ,      r   ^  .  ■ 

And,  by  theor,?,/^;-^=^  ix  16^  x#=^  13  x  ii<V 
=  32284.  That  is,  the  resisting  force  of  the  wood,  is  to 
the  force  of  gravity,  as  32284  to  1.    ' 

But  this  number  will  be  different,  according  to  the  dic^- 
ineter  of  the  ball,  and  its  density  Or  specific  gravity.     Fol*, 


since/*  is  as  —  by  theor.  ^y  the  density  and  size  of  the  ball 

remaining  the  same;  if  the  idejisity,  or  specific  gravity,  «, 
vary,  and  all  the  rest  be  constant,  it  is  evident  that  ^  will 

be  as  nx  and  therefore_/;as  — ^  when  the  ^ize  of- the  ball 

-^^        s     *'  ■' -.    .    .- 

only  is  constant.  But  when  only  the  diameter  d  varies,  all 
the  rest  being  constant,  the  force  of  the  blow  will  vary  as  d^y 
or  as  the  magnitude  of  the  ball;  and  the  resisting  surface,  or 

force  of  resistance,  varies  as  d^s  therefore^is  as  ^,  or  as  d 

only  when  all  the  rest  are  constant.    Consequently  f,  is  as 

' —  when  they  are  all  variable. 

And  so    -  s«  - — r-5  and  ~   =   -A  where  /  de- 

s  jc: ..  .      E    .  >   \DNvV  s  DKvf  -* 

notes  the  strength  or  firmness  of  the  substance  penetrated^ 
and  is  here  supposed  to  be  the  same,  for  all  balls  and  velo- 
cities, in  the  same -Substance,  which  it  is  either  accurately  or 
nearly  so.     See  page  264,  &c,  of  my  Tracts. 

Hence,  taking  the  numbers  in  the  problem,  it  is     -  -  -    - 
V       ^^'^'         TT  X  74  X  1500'-^        44  X  1500?'.     --     ^^^ 

f'^T  -       \ ==    >      39      -     i-  25S8462 

the  value  ofy  for  elm  wood.    Where  the  specific  gravity  of 

the 
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the  ball  is  takpn  7-f-,  Jyliick  ^  a  lit{le.  le?s  ^an  that  of  solid 
cast  iron,,  as  it  ought,  on  account -^^  the  air  bubble  which  i^ 

foun^' in  ail  cast  balls.     ,  ;-    (-*"?: i  r   -v    ,  •     -■  i 

VROBtStuWr 

To  find  hoiv  far  a  2^lb  hall  of  cast  iron  will  penetrate  into  a 
block  of  sound  ehn,  nvhep  firsd  nuith  a^  velocity  of  1600  feet  per 
second, 

.    ^ERE',  becatisfe  ^the  ^bS^Vnce- is  the  same  ^las  "^m' ttje  last 
problem.  Both  of  ffi^^^ball^' and'wQod,  'N'==  «,  and  f  =/; 

therefc 


ore  -  =  -rr,  or  3  = 


J-        dv"  "V"         ^'^^'"  2  X  1500- 

41 A  inche?  nearly,  the  penetrationrrequired- 

*     »    =;    *\   «-- ri  i    :4-     /    ...   =i;,    .1    ^i;..-:     . 

It  was  found  Sx  Mr.  Robins  (,vol.!  I.  p.  273,    of  his  -worh)^ 
that  ah  l^-p'6under  ball,  fired  ivith  a  'velocity  'of  1200  feet 
per  seco7id,  penetrated  34  inches  info^sound  dry  oak*.     It  is  re- 
:^mred.thm  ^^  ^■^i^^^^fhyfife;^cojn^m       strength  [or  ^j^nm  of 

"Tke  diaiji'eter  of  ah  TSlb  b^ll  Js  5*04.  inches  =  d.    Then, 
by  the  numbers  given  in  this  problem  for  oak,  and  in  prob.  5, 
for  elm,  we  have      ----------_-- 

/  _  dvh^  __     2  X15Q0'  x34     _        100  x  17  1700 

F  ~  DvV  "~  5-04  X  1200-  X  13  ^  5-04  x  16  X  13  ^  1048. 
or  =  |-  nearly. 

From  which- it  would  .seem,  that  elm  timber  resists  more 
tfen  Qak,  in  the  ratio  of  about  8  to  5  ;  which  is  not  probable, 
as  oak  is  .a  much  firmer  and  border  wood.  But  it  is  to  be 
suspected  that  the  great  penetration  in  Mr.  R.'s  experimenf 
was  owing  to  the  splitting  of  his  timber  in  some  degree. 

•  PROBLEM-  Vlli. 
»  T    t»fft    >"»    T--;e,^i    8y?tlif  bf"- 

A  2'i-pounder- hall  Iking  fijted-^ifitc  a  dank  of  fir  in  earth,  with  ^ 
velocity  of  1300  feet  per  "^ 'second,  penetrated  15  feet.  It  is 
required  thm^  to^  ascer(^i^  Jh'i  cotiiparative  resistances  of  elm  and 

.    earth.         ..:.  ,:.,^.,. ,-  „,.,.  --    -•    ■-.     ■ 

Comparing  the  numbers  here  with  those  In  prob; '5,' it 'is 

/ 
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F  ~  Dvv  "~  5-55  X  1300'  X  13  ;  "^  13^  x  O'S?  "^ 
y^°-j?  =  =^^°  nearly  ==  6y  nearly.  That  is,  elm  timber  resists 
about  6y  times  more  than  earth. 


PROBLEM    IX. 

Xo  defennbtf  f^iv^far  a  leaden  bullet y  of  ^  of  an  inch  dlameiery 
hvill  penetrate  dry  elm  ;^  supposing  itfi'ed  nvith  a  velocity  of 
1 700 pet  per. second,  and  that  the  lead  does  not, change  itsjigure 
by  the  stroke  against  the  ivood,  .  •: 

Here  d  =  |,  n  =  11^,  ;i  =  7|.  Then>by  the  numbers 
and  theorem  in  prob.  5,  it  is  s.  =      -----    *    -    ^ 

DNvV  _  A  X  11|  x4700g  k  13^^       17^  X  13  _  63869 
dnv"    ~         2  X  7j-  X  1500;'  "*  200  x  33  ""    6600 

=  9f  inches  nearly,  the  depth  of  penetration. 

But  as  Mr.  Robins  fo^rid  this  penfetratibh,  by  experiment, 
to  be  only  5  inches  \  it  follows,  either  that  his  timber  must 
have  resisted  about  twice  as  much ;  or  else,  which  is  much 
more  probable,  that  the  defect  in  his  penetration  arose  from 
the  change  of  iigure  in  the  leaden  ball,  from  the  blow  against 
the  wood. 


PROBLEM    X. 

A  one-pound  bally  projected  ivith  a  velocity  of  1500  feet  per 
secondy  having  been  found  to  penetrate  1 3  inches  deep  into  dry 
elm :  It  is  required  tp  ascertain  the  time  of  passing  through 
every  si?jgle  inch  of  the  13,  and  the  velocity  lost  at  each  of  them; 
suppositjg  the  resistance  of  the  luood  coftstant  or  uniform^ 

The  velocity  v  being  1500  feet,  or  1500  x  12  =  18000 
Inches,  and  velocities  and  times  being  as  the  roots  of  the 
spaces,  in  constant  retarding  forces,  as  well  as  in  accelerating 

,     ,    .  2/  26  13  1 

ones,  and  /  bemg  =  -  =  ^^  ^  1500  =  9000  =  692  ^^'' 
of  a  second,  the  whole  time  of  passing  through  the  13  inches  j 
therefore  as 


^13 
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-v/13  :  v/13  -  a/12  ::  v: 

veloc.  lost  Time  in  the 

— — — V  ^  58-9 :  r  / :  - — — —  t  =:  -00005  Ist 

,   ^^^  «                                       ^^^  [inch. 
y/l2-^U                              ^12--v/ll 
-~ !>=:    61-4.::/:^^ 77~-/  =  -00006  2d 

•      v^lS        "=    ^^-^^^^      -L_-^,  =  .00006  3d 
-^^ — 7~-vr=    67-5  ■     .7      /  = -00007  4th 

v=:    71-4.  ^     ,,7       /== -00007  5th 


s/lS  -/13 

^        V  =    76-0  --^^ — rr^ t  =  -00007  6th 


-v/13  V^13 

^'--'^-.^    81-7  -v£!-;;A.  = -00008  7th 


v/13  V'lS 

-v/6--\/5  ^  ^/G-^S 

^       V  =    88-8  ^     .   -^ —  /  =  -00008  8th 


-v/13  /13 

-v/5->v/4.  ^    ^  -v/S-v/^ 

^         ^       v=    98-2  ■     .■f—/^: -00009  9th 


-v/13  -v/13 

-v/4?-\/3  v/4--v/3 

^         ^       v=  111-4  ^     .,  j- — /  = -00011  10th 


-v/13  -v/13 

V^^.  =  132-2  -^,^/  =  -00013  nth 

\/  io  -v/  1 J 

^^"^^    ^=172-3  y^~^^    /  = -00017  12th 


v/13  -v/13 

viLL^  ^  =  416.0  -^^/^/  =  .00040  13th 

-v/13 V^13  

Sum  1500-0  Sum  ^  or  -00144  sec. 


Hence,  as  the  motion  lost  at  the  beginning  is  very  small ; 
and  consequently  the  motion  communicated  to  any  body,  as 
an  inch  plank,  in  passing  through  it,  is  very  small  also ;  we 
can  conceive  how  such  a  plank  may  be  shot  through,  when 
standing  upright,  without  oversetting  it. 

Vol.  XL  Z  problem 
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PROBLEM    XI. 

The  force  of  attraction^  above  the  earthy  being  inversely  as  the 
square  of  the  distance  from  the  centre ;  it  is  proposed  to  det  ermine 
the  timcy  velocity^  and  other  circumstances y  attending  a  heavy 
body  falling  from  any  given  height ;  the  descent  at  the  earth's 
surface  being  16^^^  feet,  or  193  inches,  in  the  first  second  of 
time. 

Put 

f  :=.  Q.%  the  radius  of  the  earth, , 

<i  =  c A  the  dist.  fallen  from, , 

/c  =  cp  any  variable  distance, 

'D  =  the  velocity  at  p, 

/   =  time  of  falling  there,  and 

g  =  16^4,  half  the  veloc.  or  force  at  s, 

f  =:  the  force  at  the  point  p. 

Then  we  have  the  three  following  equations,  viz. 

^'  ;  r^  : !  1  :  /  =  —  the  force  at  P,  when  the  force  of 

gravity  is  considered  as  1 ; 
/v  =  —  X,  because  x  decreases  5  and 

^gr'x  • 

vv-  -  '2gfx=  — -r- 


The  fluents  of  the  last  equation  give  v  = 

But  when  x  -■  a,  the  velocity  v  =  0 ;  therefore,  by  cor- 


,3 

X 


^       ^S^         ^K^"        .9.        o  —  X 

rection,  v^  —  -^ =  ^gr   X  —  j  or  v  = 

X  a  ^  ax 


^JL.  Y. ',  a  general  expression  for  the  velocity  at  any 


point  l». 


*  a  —  r 


When  ;>p  =  r,  th?s  gives  ^;  =  /^Z  ^gr  x  for  the  great- 
est velocity,  or  the  velocity  when  the  body  strikes  the  earth. 
When  a  Is  very  great  in  respect  of  ?-,  the  last  velocity 

becomes  (1  —  — )  x  -v/4^r  very  nearly,  ortiearly  v/4jTonly, 

which  is  accurately  the  greatest  velocity  by  falling  from  an 
infinite  height.  And  this,  when  r  ~  S965  miles,  is  6*950S 
miles  per  second.   Also,  the  velocity  acquired  in  falli;ig  from 

the 
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tKe  distance  of  the  sun-,  or  12000  diameters  of  the  earth, 
is  6*9505  miles  per  second.  And  the  velocity  acquired  in 
falling  from  the  distance  of  the  moon,  or  30  diameters,  is 
6*8927  miles  per  second. 

Again,  to  find  the  time ;   since  tv  ^  •-  x^  therefore 
-  /  =  =  a/  - — ;:  X  ■  "-r= ',  the  corrcct  fluent  of 

tvhich  gives  t  =  \/^i  x  {^/ax  -  xx  +  arc  to  diameter  a 

and  vers.  ^  —  ;v) ;  or  the  time  of  falling  to  any  point  p  = 

—  J-  X  (ab  +  BP).  And  when  x  =  r,  this  becomes 
2r      g         ^ 

/  =  -  -v/-  X  for  the  whole  time  of  falling:  to  the 

2  ^  ^  sc  ^ 

surface  at  s ;  which  is  evidently  infinite  when  a  or  Ac  is 
infinite,  although  the  velocity  is  then  only  the  finite  quan- 
tity \/4^r. 

When  the  height  above  the  earth's  surface  is  given  =  gi 
because  r  is  then  nearly  =  «,  and  ad  nearly  =  ds,  the 
time  t  for  the  distance  g  will  be  nearly  ------- 

-v/^— ^  X  2ds  =  \/: —  x  */4<^''  =  l"j  as  it  ought  to  be. 
4<gr  4fgr  ^  ° 

If  a  body  at  the  distance  of  the  moon  at  a  fall  to  the 
earth's  surface  at  s.  Then  r  =  3965  miles,  a  =  60r,  and 
/  =  416806"  =  4  da.  19h.  46'  46",  which  is  the  time  of 
falling  from  the  moon  to  the  earth. 

When  the  attracting   body  is  considered  as  a  point  cj 
the  whole  time  of  descending  to  c  will  be  -----    • 
1        a  •7854^2      a        \0a     , 

2r^g  r       ^  g       51r  ^ 


PROBLEM  XII. 

The  force  of  attraction  heloiv  the  eartFs  surface  being  directly 
as  the  distance  from  the  centre :  it  is  proposed  to  determine  the 
circumstances  of  velocity^  time,  and  space  fallen  by  a  heavy 
body  from  the  surface,  through  a  perforation  made  straight  to 
the  centre  of  the  earth :  abstracting  from  the  effect  of  the  earths 
rotation y  and  supposing  it  to  be  a  homogeneous  sphere  of  3965 
f'm/es  radius. 

Z  2  Put 
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Put  r  =  AC  the  radius  of  the  earth, 

Af  =  cp  the  dist.  from  the  centre, 

V  =  the  velocity  at  p, 

/  =:  the  time  there, 

g  c=  16-1^2:,  half  the  force  at  A, 

f  =  the  force  at  P. 
Then  CA  :  cp  ; :  1  if;  and  the  three 
equations  are  rf  =  x,  and  w  =  —  2gfx,  and  tv  =  —  x,    ^ 

Hence/ =  -,  and  vv  =  — —  ;   the  correct  fluent  of 

r  r ^  -  .v^'  2pr  2j^    , 

which  gives  v  =  y/^2g  x  ' =  PD  ^/-^  =  pd  -y/-^,  the 

/*  y  CE 

velocity  at  the  point  p  ;  where  pd  and  CE  are  perpendicular 
to  CA.  So  that  the  velocity  at  any  point  p,  is  as  the  per- 
pendicular or  sine  PD  at  that  point.  

When  the  body  arrives  at  c,  then  v  =  ^2gr  =  ^2g .  AC 
=  25950  feet  or  4*9 148  miles  per  second,  which  is  the 
greatest  velocity,  or  that  at  the  centre  c. 

Again,  for  the  time;  t  = =  a/—  x      '  ;  and 

^  1^         ^^g       ^r'"  AT^ 

f  X  1 

the  fluents  give  /  =  v^—  X  arc  to  cosine  -  =  ^-—  x  arc 

AD.  So  that  the  time  of  descent  to  any  point  p,  is  as  the 
corresponding  arc  ad. 

When  p  arrives  at  c,  the  above  becomes  /  = 


1  AE  T  f 

V^p  ^  quadrant  AE  *—  y-  =  l-570Sy/-  =  12671 

seconds  =21'  7"^,  for  the  time  of  falling  to  the  centre  c. 

The  time  of  falling  to  the  centre,  is  the  same  quantity 

l'5708-i/-  ,  from  whatever  point  in  the  radius  ac  the  body 
2g 

begins  to  move.     For,  let  n  be  any  given  distance  from  c 

at   which  the   motion   commences :    then,   by   correction, 

V  =  -y/—  (n^  —  x'^) ;  and  hence  /  =  y/—  X  ,  the 

^  ^S       \/n^  —  x^ 

T  X 

fluents  of  which  give  /  =  ^  —  x  arc  to  cosine  - ;  which, 

zg  n 

when  A?  =  0,  gives  /  ±s  y^  —  x  quadrant  =   1-5708^/^^-, 

for  the  time  of  descent  to  the  centre  c,  the  same  as  before. 

As 
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As  an  equal  force,  acting  in  contrary  directions,  generates 
or  destroys  an  equal  quantity  of  motion,  in  the  same  time ; 
it  follows  that,  after  passing  the  centre,  the  body  will  just 
ascend  to  the  opposite  surface  at  b,  in  the  same  time  in 
which  it  fell  to  the  centre  from  a.  -  Then  from  b  it  will 
return  again  In  the  same  manner,  through  c  to  a  ;  and  so 
vibrate  continually  between  a  and  b,'  the  velocity  being 
always  equal  at  equal  distances  from  con  both  sides ;  and 
the  whole  time  of  a  double  oscillation,  or  of  passing  from  a 
and  arriving  at  a  again,  will  be  quadruple  the  time  of  passing 

over  the  radius  AC,  or ^=  2  x  3-14<16v/ J-  =  Ih.  24'  29". 


PROBLEM  XIII. 

To  find  the  Time  of  a  Pendulum  vibrating  in  the  Arc  of  a 
Cycloid, 

Let  .  S 

s  be  the  point  of  suspension  ; 

SA,  the  length  of  pendulum  j 

CAB,  the  whole  cycloidal  arc  j 

AiKD,  the  generating  circle, 
to  which  FKE,  HIG  are  per- 
pendiculars. 

sc,  SB  two  other  equal  sci. 
micycloids,  upon  wjiich  the 
thread  wrapping,  the  end 
A  is  made  to  describe  the 
cycloid  BAG. 

Now,  by  the  nature  of  t^e  cyloid,  ad  =  ds  ;  and 
SA  =  2ad  ==  sc  =  SB  =  sa  =  AB.  Also,  If  at  any  point 
G  be  drawn  the  tangent  gp  ;  also  gq  parallel  and  pq  per- 
pendicular to  AD.  Then  pg  is  parallel  to  the  chord  ai  by 
the  nature  of  the  curve.  And,  by  the  nature  of  forces,  the 
force  of  gravity  :  force  in  direction  Gp  : :  gp  :  ca  : :  ai  : 
AH  : :  AD  :  ai  j  in  like  manner,  the  force  of  gravity  ;  force 
in  the  curve  at  E  : :  AD  :  ak  ;  that  is,  the  accelerative  force 
in  the  curve.  Is  everywhere  as  the  corresponding  chord  ai 
or  AK  of  the  circle,  or  as  the  arc  ag  or  ae  of  the  cycloid, 
since  AG  is  alwaj^s  ==  2ai>  by  the  nature  of  the  curve.  So 
that  the  process  and  conclusions,  for  the  velocity  and  time  of 
describing  any  arc  in  this  case,  will  be  the  very  same  as  In 
the  last  problem,  the  nature  of  the  forces  being  tlie  same, 
viz.  as  the  distance  to  be  passed  over  to  the  lowest  point  a. 

From 
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From  whence  it  follows,  that  the  time  of  a  semi-vibration, 
in  all  arcs,   AG,  ae,   &c,   is   the   same  constant  quantity 

l-5708v/^   =   l-5708v'^    =   l'5l08^/—  •,  and  the  time 

of  a  whole  vibration  from  B  to  c,  orfrom  c  to  b,  isS-HlSv^—  ; 

where  /  =  as  =  AB  is  the  length  of  the  pendulum,  g  =  16-^ 
feet  or  193  inches,  and  S'l^lG  the  circumference  of  a  circle 
whose  diameter  is  1. 

Since  the  time  of  a  body's  falling  by  gravity  through  4/, 
or  half  the  length  of  the  pendulum,  by  the  nature  of  descents, 

is  v/^>  which  being  in  proportion  to  3*1416  y'^j  as  1  is  to 

^g  .  .         .       ^     . 

3*1416  i  therefore  the  diameter  of  a  circle  is  to  its  circum- 
ference, as  the  time  of  falling  through  half  the  length  of  a 
pendulum,  is  to  the  time  of  one  vibration. 

If  the  time  of  the  whole  vibration  be  1  second,  this  equa- 
tion arises,viz.  1"  =  3-1416,/- *,  hence /  =  ^-  =^3. 

and^  =  3*1416'  X  4/  =  4*9348/.  So  that  if  one  of  these, 
^  or  /,  be  given  by  experiment,  these  equations  will  give  the 
Other.     When  ^,  for  instance,   is  supposed   to   be   given 

=  16-fV  feet,  or  193  inches;  then  is  /  =  "j:^^  =  39*11, 

the  length  of  a  pendulum  to  vibrate  seconds.  Or  if  /  =  39f, 
the  length  of  the  seconds  pendulum  for  the  latitude  of  Lon- 
don, by  experiment;  then  is  ^  =  4*9348/  =  193*07  inches 
=  16t^V7,  feet,  or  nearly  \^^  feet,  for  the  space  descended 
by  gravity  in  the  iirst  second  of  time  in  the  latitude  of  .Lon- 
don ;  also  agreeing  with  experiment. 

Hence  the  times  of  vibration  of  pendulums,  are  as  the 
square  roots  of  their  lengths  ;  and  t!ie  number  of  vibrations 
made  in  a  given  time,  is  reciprocally  as  the  square  roots  of 
the  lengths.  And  hence  also,  the  length  of  a  pendulum 
vibrating  n  times  in  a  minute,  or  60",  is  /  =  39^  X 
60^  _  140850 

n^   ^      nn     ' 

When  a  pendulum  vibrates  in  a  circular  arc ;  as  the  length 
of  the  string  is  constantly  the  same,  the  tim.e  of  vibration  will 
be  longer  than  in  a  cycloid;  but  the  two  times  will  ap- 
proach nearer  together  as  the  circular  arc  ]&  smaller  5  so  that 

when 
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when  It  Is  very  small,  the  times  of  vibration  vi^Ill  be  nearly 
equal.  And  hence  it  happens  that  39^  inches  is  the  length 
of  a  pendulum  vibrating  seconds,  in  the  very  small  arc  of  a 
circle. 

PROBLEM  XIV, 

To  determine  the  Time  of  a  Body  descending  down  the  Chord  of  a 

Circle, 

Let  c  be  the  centre ;  ab  the  vertical 
diameter  •,  ap  any  chord,  down  which  a 
body  is  to  descend  from  p  to  A ;  and  pq 
perpendicular  to  ab. 

Now,  as  the  natural  force  of  gravity  in 
the  vertical  direction  ba,  is  to  the  force 
urging  the  body  down  the  plane  pa,  as 
the   length  of  the   plane  ap,   is   to   its 
height  AQ ;  therefore  the  velocity  in  pa 
and  QA,  will  be  equal  at  all  equal  per- 
pendicular distances  below  pq  ;  and  consequently  the     -     - 
time  in  pa  :  time  In  qa  : ;       pa  :       QA  : :  BA  :  :PA^   but 
time  in  ba  :  time  In  qa  : :  v^ba  :  -y/ciA  : :  ba  :  pa  j 
hence,  as  three  of  the  terms  In  each  proportion  are  the  same, 
the  fourth  terms  must  be  equal,  namely  the  time  in  ba  = 
the  time  pa. 

And,  in  like  manner,  the  time  In  BP  =  the  time  in  ba. 
So  that,  in  general,  the  times  of  descending  down  all  the 
chords  BA,  BP,  BR,  Bs,  &c,  or  pa,  ra,  sa,  &c,  are  all 
<;qual,  and  each  equal  to  the  time  of  falling  freely  through 
the  diameter;  as  before  found  at  art.  131,  Mechanics.  Which 

2r 
time  is  -v/ — >  where  g  =  16-,^^  feet,  and  r  =  the  radius  AC; 

foi-v'^:  ^2r::  r  :  v^. 

PROBLEM   XV. 

To  determine  the  Time  of  filling  the  Ditches  of  a  JiTork  ivith 
Water ^  at  the  Topy  by  a  Sluice  of  2  Feet  square ;  the  Head 
of  Water  above  the  Sluice  being  10  Feet,  and  the  Dimensions 
of  the  Ditch  being  20  Feet  wide  at  Bottom^  22  at  Top,  9  deep, 
end  1000  Feet  long. 

The  capacity  of  the  ditch  Is  1 89000  cubk  feet. 
But  ^g  :  \/lQ  : ;  2^  :  2^\0g  the  velocity  of  the  water 
through  the  sluice,  the  area  of  which  Ts  4  square  feet ; 

therefore 
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therefore  8  v/  lOg'  is  the  quantity  per  second  running  through 

23595 
it;  and  consequently  8v/ 10^  :  189000  : :  l"  l-T-j^"  =  1863" 

or  31'  3"  nearly,  which  is  the  time  of  filling  the  ditch. 


PROBLEM    XVI, 

To  determine  the  Time  of  emptying  a  Vessel  of  Water  by  a  Sluice 
in  the  Bottotn  of  it,  or  in  the  Side  near  the  Bottom  ;  the  Height 
of  the  Aperture  being  very  smdl  in  respect  of  the  Altitude  of  the 
Fluid. 

Put  ^  =  the  area  of  the  aperture  or  sluice  ; 
^g  =  32^  feet,  the  force  of  gravity ; 
d  =  the  whole  depth  of  water ; 
pc  =  the  variable  altitude  of  the  surface  above  the 

aperture; 
A  =  the  area  of  the  surface  of  the  water. 

Then  \^g  I  s/x  11  2g  l  ^\/gx  the  velocity  with  which  the 

fluid  will  issue  at  the  sluice;  and  hence  A',  all  2\/gx  I — 

the  velocity  with  which  the  surface  of  the  water  will  descend 

at  the  altitude  Xy  or  the  space  it  would  descend  in  1  second 

with  the  velocity  there.     Now,  in  descending  the  space  i, 

the  velocity  may  be  considered  as  uniform ;  and  uniform  de- 

1    »     •  1-      r      2a V"^^  .  .  ..  ,«        Ai- 

scents  are  as  their  times;  therefore :*'.:!   .  - — r~ 

A  2a  \/gx 

the  time  of  descending  x  space,  or  the  fluxion  of  the  time  of 

exhausting.     That  is,  t  =  - — y — ;  which  is  made  negative, 

because  ;c  is  a  decreasing  quantity,  or  its  fluxion  negative. 

Now,  when  the  nature  or  figure  of  the  vessel  is  given,  the 
area  A  will  be  given  in  terms  of  x ;  which  value  of  a  being 
substituted  into  this  fluxion  of  the  time,  the  fluent  of  the 
result  will  be  the  time  of  exhausting  sought. 

So  if,  for  example,  the  vessel  be  any  prism,  or  every- 
where of  the  same  breadth;  then  a  is  a  constant  quantity, 

A        *C  " 

^nd  therefore  the  fluent  is  —  ^  -v/-.    iPutwhen  ^  =  J,  this 

becomes \/-,  an4  should  be  0;  therefore  the  sprrect 

a     g       ^.^ 

fluent  is  /  =;  -  x  - — — ; for  the  time  of  the  surface  de- 

a       ■    ^^ 

scendmg 
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scending  till  the  depth  of  the  water  "he  x.  And  when  x  =:  0, 
the  whole  time  of  exhausting  is  barely  -  a/  -• 

Hence,  if  a  be  =  10000  square  feet,  «  =  1  square  foot, 
and  ^  =  10  feet ;  the  time  is  7885f  seconds,  or  2h.  1 1'  25"f. 

Again,  if  the  vessel  be  a  ditch,  or  canal,  of  20  feet  broad 
at  the  bottom,  22  at  the  top,  9  deep,  and  1000  feet  long; 

then  is  90  :  90  +  ^  .* .'  20  : — ^  x  2  the  breadth  of  the 

surface  of  the  water  when  its  depth  in  the  canal  is  x  5  and 

therefore  A  =  — - —  X  2000  is  the  surface  at  that  time. 

^  ,     •  —AX  90  -f-  iV  —  X 

Consequently  t  or  ;f — ; —  =  1100  x  — ~=r—  X  — -—  is 

*  ^  '  2a  ^/gx  9  a  ^ gx 

the  fluxion  of  the  time  j  the  correct  fluent  of  which,  when 

^  .    ,^^^        180  4-  V           d        1000  X   186  X  3 
AT  =  0,  is  1000  X  1-— ^  X   v^-  =  7-—,-: = 

J  54-59  -y  nearly,  or  4h.  17  39  f,  being  the  whole  time  of 
exhausting  by  a  sluice  of  1  foot  square. 


PROBLEM    XVII. 

To  determine  the  Velocity  luith  luhich  a  Ball  is  discharged  from 
a  Given  Piece  of  Ordtiancey  ivith  a  Given  Charge  of  GuH" 
powder^ 

Let  the  annexed  figure"  A  "B_ 

represent  the  bore  of  the  ^fii  J 

fun ;    AD  being  the  part  X> 

lied     with  '  gunpowder. 
And  put 


a  —  AB,  the  part  at  first  filled  with  powder; 
b  =  AE,  the  whole  length  of  the  gunbore ; 
c  =  •7854,  the  area  of  a  circle  whose  diameter  is  I  ; 
d  =  BD,  the  diameter  of  the  bore ; 

e  =  the  specific  gravity  of  the  ball,  or  weight  of  1  cubic  foot; 
g  =  16-^^  feet,  descended  by  a  body  in  1  second; 
m  =  230  ounces,  the  pressure  of  theatmosphere  on  a  sq.  inch ; 
//  to  1  the  ratio  of  the  first  force  of  the  fired  powder,  to  the 

pressure  of  the  atmosphere ; 
iu  =  the  weight  of  the  ball.     Also,  let 
X  =  AC,  be  any  variable  distance  of  th«  ball  from  A,  ia 
moving  along  the  gunbarrel. 

First, 
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First,  cd'~  is  =  the  area  of  the  circle  bd  of  the  bore  ; 
theref.  mcd-  is  the  pressure  of  the  atmosphere  on  bd  ; 
conseq.  mficd'  is  the  first  force  of  the  powder  on  bd. 

But  the  force  of  the  inflamed  powder  is  proportional  to  its 
density,  and  the  density  is  inversely  as  the  space  it  £lls  j  there- 
fore the  force  of  the  powder  on  the  ball  at  B,  is  to  the  force 
on  the  same  at  c,  as  AC  is  to  ab  ;  that  is,    -----    - 

^„      mmcd'^        _    ,  .      ^ 

X  :  a  ::  mncd^  :  =  F^  the  motive  force  at  c ; 

F       mnacd^        .    .  ,       .       _  , 

conseq.  —  = =  /,  the  acceleratmg  force  there. 

Hence,  theor.  10  offerees  gives  vv  =  2gfx  =  -^ X  -  ;' 

-     ,  .  ,   .      n        Afgmtiacd'^       ,        '  ^ 

the  fluent  of  which  is  v*^  =  -^ X  hyp,  log.  of  x. 

But  when  «y  =  0,  then  x  =  a-,  theref.  by  correction, 

^g-nmacd'        ,.,*?._  _ 

V-  =  -2 X  nyp.  loe.  -  is  the  correct  fluent ; 

conseq.  v  =  \/{~^ X  hyp.  log.  -)  is  the  vel.  of  ball  at  c, 

and  V  =  \/(-^^ X  hyp.  log.  -  the  velocity  with  which 

the  ball  issues  from  the  muzzle  at  E  j  where  h  denotes  the 
length  of  the  cylinder  filled  with  powder,  and  a  the  length 
to  the  hinder  part  of  the  ball,  which  will  be  more  than  k 
when  the  powder  does  not  touch  the  ball. 

Or,  by  substituting  the  numbers  for  g  and  m,  and  chang- 
ing the  hyperbolic  logarithms  for  the  common  ones,  then 

^^hOfihd'^  ,        ^    ,         ,    .  .    i- 

V  =  a/( X  com.  lofi:.  -),  the  velocity  at  E,  m  feet, 

^       Hv  °    a  ' 

But,  the  content  of  the  ball  being  ^cd^,  its  weight  is  - 

'*'  ~    12-*         2592        3300 

in  the  value  of  v,  it  becomes 

V  =  2713^/ (-7-  X  com.  log.  -),  the  velocity  at  e. 
When  the  ball  is  of  cast  iron;  taking  ^  =  7333,  the  rule  becomes 

V  =  100  ^{-TT-f  X  log.  -)  for  the  veloc.  of  the  c^t-iron  ball. 
Or,  when  the  ball  is  of  lead ;  then    ------- 

i}  =  80-|-  ViTTTi  X  log.  --)  for  the  veloc.  of  the  leaden  ball. 


\ciPe         ced'  ed'         ^.  .  ^  .  ^    •        .  . 

-  ^ =  r— Tj  =  -^rr-'y  which  being  substituted  for  w, 
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Corol.  From  the  general  expression  for  the  velocity  v, 
^bove  given,  may  be  derived  what  must  be  the  length  of  the 
charge  of  powder  «,  in  the  gun-barrel,  so  as  to  produce  the 
greatest  possible  velocity  in  the  ball ;  namely,  by  making  the 
value  of  "y  a  maximum,  or,  by  squaring  and  omitting  the 

constant   quantities,    the   expression  a  X  hyp.   log.   of   - 

a   maximum,   or   its   fluxion   equal   to   nothing;    that   is, 

a  X  hyp.  log. a  =  0,  or  hyp.  log.  of  -  =  1  ;  hence  - 

=  2*71828,  the  number  whose  hyp.  log.  is  1.  So  that 
alb: :  1  :  2-71828,  or  as  4  :  11  very  nearly  j  that  is,  the 
length  of  the  charge,  to  produce  the  greatest  velocity,  is  the 
■i-\th  part  of  the  length  of  the  bore. 

By  actual  experiment  it  is  found,  that  the  charge  for  the 
greatest  velocity,  is  somewhat  less  than  that  Avhich  is  here 
computed  from  theory ;  as  may  be  seen  by  turning  to  page 
26'9  of  my  volume  of  Tracts,  where  the  corresponding  parts 
ai-e  found  to  be,  for  four  different  lengths  of  gun,  thus,  -^, 
T2>  -nr>  -rs'y  the  parts  here  varying,  as  the  gun  is  longer, 
which  allows  time  for  the  greater  quantity  of  powder  to  be 
fired,  before  the  ball  is  out  of  the  bore. 


SCHOLIUM. 

In  the  calculation  of  the  foregoing  problem,  the  value  of 
the  constant  quantity  n  remains  to  be  determined.  It  denotes 
the  first  strength  or  force  of  the  fired  gunpowder,  just  before 
the  ball  is  moved  out  of  its  place.  This  value  is  assumed,  by 
Mr.  Robins,  equal  to  1000,  that  is,  1000  times  the  pressure 
of  the  atmosphere,  on  any  equal  spaces. 

But  the  value  of  the  quantity  ;/,  may  be  derived  much 
more  accurately,  from  the  experiments  related  in  my  Tracts, 
by  comparing  the  velocities  there  found  by  experiment,  with 
the  rule  for  the  value  of  Vy  or  the  velocity^  as  above  com- 
puted by  theory,  viz.    ------------ 

Now,  supposing  that  i;  is  a  given  quantity,  as  well  as  all  the 
other  quantities,  excepting  only  the  number  w,  then  by  re- 
ducing this  equation,  the  value  of  the  letter  n  is  found  to  be 
as  follows,  viz,     -------------- 

dvv  b  dvv  -  ^  h 

"  =  ioOO^/-  =°™-  '°g-  °f  ?  °'"  =  ioOOA  "  ^°S-  "'^  a' 
when  h  is  different  from  a. 

Now, 
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Now,  to  apply  this  to  the  experiments.  By  page  257  of 
the  Tracts,  the  velocity  of  the  ball,  of  1"96  inches  diameter, 
•with  4-  ounces  of  powder,  in  the  gun  No.  1,  M^as  1100  feet 
per  second;  and,  by  page  109,  the  length  of  the  gun  was 
28*2 ;  also,  by  page  237,  the  length  of  the  charge  was 
S*12  inches:  so  that  the  values  of  the  quantities  in  the  rule, 
are  thus:  a  ='*6'V2\  h  =  28*2;  d  =^  1-96;  and  v  =  1100: 
then,  by  substituting  these  values  instead  of  the  letters,  in 

the  theorem  n  =  txTv-tt-  -f-  com.  log.  of  -,  it  comes  out 

n  =  795,  when  h  is  considered  the  same  as  a.     And  so  on, 
for  the  other  experiments  there  treated  of. 

It  is  here  to  be  noted,  however,  that  there  is  a  circum- 
stance in  the  experiments  delivered  in  the  Tracts,  just  men- 
tioned, which  will  alter  the  value  of  the  letter  a  in  this 
theorem,  which  is  this,  viz.  that  a  denotes  the  distance  of 
the  shot  from  the  bottom  of  the  bore ;  and  the  length  of  the 
charge  of  powder  alone  ought  to  be  the  same  thing  ;  but  in 
the  experiments  that  length  included,  beside  the  length  of 
real  powder,  the  substance  of  the  thin  flannel  bag  in  which 
it  was  always  contained,  of  which  the  neck  at  least  extended 
a  considerable  length,  being  the  part  where  the  open  end  was 
wrapped  and  tied  close  round  with  a  thread.  This  circum- 
stance causes  the  value  of  «,  as  found  by  the  theorem  above, 
to  come  out  less  than  it  ought  to  be,  for  it  shews  the  strength 
of  the  inflamed  powder  when  just  fired,  and  the  flame  fills 
the  whole  space  a  before  occupied  both  by  the  real  powder 
and  the  bag,  whereas  it  ought  to  shew  the  first  strength  of 
the  flam.e  when  it  is  supposed  to  be  contained  in  the  space 
only  occupied  by  the  powder  alone,  without  the  bag.  The 
formula  will  therefore  bring  out  the  value  of  n  too  little,  in 
proportion  as  the  real  space  filled  by  the  powder  is  less  than 
the  space  filled  both  by  the  powder  and  its  bag.  In  the  same 
proportion  therefore  must  we  increase  the  formula,  that  is, 
in  the  proportion  of  hy  the  length  of  real  powder,  to  a  the 
length  of  powder  and  bag  together.     When  the  theorem  is 

so  corrected,  it  becomes  77,77^7  -r-  com.  log,  of  -. 
1  OUO/j  a 

Now,  by  pa.  237  of  the  Tracts,  there  are  given  both  the 
lengths  of  all  the  charges,  or  values  of  ^,  including  the  bag, 
and  also  the  length  of  the  neck  of  the  bag,  which  is  0*58  of 
an  inch,  which  therefore  must  be  subtracted  from  all  the 
values  of  /-/,  to  give  the  corresponding  values  of  h.  This 
in  the  example  above  reduces  3*12  to  2%74. 

Hence, 
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Hence,  by  increasing  the  above  result  795,  in  proportion 
of  2r54-  to  3*12,  it  becomes  977.  And  so  on  for  the  other 
experiments. 

But  it  will  be  best  to  arrange  the  results  in  a  table,  with 
the  several  dimensions,  from  which  they  are  computed,  as 
here  below. 


TaUk  of  Velocities  of  Balls ^  and  First  Force  of  Powder,  bfc. 


Gun. 

Charge  of  Powder. 

Velocity 

or  value 

of  V, 

First 

force,  or 

value  of 

n,' 

No. 

Length, 

or  value 

of  ^., 

Weight 

in 
ounces. 

Length  or 
value 

of  a. 

of  >6. 

1 

inches. 
28-2 

4 

8 

16 

S-12 
10-74 

2-54 

5-08 

1016 

110) 
143) 
14SJ 

977 

1131 

941 

2 

38-1 

4 

8 

3-12 
10-74 

2-54 

5-08 

10-16 

1180 
1580 
166:) 

989 
1163 

967 

3 

'  57-37 

4 

8 

16 

3-12 
10-74 

2-54 

5-08 

10-16 

130  J 

179  J 
2000 

1031 
1229 
1060 

4. 

79-9 

4 

8 

16 

3-12 
10-74 

2-54 

5-08 

10-16 

1370 
1940 
2200 

102S   , 

1263 

1071 

Where  it  may  be  observed,  that  the  numbers  in  the  column 
of  velocities,  1420  and  2200,  are  a  httle  increased,  as,  from 
a  view  of  the  table  of  experiments,  they  evidently  required 
to  be.  Also  the  value  of  the  letter  d  is  constantly  1*96 
inch. 

Hence  it  appeai-s,  that  the  value  of  the  letter  //,  used  in 
the  theorem,  though  not  greatly  different  from  the  number 
1000,  assumed  by  Mr.  Robins,  is  rather  various,  both  for  the 
different  lengths  of  the  gun,  and  for  the  different  charges 
with  the  same  gun. 

But  this  diversity  in  the  value  of  the  quantity  «,  or  the 
first  force  of  the  inflamed  gunpowder,  is  probably  owing  to 
the  omission  of  a  material  datum  in  the  calculation  of  the 

problem, 
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problem,  namely,  the  weight  of  the  charge  of  powder, 
which  has  not  at  all  been  brought  into  the  computation* 
For  it  is  manifest,  that  the  elastic  fluid  has  not  only  the  ball 
to  move  and  impel  before  it,  but  its  own  weight  of  matter 
also.  The  computation  may  therefore  be  renewed,  in  the 
ensuing  problem,  to  take  that  datum  into  the  account. 


PROBLEM    XVIII. 

To  ddenjtine  the  same  as  in  the  last  Frohlem ;  taking  both  the 
Weight  of  Powder  and  the  Ball  into  the  Calculation, 

Beside  the  notation  used  in  the  last  problem,  let  2p  de- 
note the  weight  of  the  powder  in  the  charge. 

Now,  because  the  inflamed  powder  occupies  at  all  times  the 
part  of  the  gun  bore  which  is  behind  the  ball,  its  centre  of 
gravity,  or  the  middle  part  of  the  same,  will  move  with  only 
half  the  velocity  that  the  ball  moves  with;  and  this  will  require 
the  same  force  as  half  the  weight  of  the  powder,  moved  with 
the  whole  velocity  of  the  ball.  Therefore,  in  the  conclusion 
derived  in  the  last  problem,  we  are  now,  instead  of  it;,  to  sub- 
stitute the  quantity  p  -\'  iv,  and  when  that  is  done,  the  last 
.    .  22JiO;W'  b^ 

velocity  will  come  out,  v  =  a/ ( ; x  com.  W.  -). 

•'  p  -\-  nv  ^  a 

Now,  to  find  the  value  of  /  -{-  w  in  terms  of  ady  the 
dimensions  of  the  ball  and  powder ;  it  appears,  in  the  first 
place,  from  the  calculations  in  the  last  scholium,  that  about 
5  inches  in  length  of  a  gun,  of  near  2  inches  diameter, 
contains  just  8  ounces  of  powder ;  and  as  the  contents  of 
cylinders,  or  the  weight  of  powder  they  will  contain,  are 
in  th^  compound  ratio  of  their  length  and  square  of  the 
diameter ;  therefore  as  5  x  2"  :  ad^  T I  8  :  \ad\  which  will 
be  the  weight  of  powder  contained  in  the  bore,  or  charge, 
the  length. of  which  is  ^,  and  diameter  d\  that  is,  2/  =  ^ad^^ 
ox  p  —  yad',  the  value  of  the  quantity  p,  m  terms  of  the 
dimensions  of  the  charge. 

But  the  value  of  the  quantity  w,  or  weight  of  the  ball,  as 
found  in  the  last  problem,  was  iv  = 
ed^       ^  .  ^^-    ,      ed^  660^^  +  ^^ 

3350-    Conseq.^  +  ,,  =^  _  +  __==  ^       ^^^^        . 

Then,  substituting  this  value  o£p  +  iv,  in  the  expression 
above  found  for  the  velocity,  gives 

V  =  2713  ^/-^7:^^ — I — T  X  log-  "'  ^or  the  last  veloc.  of  ball. 

And, 
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And,  when  the  ball  is  of  cast  iron,  using  7333  for  «,  the 
same  theorem  becomes       --•------.-• 

the  last  velocity  of  the  ball,  wjien  of  cast  iron. 

CoroL  To  determine  the  maximum  velocity :   from  the 

foregoing  expression,  by  squaring,  and  expelling  the  constant 

.    '  a  b 

quantities,  there  is  obtained  at  length   ,  ■   ,f.A'  X  hyp.  log.  - 

=  a  maximum.      Then,  by  making  the  fluxion  of  this 

quantity  =  0,  there  is  produced  hyp.  log.  -  =  I  -j — ~- . 

From  which  a  may  easily  be  found,  in  any  particular  case, 
by  the  method  of  trial-and-error,  and  a  table  of  hyperbolic 
logarithms;  or  even  of  common  logarithms,  by  observing 
that  the  hyp.  log.  of  any  number,  is  equal  to  the  common 
log.  of  that  number  multiplied  by  2-302585. 

Thus,  taking  the  first  case  in  the  corollary  to  the  last 
problem,  in  which  h  =  28*2,  and  d  =  2  nearly ;  then,  by 
double  position,  is  soon  found  a  =  7*44- ;  which  is  -^  of  ^, 
being  very  near  -/^b,  as  found  by  experiment. 

Again,  taking  the  second  case  there  mentioned,  in  which 
h  =  38*1,  and  J  =;  2,  as  before.  Then  is  easily  found 
a  =  9*3  ;  which  is  ^  or  ^\  of  b,  the  very  same  as  found  by 
experiment. 

Thirdly,  taking  the  third  case,  in  which  b  =  57*37,  and 
</  =  2.  Then  a  comes  out  12*2  ;  which  is  between  -j^^  and 
-jSj.  of  ^ ;  which  was  found  -^b  by  experiment. 

Lastly,  taking  the  fourth  case,  in  which  b  —  79*9,  and 
d  ~  2,  Then  a  comes  out  15,  which  is  -^  of  b,  but  was 
found  near  -^  of  ^  by  experiment. 

The  near  agreement  of  these  calculations,  from  theory, 
with  the  experiments,  is  a  confirmation  of  the  truth,  both 
of  the  one  and  the  other.  And  this  gives  a  reasonable 
ground  to  hope,  that  the  value  of  the  quantity  «,  or  the  first 
force  of  the  fired  gun-powder,  when  calculated  from  the  last 
theorem  for  the  velocity,  may  come  nearly  the  same,  when 
fired  in  the  same  quantity,  by  using  different  experiments. 
Which  may  now  be  tried  in  the  following  scholium. 

SCHOLIUM. 

Proceeding  here  as  in  the  scholium  to  the  last  problem,  to 
find  tlxe  value  of  the  letter  n^  in  terms  of  v  and  the  known 

quan<* 
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quantities,  from  the  theorem  for  the  velocity  last  found,  vi^^ 
lOOOtia  h  lOOOnh  b 


=  v/- 


by  reduction  there  results 

id  +  •09^/)i;'^       .        b 
"-  ^  log 


X  log.  -,  or  =  ^j~ 


•09/?> 


X  log.  -, 


1000« 


id  -f  'mh)v'     ,      b 

%  or T:::rrr, -t-  log.  -. 


1000/^ 


Then,  calculating  the  value  of  ;;, 
by  this  theorem,  from  *  the  same 
data  as  in  the  12  experiments  made 
use  of  in  the  scholium  to  the  last 
problem,  the  values  of  n  come  out 
as  they  are  here  placed  In  the  mar- 
gin, which- stand  in  the  same  order 
as  those  in  the  last  column  of  the 
table  of  data  and  results  in  the 
scholium  before  mentioned.  Also, 
the  corresponding  values  of  the  same 
force  «,  from  the  former  problem 
and  scholium,  are  set  after  these, 
that  their  differences  may  be  seen  at 
one  view. 


Values 

of  « 

from  this 

prob. 

Values  of 
n  from 
the  for- 
mer prob. 

1091 
1396 
1381 

977 

1131 

941 

1104 
143.5 
1419 

989 

1163 

967 

1152 
1516 
1556 

1031 
1229 
1060 

1149 
1558 
1572 

1028 
1263 
1071 

From  a  view  of  these  results,  It  clearly  appears,  that  the 
theorems,  for  the  values  of  v  and  «,  found  and  employed  iii 
this  problem,  and  the  corollary  and  scholium  to  the  same, 
must  be  very  near  the  truth,  as  the  values  of  «,  or  first  force 
of  the  powder,  come  out  very  uniform,  for  all  the  guns, 
when  the  same  quantity  of 
powder  is  fired.  To  make 
this  uniformity  more  ob- 
vious, they  are  here  ar- 
ranged, according  to  the 
like  weight  of  powder  in 
each  column,  and  for  each 
gun  on  the  same  line. 
From  which  it  appears, 
that  there  is  very  little 
difference    on    account   of 

the  length  of  the  gun  j  but  a  considerable  one  for  the  dif- 
ferent quantities  of  powder,  being,  on  an  average,  nearly  as 
follows,  viz. 


Length 
gun. 

Value  of  n<,  with  powder 

4  oz. 

Soz. 

16  oz. 

inc. 
28-2 
38-1 
57-37 
79-9 

1091 
1104 
1152 
1149 

1396 
1435 
1516 
1558 

1381 
1419 
1556 
1572 

That 
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That  the  first  force  of  fired  gunpowder, 
when    4  oz  are  fired,  is  about  1150  times  1  the  strength  of 
when    8  oz  are  fired,  is  about  1500  times?-  the    atmo- 

when  16  oz  are  fired,  is  about  1550  times  j  sphere. 

And  this  increase  of  strength  is  probably  owing  to  the 
greater  heat  of  the  elastic  fluid,  arising  from  the  greater 
quantity  of  powder  that  is  fired  in  the  gun.   . 


On  the  motion  of  BODIES  in  FLUIDS. 

PROBLEM    XIX. 

To  determine  the  Force  of  Fluids  in  Motion ;  and  the  Circum" 
stances  attending  Bodies  moving  in  Fluids » 

1.  It  is  evident  that  the  resistance  to  a  plane,  moving 
perpendicularly  through  an  infinite  fluid,  at  rest,  is  equal  to 
the  pressure  or  force  of  the  fluid  on  the  plane  at  rest,  and 
the  fluid  moving  with  the  same  velocity,  and  in  the  ccJiitrary 
direction,  to  that  of  the  plane  in  the  former  case.  But  the 
force  of  the  fluid  in  motion,  must  be  equal  to  the  weight 
or  pressure  which  generates  that  motion ;  and  which,  it  is 
known,  is  equal  to  the  weight  or  pressure  of  a  column 
of  the  fluid,  whose  base  is  equal  to  the  plane,  and  its 
altitude  equal  to  the  height  through  which  a  body  must 
fall,  by  the  force  of  gravity,  to  acquire  the  velocity  of 
the  fluid :  and  that  altitude  is,  for  the  sake  of  brevity,  called 
the  altitude  due  to  the  velocity.  So  that,  if  a  denote 
the  area  of  the  plane,  v  the  velocity,  and  n  the  specific 
gravity  of  the  fluid  5  then,  the  altitude  due  to  the  velocity  v 

IT 

being  — ,  the  whole  resistance,  or  motive  force  w,  will  be 

v^        ani^ 
a  X  n  X  —  ~  "T~  5  ^heing  IQ^  feet..  And  hence,  ca^ 

ieris  paribus,  the  resistance  is  as  the  square  of  the  velocity. 

2.  This  ratio,  of  the  square  of  the  velocity,  may  be  other- 
wise derived  thus.  The  force  of  jfhe  fluid  in  motion,  must 
be  as  the  force  of  one  particle  multiplied  by  the  number  of 
them;  but  the  force  of  a  particle  is  as  its  velocity;  and  the 
number  of  them  striking  the  plane  in  a  given  time,  is  also 
as  the  velocity;  therefore  the  whole  force  is  as  v  x  v  ov  i;% 
that  is,  as  the  square  of  the  velocity. 

3.  If  the  direction  of  motion,  instead  of  being  perpendi- 
cular to  the  plane,  as  above  supposed,  be  inclined  10  it  in 

VoL.IL  2  A  any 
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any  angle,  the  sine  of  that  angle  being  j-,  to  the  radius  1  : 
then  the  resistance  to  the  plane,  or  the  force  of  the  fluid 
against  the  plane,  in  the  direction  of  the  motion,  as  assigned 
above,  will  be  diminished  in  the  triplicate  ratio  of  radius  to 
the  sine  of  the  angle  of  inclination,  or  in  the  ratio  of  1  to  s\ 
For,  AB  being  the  direction  of  the 
plane,  and  bd  that  of  the   motion,         *    ^^ 

making  the  angle  A BD,  whose  sine  is  J- ;  ,  Vn.- 1^ 

the  number  of  particles,  or  quantity  of  /      \.^^ 

the  fluid,  striking  the  plane,  will  be  \. 

diminished  in  the  ratio  of  1  to  s,  or  K  ""'" A 

of  radius  to  the  sine  of  the  angle  B  of 
inclination ;  and  the  force  of  each  par- 
ticle will  also  be  diminished  in  the  same  ratio  of  1  to  / :  so 
that,  on  both  these  accounts,  the  whole  resistance  will  be 
diminished  in  the  ratio  of  I  to  /%  or  in  the  duplicate  ratio  of 
radius  to  the  sine  of  the  said  angle.  But  again,  it  is  to  be 
considered  that  this  whole  resistance  is  exerted  in  the  direction 
BE  perpendicular  to  the  plane  ;  and  any  force  in  the  direction 
BE,  is  to  its  effect  in  the  direction  ae,  parallel  to  bd,  as 
AE  to  be,  that  is  as  1  to  /.  So  that  finally,  on  all  these 
accounts,  the  resistance  In  the  direction  of  motion,  is  dimi- 
nished in  the  ratio  of  1  to  /^,  or  in  the  triplicate  ratio  of 
radius  to  the  sine  of  inclination.  Hence,  comparing  this 
with  article  1,  the  whole  resistance,  or  the  motive  force  on 

the  plane,  will  he  tn  =  — , — . 

4-.  Also,  if  w  denote  the  weight  of  the  body,  whose  plane 
face  a  is  resisted  by  the  absolute  force  m ;  then  the  retarding 

force  /,  or  — ,  will  be . 

*'         iv  ^giv 

5.  And  if  the  body  be  a  cylinder.  Whose  face  or  end  is  a^ 

and  diameter  ^,  or  radius  r,  moving  in  the  direction  of  its 

axis;   because  then  j-  =i  1,  and  a  =  pr^  =  \pd^y   where 

p  =  S'l^lG ;  the  resisting  force  m  will  be        -     -     -     -     - 

nbd^'iP'       npr'v^'       ,   ,  ,.       r         /•      npd'v"'       npr'v'' 

•^--- —  =  ~— ,  and  the  retardm?  force  /  =  --- —  =  — • 

^^S  '^^  Itgiv         4!gw 

6.  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  a?cis,  or  to  the  direction 
of  motion.  But  were  its  face  a  conical  surface,  or  an  elliptic 
section,  or  any  other  figure  every  where  equally  inclined  to 
the  axis,  the  sine  of  inclination  being  / :  then,  the  number 

of 
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of  particles  of  the  fluid  striking  the  face  being  still  the  same, 
but  the  force  of  each,  opposed  to  the  direction  of  motion, 
diminished  in  the  duplicate  ratio  of  radius  to  the  sine  of  indi- 

nation,  the  resistmg  force  m  would  be  — -- —  =  ^^^-^^ 

o  o 

But  if  the  body  were  terminated  by  an  end  or  face  of  an]5^ 
other  form,  as  a  spherical  one,  or  such  like,  where  every  part 
of  it  has  a  different  inclination  to  the  axis  j  then  a  further 
investigation  becomes  necessary,  such  as  in  the  following 
proposition. 


PROBLEM   XX. 

To  determine  the  Resistance  of  a  Fluid  to  any  Bodyy  moving  in  it, 
of  a  Curved  End ;  as  a  sphere,  or  a  Cylinder  ivith  a  Henii- 
spherical  End i  isfc. 

1.  Let  bead  be  a  section  through 
the  axis  ca  of  the  solid,  moving  in  the 
direction  of  that  axis.  To  any  point  of 
the  curve  draw  the  tangent  eg,  meeting  ^ 
fche  axis  produced  in  g  :  also,  draw  the  ^  -^  J  - 
perpendicular  ordinates  ef,  ef,  indefi- 
nitely near  to  eacli  other  j  and  draw  ae 
parallel  to  CGi 

Putting.  CF  =;=,  *y  ef  =  y,  be  =  sj,  J"  =  sine  ^o  to  ra- 
dius 1,  and^  =  3'1416  :  then  2py  is  the  circumference  whose 
radius  is  EF,  or  the  circumference  described  by  the  point  E, 
in  revolving  about  the  axis  ca  ;  and  2py  x  Ee  or  ^pyz  is  the 
fluxion  of  the  surface,  or  it  is  the  surface  described  by  Ee,  in 
the  said  revolution  about  ca,  and  which  is  the  quantity 
represented  by  a  in  art.  3  of  the  last  problem  :  hence 
«'uV  pnv'^s'  .  . 

— —  X  2py%  or  — r —  X  y?i  is  the  resistance  on  that  ring, 

or  the  fluxion  of  the  resistance  to  the  bod^,  whatever  the 
figure  of  it  may  be.  And  the  fluent  of  which  will  be  the 
resistance  required. 

2.  In  the  case  of  a  spherical  form ;  putting  the  radius  CA 

or  CB  =  r,  we  have  y  =  a/^   —  ^  5  J"  =  —  =  —  — ■  -,  and 

EG  CE         r 


y%  or  EF  X  Ee  =  CE  X  ae  =  ri^;   therefore  the  general 

fluxion  —   X  /j»  becomes  — -  x  ^,  x  rx  =  "—,  x  x^x-, 

2A2  the 
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the  fluent  of  which,  or"^; — r.  A  is  th6  resistance  to  the  sphe- 

rical  sfurface  generated  by  rk^    And  when  »  or  cf  is  =  r 

.    ,  pnv^r'-  r       1  '  111 

or  CA,  It  becomes  -— —  for  the  resistance  on  the  whole 

I/O 

hemisphere ;  which  is  also,  equal  to  -  - — ,  where  d  =  2r 

32g  "> 

the  diameter. 

3.  But  the  perpendicular  •  resistance  to  the  circle  of  th^ 
same  diameter  ^  or  bd,  by  art.  5  of  the  preceding  problem, 

is  ~~ — ;  which,  being  double  the  former,  shews  that  the 

resistance  to  the  sphere,  is  just  equal  to  half  the  direct  re- 
sistance to  a  great  circle  of  it,  or  to  a  cylinder  of  the  same 
diameter. 

4.  Since  ^^pcP  is  the  magnitude  of  the  globe ;  if  n  denote 
its  density  or  specific  gravity,  its  weight  iv  will  be  =  ipd^'i^y 

and  therefore  the  retardiv«  force  /  or  —  = ■   x  — -p: 

•^        w         32^         p-N(P 

= . ;   which  is  also  =  -—  bv  art.  8  of  the  general 

theorems  in  page  S86 ;  hence  then  -r-^,  =  ^,  and  /  =  -^ 

X  ^d')  which  is  the  space  that  would  be  described  by  the 
gflobe,  while  its  whole  motion  is  generated  or  destroyed  by  a 
constant  force  which  is  equal  to  the  force  of  resistance,  if  no 
other  force  acted  on  the  globe  to  continue  its  motion.  And 
if  the  density  of  the  fluid  were  equal  to  that  of  the  globe, 
the  resisting  force  Is  such,  as,  acting  constantly  on  the  globe 
without  any  other  force,  would  generate  or  destroy  its  motion 
in  describing  the  space  jd,  or  ^  of  its  diameter,  by  that  ac* 
celerating  or  retarding  force. 

3.  Hence  th£  greatest  velocity  that  a  globe' will  acquire  by 
descending  in  a  fluid,  by  means  of  its  relative  weight  In  the 
fluid,  will  be  found  by  making  the  resisting  force  equal  to 
that  weight.  For,  after  the  velocity  Is  arrived  at  such  a 
degree,  that  the  resisting  force  is  equal  to  the  weight  that 
urges  it,  it  will  increase  no  longer,  and  the  globe  will  after- 
wards continue  to  descend  with  that  velocity  uniformly. 
Now,  N  and  n  being  the  separate  specific  gravities  of  the 
globe  and  fluid,  n  —  «  will  be  the  relative  gravity  of  the 
globe  in  the  fluid,  and  therefore  w  =  ^P^'X^  —  ^0  is  the 

weight 
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weight  by  which  it  is  urged  ;  also  ;;/  =       -----. 

pnv'd^  .     ,  .  ,    pfiv'd'  3  . 

-— —  IS  the  resistance ;  consequently  -— - —  =  ^pa-'{^N  —  n) 

when  the  velocity  becomes  uniform ;  from  wjiich  equation 

.     -       ■  (  N  —  «     -       ,         .  ,       . - 

IS  found  V  =  ^  \g  .  -^d  ,  ' ,  for  the  said  uniform  or 

greatest  velocity. 

And,  by  comparing  this  form  with  that  in  art,  6  of  the 
general  theorems  in  page  336,  it  will  appear  that  its  greatest 
velocity,  is  equal  to  the  velocity  generated  by  the  accelerating 

force ,  in  describing  the  space  -J^,  or  equal  to  the  ve- 
locity generated  by  gravity  in  freely  describing   the  space 

N  —  ;; 

• X  4^.     If  N   =  2/7,  or  the  specific  gravity  of  the 

N  —  n 
globe  be  double  that  of  the  fluid,  then —  1  =  the 

natural  force  of  gravity ;  and  thfen  the  globe  will  attain  its 
greatest  velocity  in  describing  ^d^  or  4  of  its  diameter. — It  is 
further  evident,  that  if  the  body  be  very  small,  it  will  very 
soon  acquire  its  greatest  velocity,  whatever  its  density  may  be. 

Exam.  If  a  leaden  ball,  of  1  inch  diameter,  descend  in 
water,  and  in  air  of  the  same  density  as  at  the  earth's  surface, 
the  three  specific  gravities  being  as  Ilf,  and  1,  and  ^^V?r» 

Then  -y  =  y"^  •  l^A  •  t3^  •  l^t  =  tv'Sl.lQSir:  8-5944.  feet, 
is  the  greatest  velocity  per  second  the  ball  can  acquire  by  de- 
scending in  water.  And  ^'  =  ^^  4  .  VV  .  ^4_  ^  3^4  ^  lA/iii,  nearly 
=  ^ij\/^-~^  =  259*82  is  the  greatest  velocity  it  can  ac- 
quire in  air. 

But  if  the  globe  were  only  ^^  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire,  would  be  only  -^  of  these, 
namely  -^-^  of  a  foot  in  water,  and  26  feet  nearly  in  air. 
And  if  the  ball  were  still  further  diminished,  the  greatest 
velocity  would  also  be  diminished,  and  that  in  the  subdupli- 
cate  ratio  of  the  diameter  of  the  ball. 


PROBLEM 
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PROBLEM    XXI. 

To  determine  the  Relations  of  Velocity,  Space,  and  Time,  of  a 
Ball  moving  in  a  Fluid,  in  which  it  is  projected  luith  a  Given 
Velocity, 

1.  Let  a  =  the  first  velocity  of  projection,  a;  the  space 
described  in  any  time  /,  and  v  the  velocity  then.     No\\^,  by 

art.  4?  of  the  last  problem,  the  accelerative  force  /"^  -^ ' 

-^         lbg>id 

where  n  is  the  density  of  the  ball,  n  that  of  the  fluid,  and 
d  the  diameter.    Therefore  the  general  equation  w  =  ^gfr 
becomes  v-y  =-----     --------- 

—  3;^'  , ,  V       —  3;z  ,  .  .       .  -      3;z 


X  'y  and  hence  -  =         ,  i  =  —  ^.v,  putting  b  for 


The  correct  fluent  of  this,  i^  log.  a  —  log.  v  or  log.  -  =  ix. 

Or,  putting  r  =  2*7 1828 1828,  the  number  whose  hyp.  log.  is  1, 

then  is  -  =  c^"^,  and  the  velocity  v  =  ~r-  =  ac~^^, 
V  c^ 

2.  The  velocity  v  at  any  time"  being  the  c~^^  part  of  the 
first  velocity,  therefore  the  velocity  lost  in  any  time,  will  be 

/           ^^*  —  1 
the  1  —  c^^  part,  or  the ^^ —  part  of  the  first  velocity. 


EXAMPLES. 

Exam.  1.  If  a  globe  be  projected,  with  any  velocit^'^,  in  a 

medium  of  the  •  same  density  v>^ith  itself,  and  it  describe  a 

space  equal  to  Sd  or  3  of  its  diameters.     Then  x  =  Sd,  and 

3«         3        ^       -        ^  «         J  ^^'  -  1         2-08 

^  =  s^d=Jd'  '^'''^''''  ^'  =  ^^  ^"^^  -7^  =  ¥6s 

is  the  velocity  lost,  or  nearly  J-  of  the  projectile  velocity. 

Exam.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  a  velocity  of  1200  feet  per  second;  to  find  the 
velocity  lost  after  moving  through  any  space,  as  suppose 
500  feet  of  air :  we  should  have  d  ~  xt  =  Ij  «  =  I'^OO, 
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X  =  500,  'n  =  7^5  «  =  '0012;  and  therefore  ^at  =     -    - 
3;ix     '  3.12.500.3.6         81  ,  1200 

81^  =  t:22:-t^ot-  =  So'  "^^ "  =  ;a^  =  ^^^  ^''' 

per  second  :  having  4ost  202  feet,  or  nearly  -|  of  its  jBrst  ve- 
locity. 

Exam.  3,  If  the  earth  revolved  about  the  sun,  ill  a  medium 
as  dense  as  the  atmosphere  near  the  earth's  surface ;  and  it 
were  required  to  find  the  quantity  of  motion  lost  in  a  year. 
Then,  since  the  earth's  mean  density  is  about  4  j-,  and  its 
distance  from  the  sun  12000  of  its  diameters,  we  have  24000 
X  3-1416  =  75398  diameters  =  x,  and  ^.v  =  -'  -  -  - 
3.75398.12.2  ,  ^^'^  -  1 

8.10000.9  =  ^'^'^';  ^^^^^^  -7^  =  -^  P^^^^ 
are  lost  of  the  first  motion  in  the  space  of  a  year,  and  only 
the  ttVt  P^J't  remains. 

Exam.  4.  If  it  be  required  to  determine  the  distance 
moved,  x,  when  the  globe  has  lost  any  part  of  its  motion,  as 
suppose   yj  and  the  density  of  the  globe  and  fluid  equal  ^ 

Tlie  general  equation  gives  a;  =  -  x  log.  -  =  —-  x  log. 

of  2  =  1-8483925^.    So  ihat  the  globe  loses  half  its  motion 
before  it  has  described  twice  its  diameter. 


5.  To  find  the  time  /;   we  have  /==-  =  -=  -— -. 

V         V  a 

Now,  to  find  the  fluent  of  this,  put  2  =  ^'^'^ ;  then  is  bx  = 

log.  z,    and  bx  =   -,   or   i  =  — ;   conseq.   /   or    = 

z  pz  a 

"Zx        ii  z         c^^ 

—  =  --5  and  hence  t  =  —  ==  —:'     But  as  /  and  x  vanish 

a         ao  ab         ab 

together,   and   when   at  =  0,   the   quantity  -7  is  =  — ; 


ab  ab 

1       r        !_  .  •  ^^'  -  1        1         1         ill' 

therefore,  by  correction,  /  =  :—  z=. _~^/ \ 

ab  bv       ba        b  ^v   ^a 

the  time  sought ;  where  b  ==  —-7,  and  7;  =  -j^  the  velocity. 

^Ex  AM.  If  an  iron  ball  of  2  inches  diameter  were  projected 
iir  the  air  with  a  velocity  of  1200  feet  per  second;  and  it 
were  required  to  determine  in  what  time  it  would  pass  over 
-   '  500  yards 
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500  yards  or  1500  feet,  and  what  would  be  its  velocity  at  the 
end  of  that  time :  We  should  have,  as  in  exam.  2  above, 
,  3.12.3.6  1  ^  ,  1500        375     , 

^=?:^2n0000  =  2"7T6'"^^^^  =  27r6  =  57^'  ^'^" 
1        2716         ,  1  _  _i_  1        c^""        1-7372  1 

b"  I  '  '''''^  i  ==  1200'  "^^  v^  a  -  1200  ~  690 
nearly.     Consequently  v  =  690  is  the  velocity;  and  t  = 

]/J  -  l>-  2^'"^  (555  -  1^)  =  Hi  seconds,  is  the 
time  required,  or  1"  and  -j  nearly. 


PROBLEM  XXII. 

To  determine  the  Rclatiojts  of  Space,  Ttme,  and  Velocity ,  when  a 
Globe  descends,  by  its  own  Weighty  in  a  Fluid, 

The  foregoing  notation  remaining,  viz.  d  =  diameter, 

N  and  n  the  density  of  the  ball  and  fluid,  and  v,  /,  /,  the 

velocity,  space,  and  time,  in  motion  \  we  have  \pd'^  =  the 

magnitude  of  the  ball,  and  \pd"{^  —  n)  =  its  weight  in 

pfid'^v^ 
the  fluid,  also  tn  =  -—- —  =  its  resistance  from  the  fluid  ; 

consequently    ipd'\ii  —  «)  —   -— f —  is  the  motive  force 
by  which  the  ball  is  urged ;  which  being  divided  by  ^nd^y 

the  quantity  of  matter  moved,  gives  y  =  1  ~ — — - 

jfor  the  accelerative  force. 

*2.  Hence  vv,=  2gfs,  and  /  =  —-== -_ 


1  vv  .       ,  Sn  I  Sn 

•=  7  X -y  putting  b  =  - — :,  and  -  =  - — --7- l, 

b        a  -  v'  ^         ^  SNd  a       2^.  8i(N  -  n) 

or  ab  =:  2g  hearly ;  the  fluent  of  which  is  j-  =     -     -     -     - 

■T-,  X  log.  of  —^ — ^,  an  expression  for  the  space  s,  in  terms 

of  the  velocity  v.   That  is,  when  j-  and  v  begin,  or  are  equal 
to  nothing  both  together. 

But  if  the  body  commence  motion  in  the  fluid  with  a  cer- 
tain given  velocity  e,  or  enter  the  fluid  with  that  velocity, 
like  as  when  the  body,  after  falling  in  empty  space  from  a 

certain 
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certain  height,  falls  into  a  fluid  like  water ;  theA  the  correct 
fluent  will  be  j-  =  -i-^  x  hyp.  log.  of  — — ^« 


3.  But   now,   to   determine  v  in  terms  of  /,  put  c  = 

2-718281828  j  then,  since  the  log.  of  — ——  =  2bsy  there- 

a  •—  V' 

fore :,  =  c'^^%  or =  c~'^^ ;  hence  v  =   -    -    - 


i/a  —  ac  ^^^  is  the  velocity  sought. 

4.  The  greatest  velocity  is  to  be  found,  as  in  art.  5  of 

fi  3wy 

prob.  20,  by  making /or  1  — -^ — -\  =^  0,  which  gives 

»  N   —    « 

V  =  v^2^  .  8d . =  ^a.     The  same  value  of  v  is 

obtained  by  making  the  fluxion  of  -y^,  or  of  ^  —  ac'^^^y  =  0. 
And  the  same  value  of  v  is  also  obtained  by  making  /  in- 
finite, for  then  c'"^^^  =  0.  But  this  velocity  v^«  cannot  be 
attained  in  any  finite  time,  and  it  only  denotes  the  velocity 
to  which  the  general  value  of  ^;  or  ^«  —  «<7~^^*  continually 
approaches.  It  is  evident,  however,  that  it  will  approximate 
towards  it  the  faster,  the  greater  b  is,  or  the  less  d  is ;  and 
that,  the  diameters  being  very  small,  the  bodies  descend  by 
nearly  uniform  velocities,  which  are  directly  in  the  subdu- 
plicate  ratip  of  the  diameters.  See  also  art.  5,  prob.  20,  for 
other  observations  on  this  head. 


5.  To  find  the  time /.   Now/  =  -  =\/-  X 


Then,  to  find  the  fluent  of  this  fluxion,  put  z  =  y^  1  — -  c~^-^^^ 
=  —r-,  or  2^  =  1  -  c''^^;  hence  zz  =  hc^-^^  and  s  =  7^:^ 
1  22;  ,     •  1  jz; 

and  therefore  the  fluent  is  /  =  ^.    ,     x  log. :: =  — 

2b^a  °   1  —  z       2b^/a 

X  log. -7-  ==  ^-r  X  log.    -7- ,  which  IS 

the  general  expression  for  the  time. 

Exam. 


566  MOTION  of  BODIES  in  FLUIDS, 

Exam.  If  it  were  required  to  determine  the  time  znd 
velocity,  by  descending  in  air  1000  feet,  the  ball  being  of 
lead,  and  1  inch  diameter. 

Here  n  =  1  If ,  //  =  ^ryirvy  d  =  -rV»  and  /  ^  1000. 
^^  2  .  16Vr  .  tV  •  lU       2  .  193  .  8  .  34  .  2500 

^'^'^  "  =  ^3.,,^-^  =  3.3.12.127^  == 
193. 34..  50'  ^'-.rh^         3.3.3.12  9.9 

9  .  27       '  ^"       ""  8  . 1 U .  -^  "^  8 .  34  .  2500  ~  GS  .  50'-* 


TTT 


193  .  34  .  50- 


consequently  v  =  ^ a  X  ^^  1  —  ^  ^'^^  =  -v^        c^or'^^    ^ 
^1  -  ^"'-   =  203f  the  velocity.     And  /  =  — --  x  log. 


2  -f  v^l  ~  ^"-'''  34.2500       ,       1-78383 

1  -,   ^TZlFI^s  -  ^-277?^  ^  ^°S-- 0^6-17  =  ^-^^^^  ' 

the  time. 

iVb/r.  If  the  globe  be  so  light  as  to  ascend  in  the  fluid ;  tt 
is  only  necessary  to  change  the  signs  of  the  first  two  terms 
in  the  value  of  yi  or  the  accelerating  force,  by  which  it  be- 

n  ^nv^  ,.        .       Tt 

comes  /  = 1  —  -7: , :   and  then  Droceedmc:  m  all 

respects  as  before. 

SCHOLIUM. 

To  compare  this  theory,  contained  in  the  last  four  pro- 
blems, with  experiment,  the  few  following  numbers  are  here 
extracted  from  extensive  tables  of  velocities  and  resistances, 
reiiulting  from  a  course  of  many  hundred  very  accurate  ex- 
periments, made  in  the  course  of  the  year  178G. 

In  the  first  column  are  contained  the  m.ean  uniform  or 
greatest  velocities  acquii'ed  in  air,  by  globes,  hemispheres, 
cylinders,  and  cones,  all  of  the  same  diameter,  and  the  alti- 
tude of  the  cone  nearly  equal  to  the  diameter  also,  when 
urged  by  the  several  weights  expressed  in  avoirdupois  ounces, 
and  standing  on  the  same  line  with  the  velocities,  each  in 
their  proper  column.  So,  in  th€  first  line,  the  numbers 
shew,  that,  when  the  greatest  or  uniform  velocity  was  accu- 
rately 3  feet  per  second,  the  bodies  were  urged  by  these 
weights,  according  as  their  different  ends  went  foremost; 
namely,  by  '028  oz.  when  the  vertex  of  the  cone  went  fore- 
most ;  by  '064  oz.  when  the  base  of  the  cone  went  foremost; 
by  '027  oz.  for  a  whole  sphere ;  by  '050  oz.  for  a  cylinder ; 
by  '051  oz.  for  the  flat  side  of  tlie  hfimisphere;  and  by  "020  6z. 

for 
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for  the  round  or  convex  side  of  the  hemisphere.  Also,  at 
the  bottom  of  all,  are  placed  the  mean  proportions  of  the 
resistances  of  these  iigures  in  the  nearest  whole  numbers. 
Note,  the  common  diameter  of  all  the  figures,  was  6*375  or 
64  inches ;  so  that  the  area  of  the  circle  of  that  diameter  is 
just  S2  square  inches,  or  4  o^  ^  square  foot ;  and  thfe  alti- 
tude of  the  cone  was  6i-  inches.  Also,  the  diameter  of  the 
small  hemisphere  was  4|-  inches,  and  consequently  the  area 
of  its  base  is  17|  square  inches,  or  -  of  a  square  foot  nearly. 

From  the  given  dimensions  of  the  cone,  it  appears,  that 
the  angle  made  by  its  side  and  axis,  or  direction  of  the  path, 
is  26  degrees,  very  nearly. 

The  mean  height  of  the  barometer  at  the  times  of  making 
the  experiments,  was^  nearly  30*1  inches,  and  of  the  ther- 
mometer 62"*  J  consequently  the  weight  of  a  cubic  foot  of 
air  was  equal  to  1  j-  oz.  nearly,  in  those  circumstances. 


Veloc. 
per  sec. 

Cone. 

Whole 
globe. 

Cylin- 
der. 

Hemis 

3here.  1 

Small 
riemis. 

flat.   : 

vertex. 

base. 

flat.    1 

round. 

feet. 

oz. 

oz. 

cz. 

oz. 

oz. 

oz. 

oz. 

3 

•028 

•064 

•027 

•050 

•051 

-020 

•028 ; 

4 

•048 

•109 

•047 

-  ^090 

•096 

-039 

•048  '■ 

5 

•071 

•162 

•068 

-143 

•148 

-063 

-072 

6 

•098 

•225 

•094 

-205 

•211 

•092 

•103 

7 

•129 

•298 

-125 

•278 

•284 

•123 

•141  ' 

8 

•168 

•382 

•162 

•360 

•368 

•160 

•184 

9 

•211 

•478 

-205 

•456 

•46  i 

-199 

•233 

10 

•260 

•587 

•255 

'565 

•573 

•242 

-287 

11 

•S15 

•712 

•310 

-688 

•698 

•297 

•349 

12 

•376 

•850 

•370 

•826 

•836 

•347 

•418 

13 

•440 

1-000 

-435 

•979 

•988 

,-409 

-492 

U 

•512 

M66 

•505 

M45 

1-154 

•478 

-573 

15 

•589 

1-346 

•581 

1^327 

1-336 

•552 

-661 

16 

•673 

1-546 

•663 

1^526 

1-538 

•634 

•754 

.17: 

•762 

1^763 

-752 

1^745 

1-757 

•722 

-853 

18 

•858 

2-002 

•848 

1^986 

1-998 

•818 

•959 

.      19 

•959 

2-260 

•949 

2-246 

2-258 

-922 

1-073 

20 

1^069 

2-540 

1-057 

2-528 

2-542 

1-033 

1-196 

Prop  or. 

Numb. 

126        291 

124 

285 

288 

119 

140 

/From  this  table  of  resistances,  several  practical  inferences 
tiiay  be  drawn.     As, 

1.  That 
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1.  That  the  resistance  is  nearly  as  the  surface ;  the  resist- 
ance increasing  but  a  very  little  above  that  proportion  in  the 
greater  surfaces.  Thus,  by  comparing  together  the  numbers 
in  the  6th  and  last  columns,  for  the  bases  of  the  two  hemi- 
spheres, the  areas  of  which  are  in  the  proportion  of  17-|  to 
S2,  or  as  5  to  9  very  nearly ;  it  appears  that  the  numbers  in 
those  two  columns,  expressing  the  resistances,  are  nearly  as 
1  to  2,  or  as  5  to  10,  as  far  as  to  the  velocity  of  12  feet  v 
after  which  the  resistances  on  the  greater  surface  increase 
gradually  more  and  more  above  that  proportion.  And  the 
mean  resistances  are  as  140  to  288,  or  as  5  to  lOf.  This 
tircumstance  therefore  agrees  nearly  with  the  theory. 

2.  The  resistance  to  the  same  surface,  is  nearly  as  the 
square  of  the  velocity ;  but  gradually  increases  more  and 
more  above  that  proportion  as  the  velocity  increases.  This 
is  manifest  from  all  the  columns.  And  therefore  this  cir- 
curti stance  also  diifers  but  little  from  the  theory,  in  small 
velocities. 

3.  When  the  hinder  parts  of  bodies  are  of  different  forms, 
the  resistances  are  different,  though  the  fore  parts  be  alike  j 
owing  to  th?  different  pressures  of  the  air  on  the  hind«* 
parts.     Thus,  the  resistance  to  the  fore  part  of  the  cylinder, 

/is  less  than  that  on  the  flat  base  of  the  hemisphere,  or  of  the 
cone  ;  because  the  hinder  part  of  the  cylinder  is  more  pressed 
or  pushed,  by  the  following  air,  than  those  of  the  other  two 
figures. 

4 .  The  resistance  on  the  base  of  the  hemisphere,  is  to  that 
on  the  convex  side,  nearly  as  2^  to  1,  instead  of  2  to  1,  as 
the  theory  assigns  tlie  proportion.  And  the  experimented 
resistance,  in  each  of  these,  is  nearly  ^  part  more  than  that 
which  is  assigned  by  the  theory. 

5.  The  resistance  oii  the  base  of  the  cone  is  to  that  oil 
the  vertex,  nearly  as  2^^^  to  1.  And  in  the  same  ratio  is 
radius  to  the  sine  of  the  angle  of  the  inclination  of  the  side 
of  the  cone,  to  its  path  or  axis.  So  that,  in  this  instance, 
the  resistance  is  directly  as  the  sine  of  the  angle  of'incidence, 
the  transverse  section  being  the  same,  instead  of  the  square 
of  the  sine. 

6.  Hence  we  can  find  the  altitude  of  a  column  of  air, 
whose  pressure  shall  be  equal  to  the  resistance  of  a  body, 
moving  throngh  it  with  any  velocity.    Thus, 


Let 
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Let  a  ==  the  area  of  the  section  of  the  body,  s'm''ar  to 
any  of  those  in  the  table,  perpendicular  ;0  the 
direction  of  motion ; 

r  =  the  resistance  to  the  velocity,  in  the   able;  and 

X  =  the  altitude  sought,  of  a  column  of  air,  whose, 
base  is  «,  and  its  pressure  r. 

Then  ax  =  the  content  of  the  column  in  feet, 
and  \\ax  or  ^ax  its  weight  in  ounces  ;------- 

r 
therefore  ^x  =  r,  and  x  =  ^  x  -  is  the  altitude  sought  in 

feet,  namely,  -|-  of  the  quotient  of  the  resistance  of  any  body- 
divided  by  its  transverse  section  ;  which  is  a  constant  quantity 
for  all  similar  bodies,  however  different  in  magnitude,  since 
the  resistance  r  is  as  the  segtion  ay  as  was  found  in  art.  1. 
When  a  =  ■§■  of  a  foot,  as  in  all  the  ligures  in  the  foregoing 

y 

table,  except  the  small  hemisphere :  then,  x  =  |-  x  -  be- 
comes X  =  y  r,  where  r  is  the  resistance  in  the  table,  to  the 
similar  body. 

If,  for  example,  we  take  the  convex  side  of  the  large 
hemisphere,  whose  resistance  is  '6^i<  oz.  to  a  velocity  of 
16  feet  per  second,  then  r  =  -634,  and  x  =^-  ^r  =  2*3775 
feet,  is  the  altitude  of  the  column  of  air  whose  pressure. is 
equal  to  the  resistance  on  a  spherical  surface,  with  a  velocity 
of  16  feet.  And  to  compare  the  above  altitude  with  that 
which  is  due  to  the  given  velocity,  it  will  be  32^ ;  16' : ;  16  ;  4, 
the  altitude  due  to  the  velocity  16  ;  which  is  near  double  the 
altitude  that  is  equal  to  the  pressure.  And  as  the  altitude  is 
proportional  to  the  square  of  the  velocity,  therefore,  in  small 
velocities,  the  resistance  to  any  spherical  surface,  is  equal  to 
the  pressure  of  a  column  of  air  on  its  great  circle,  whose  al- 
titude is  i^  or  •594  of  the  altitude  due  to  its  velocity. 

But  if  the  cylinder  be  taken,  whose  resistance  r  =  1*526: 
then  a;  =  ~V  =x=  5*72  ;  which  exceeds  the  height,  4,  due  to 
the  velocity  in  the  ratio  of  23  to  16  nearly.  And  the  differ- 
ence would  be  still  greater,  if  the  body  were  larger;  and 
also  if  the  velocity  wtre  more. 

7.  Also,  if  it  be  required  to  find  with  what  velocity  any 
flat  surface  must  be  moved,^  so  as  to  suffer  a  resistance  just 
f|qual  to  the  whole  pressure  of  the  atmosphere  : 

The 
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Tlie  resistance  on  the  whole  circle  whose  area  is  |^  of  a 
foot,  is  051  oz.  with  the  velocity  of  3  feet  per  second;  it  is  ^ 
of  '051,  or  •0056  oz.  only,  with  a  velocity  of  1  foot.  But 
1?^  X  13600  X  ~  ==  7555^  oz.  is  the  whole  pressure  of  the 
atmosphei-e.  Therefore,  as  ^^'0056  :  ^/7556  ::  1  :  1162 
nearly,  which  is  the  velocity  sought.  Being  almost  equal  to 
the  velocity  with  which  air  rushes  into  a  vacuum^ 

8.  Hence  may  be  inferred  the  great  resistance  suffered  by 
military  projectiles.  For,  in  the  table,  it  appears,  that  a 
globe  of  6^  inches  diameter,  which  is  equal  to  the  size  of  ark 
ii'on  ball  weighing  361b,  moving  with  a  velocity  of  only 
16  feet  per  second,  meets  with  a  resistance  equal  to  the 
pressure  of  ~  of  an  ounce  weight ;  and  therefore,  computing 
only  according  to  the  square  of  the  velocity,  the  least  resist- 
ance that  such'  a  ball  would  meet  with,  when  moving  with  a 
velocity  of  1600  feet,  would  be  equal  to  the  pressure  of 
4?171b,  and  that  independent  of  the  pressure  of  the  atmo- 
sphere itself  on  the  fore  part  of  the  ball,  which  would  be 
4871b  more,  as  there  would  be  no  pressure  from  the  atmo- 
sphere on  the  hinder  part,  in  the  case  of  so  great  a  velocity 
as  1600  feet  per  second.  So  that  the  whole  resistance  would 
be  more  than  9001b  to  such  a  velocity. 

9.  Having  said,  in  the  last  article,  that  the  pressure  of  the 
atmosphere  is  taken  entirely  off  the  hinder  part  of  the  ball 
moving  with  a  velocity  of  1600  feet  per  second  ;  which  must 
happen  when  the  ball  moves  faster  than  the  particles  of  air 
can  follow  by  rushing  into  the  place  quitted  and  left  void  by 
the  bail,  or  when  the  ball  moves  faster  than  the  air  rushes 
into  a  vacuum  from  the  pressure  of  the  incumbent  air :  let 
us  therefore  inquire  what  this  velocity  is.  Now,  the  velocity 
with  which  any  fluid  issues,  depends  upon  its  altitude , above 
the  orifice,  and  is  indeed  equal  to  the  velocity  acquired  by  a 
heavy  body  in  falling  freely  through  that  altitude.  But, 
supposing  the  height  of  the  barometer  to  be  30  inches,  or 
21  feet,  the  height  of  a  uniform  atmosphere,  all  of  the  same 
density  as  at  the  earth's  surface,  would  be  2^  X  13*6  x  833^ 
or  28333  feet;  therefore -v/ 1 6  :  ^728333  : ;  32  :  8^^28333 
=  134-6  feet,  which  is  the  velocity  sought.  And  therefore, 
with  a  velocity  of  1 600  feet  per  second,  or  any  velocity  above 
1346  feet,  the  ball  must  continually  leave  a  vacuum  behind 
it,  and  so  must  sustain  the  whole  pressure  of  the  .atmosphere 
on  its  fore  part,  as  well  as  the  resistance  arising  from  the 
V  J  hiertia  of  the  particles  of  air  struck  by  the  ball. 

10.  Upoa 
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10.  Upon  the  whole,  we  find,  that  the  resistance  of  the 
air,  as  determined  by  the  experiments,  differs  very  widely, 
both  in  respect  to  the  quantity  of  it  on  all  figures,  and  in 
respect  to  the  proportions  of  it  on  oblique  surfaces,  from  the 
same  as  determined  by  the  preceding  theory ;  which  is  the 
same  as  that  of  Sir  Isaac  Newton,  and  most  modern  phi- 
losophers. Neither  should  we  succeed  better  if  we  have 
recourse  to  the  theory  given  by  Professor  Gravesande,  or 
others,  as  similar  differences  and  inconsistencies  still  occur. 

We  conclude,  therefore,  that  all  the  theories  of  the  re- 
sistance of  the  air  hitherto  given,  are  very  erroneous.  And 
the  preceding  one  is  only  laid  down,  till  further  experiments, 
on  this  important  subject,  shall  enable  us  to  deduce  from 
them  another,  that  shall  be  more  consonant  to  the  true 
phsenoniena  of  nature. 
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1 

Log. 
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26 

Log. 

N. 
51 

.Log. 

N. 

Log. 

0000000 
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1-707570 

7Q 
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2 
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27 
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52 

1-716003 

77 

1-886491 

3 
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28 
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53 
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78 

1-892095 

4 
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29 
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54 
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79 
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5 
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30 

1-477121 

55 
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80 
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6 
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31 
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56 

1-748188 

81 
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7 
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32 

1-505150 

57 
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82 
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8 
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33 
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58 
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83 
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34 
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59 
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84 

1-924279 

10 
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35 
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85 
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n 
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36 
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61 
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86 
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37 
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62 
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87 
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13 
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38 
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88 
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14 
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39 
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64 
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89 
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15 
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40 
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65 
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90 
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16 
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66 
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9i 
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17 
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42 
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67 
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92 
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43 
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68 
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93 
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19 
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69 
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94 
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20 

1-301030 

45 

1-653213 

70 
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95 
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21 
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46 
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71 

1-851258 

96 
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22 
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47 
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72 

1-857333 

97 
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23 
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6S94 

7321 

7748 

8174 
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8600 

9026 

9451 
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0724 

1147 

1570 

1993 

2415 

103 
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3259 

3680 

4100 

4521 

4940 
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6197 

6616 
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7033 

7451 

7868 

8284 

8700 

9116 
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9947 
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0775 
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021189 

1603 
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2428 

2841 

3252 
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4075 

4486 

4896 
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5306 

5715 

6125 

6533 

6942 

7350 

7757 

8164 
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9384 

9789 

0195 

0600 
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1408 

1812 

2216 

2619 

3021 

108 

033424 

3826 

4227 

4628 

5029 

5430 

5830 

6230 

6629 

7028 
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7426 

7825 

8223 

8620 

9017 

9414 

981 1 

0207 

0602 

0998 
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041393 

J  787 

2182 

2576 

29O9 

3362 

3755 

4148 

4540 

4932 

111 
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5714 

6105 
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6885 

7275 

7664 

8053 

8442 

8830 

112 
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9993 

0380 

0766 

1153 

1538 

1924 

2309 

2694 

113 

053078 

3463 

3846 

4230 

4613 

499G 

5378 

5760 

6142 

6524 

114 

6905 

7286 

7666 

8046 

8426 

8805 

Q185 

9563 

9942 

0320 

115 

060698 

1075 

1452 
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7756 

7904 

8052 

5200 

294 

8347 

8495 

8643 

8790 

893  8 

9085 

9233 

9380 

9527 

9675 

295 

9822 

9909 

0116 

0263 

0410 

0557 

0704 

0851 

0998 

1145 

296 

471292 

1438 

J  585 

1732 

1878 

2025 

2171 

23 1 8 

2464 

2610 

297 

2756 

2903 

3049 

3195 

3341 

3487 

3633 

■-^779 

3925 

4071 

29s 

4216 

4362 

4508 

4653 

-^799 

4944 

5090 

5235 

5381 

5526 

2(M) 

567  i 

5816 

1  5962 

6107 

6252 

6397 

6542 

» 

6687 

6832 

6976 

S78 


LOGARITHT^S 


N. 

0 

1 

2 

3 

4 

5 

6 

7989 

7 
8133 

8 

8278 

9  1 

8422 

300 

4771'-^! 

7266 

740" 

7555 

7700 

"7844 

301 

8566 

8711 

8855 

8999 

9143 

9287 

9431 

9575 

9719 

9863 

302 

480000 

0151 

0294 

0438 

0582 

0725 

O869 

1012 

1156 

1299 

303 

1443 

1586 

1729 

1872 

2016 

2159 

2302 

2445 

2588 

2731 

304 

2874 

3016 

3159 

3302 

3445 

3587 

3730 

3872 

4015 

4157 

305 

4300 

4442 

4585 

4727 

4869 

5011 

5153 

5295 

5437 

5579 

306 

5721 

5863 

6005 

6147 

6289 

6430 

6572 

6714 

6855 

6997 

307 

7138 

7280 

7421 

7563 

7/04 

7845 

7986 

8I27 

8269 

8410 

308 

8551 

8692 

8833 

8974 

9114 

9255 

9396 

9537 

9^77 

9818 

309 

9958 

0099 

0239 

0380 

0520 

0661 

0801 

0941 

1081 

1222 

310 

491362 

1502 

1642 

1782 

1922 

2062 

2201 

2341 

2481 

2621 

311 

2760 

2900 

3040 

3179 

3319 

3458 

3597 

3737 

3876 

4015 

312 

4155 

4294 

4433 

4572 

4711 

4850 

4989 

5128 

5267 

5406 

313 

5544 

5683 

5822 

5960 

6099 

6238 

6376 

6515 

6653 

6791 

314 

6930 

7068 

7206 

7344 

7483 

7621 

77^9 

7897 

8035 

8I73 

315 

8311 

8448 

8586 

8724 

8862 

8999 

9137 

9275 

9412 

9550 

316 

9687 

9824 

996^2 

0099 

0236 

0374 

05 1 1 

0648 

0785 

0922 

317 

501059 

1196 

1333 

1470 

1607 

1744 

1880 

2017 

2154 

2291 

318 

2427 

2564 

2700 

2837 

2973. 

3109 

3246 

3382 

3518 

3655 

319 

3791 

3927 

4063 

4199 

4335 

4471 

4607 

4743 

4878 

5014 

320 

5150 

5286  5421 

5557 

5693 

5828 

5964 

6O99 

6234 

6370 

321 

6505 

6640 

0776 

6911 

7046 

7I8I 

7316 

7451 

7586 

7721 

322 

7856 

79.01 

8126 

8260 

8395 

8530 

8664 

8799 

8934 

9068 

323 

0203 

9337 

9471 

9606 

9740 

9874 

0009 

0143 

0277 

0411 

324 

510545 

0679 

0813 

0947 

1081 

1215 

1349 

1482 

1616 

1750 

325 

1883 

2017 

2151 

2284 

2418 

2551 

2684 

2818 

2951 

3084 

326 

3218 

3351 

3484 

3617 

3750 

3883 

4016 

4149 

4282 

4415 

327 

4548 

4681 

4813 

4946 

5079 

5211 

5344 

5476 

5609 

5741 

328 

5874 

6006 

6139 

6271 

6403 

6535 

6668 

6800 

6932 

7064 

329 

7196 

7328 

7460 

7592 

7724 

7855 

7987 

8II9 

8251 

8382 

330 

8514 

8646 

8777 

8909 

9040 

9171 

9303 

9434 

9566 

9^97 

331 

9828 

99^9 

0090 

0221 

0353 

0484 

0615 

0745 

0876 

1007 

332 

521138 

1269 

1400 

1530 

1661 

1792 

1922 

2053 

2183 

2314 

333 

2444 

2575 

2705 

2835 

2966 

3096 

3226 

3356 

3486 

3616 

334 

3746 

3876 

4006 

4136 

4266 

4396 

4526 

4656 

4785 

4915 

335 

5045 

5174 

5304 

5434 

5563 

5693 

5822 

5951 

6081 

6210 

336 

6339 

6469 

6598 

6727 

6856 

6985 

7114 

7243 

7372 

7501 

337 

7630 

7759 

7888 

80 16 

8145 

8274 

8402 

8531 

8660 

8788 

338 

8917 

9045 

9'74 

9302 

9430 

9559 

9687 

9815 

9943 

0072 

339 

530200 

0328 

0456 

0584 

0712 

0840 

0968 

1096 

1223 

1351 

340 

1479 

I6O7 

1734 

1862 

1990 

2117 

2245 

2372 

2500 

2627 

341 

2754 

2882 

3009 

3136 

3264 

3391 

3518 

3645 

3772 

3899 

342 

4026 

4153 

4280 

4407 

4534 

4661 

4787 

4914 

5041 

5167 

343 

5294 

5421 

5547 

5674 

5800 

5927 

6053 

6180 

6306 

6432 

344 

6558 

6685 

6811 

6937 

7063 

7189 

7315 

7441 

7567 

7693 

345 

7819 

7945 

8071 

8I97 

8322 

8448 

8574 

8699 

8825 

895  J 

346 

9076 

9202 

9327 

9452 

9578 

9703 

9829 

9954 

0079 

0204 

347 

540329 

0455 

0580 

0705 

0830 

0955 

1080 

1205 

1330 

1454 

348 

15/9 

1704 

1829 

1953 

2078 

2203 

2327 

2452 

2576 

2701 

34Q 

2825 

2950 

3074 

3199 

3323 

3447 

3571 I3696 

3820 

3944 

TvT 


OF  NUMBERS. 


379 


N. 
350 

0 

1 
4  ilyT 

2 
4316 

3 
4440 

4 
4564 

5 

4683 

6 

7 

8 
5060 

9 

5183 

544068 

4312 

4936 

851 

530/ 

5431 

5555 

567^ 

5802 

5925 

6049 

6172 

6296 

6419 

352 

6.043 

6G()6 

6789 

6913 

7036 

7^59 

7282 

7405 

7529 

7652 

353 

7775 

7S(.)8 

8021 

8144 

8267 

83  8Q 

8512 

8635 

8758 

8881 

354 

9003 

9126 

9249 

9371 

9494 

9616 

9739 

9861 

9984 

0106 

355 

550228 

0351 

0473 

0595 

0717 

0840 

Oi)62 

1084 

1206 

1328 

350 

1450 

1572 

1694 

J8i6 

1938 

2060 

2181 

2303 

2425 

2547 

357 

2668 

2790 

2Q11 

30:33 

3155 

3276 

3398 

3519 

3640 

3762 

358 

3883 

4004 

4126 

4247 

4368 

4489 

4610 

4731 

4852 

4973 

359 

5094 

5215 

5336 

5457 

5578 

^^h)9 

5820 

5940 

6061 

6182 

360 

6303 

6423 

6544 

6664 

6735 

6905 

7026 

7146 

7267 

7387 

361 

7507 

7627 

7748 

7868 

7988 

8108 

8228 

8349 

8469 

8589 

362 

8709 

8829 

8948 

9068 

9I88 

9308 

9428 

9548 

96O7 

9787 

363. 

9907 

0026 

0146 

0265 

€385 

0504 

0624 

0743 

0863 

0982 

364 

561101 

1221 

1340 

1459 

1578 

1698 

I8I7 

1936 

2055 

2174 

365 

2293 

2412 

2531 

2650 

2769 

2887 

3006 

3125 

3244 

3362 

366 

3481 

3600 

37I8 

3837 

3955 

4074 

4192 

4311 

4429 

4548 

367 

4666 

4784 

4903 

5021 

5139 

5257 

5376 

5494 

5612 

5730 

368 

58^18 

5966 

6084 

6202 

6320 

6437 

(yd  5  5 

6673 

6791 

6909 

369 

7026 

7144 

7262 

7379  1  7497 

7614 

7/32 

7849 

79(^7 

8084 

370 

8202 

8319 

8436 

8554 

8671 

8788 

8()05 

9023 

9140 

9^57 

371 

9374 

9491 

96O8 

9725 

9842 

9959 

0076 

0193 

0309 

0426 

372 

570543 

0660 

0770 

O893 

1010 

1126 

1243 

1359 

14/6 

1592 

373 

1709 

1825 

1942 

2058 

2174 

2291 

2407 

2523 

2639 

2755 

374 

2872 

2988 

3104 

3220 

3336 

3452 

3568 

3684 

3800 

3QI5 

375 

4031 

4147 

4263 

4379 

44p4 

46l0 

4726 

4841 

4957 

5072 

376 

5188 

5303 

5419 

5534 

5650 

5765 

5880 

5996 

6111 

6226 

377 

6341 

6457 

6572 

6687 

6802 

6917 

7032 

7147 

7262 

7377 

378 

7492 

7607 

7722 

7836 

7951 

806Q 

8181 

82Q5 

8410 

8525 

379 

8639 

8754 

8868 

8983 

9097 

9212 

9326 

9441 

9555 

9GO9 

380 

9764 

9898 

0012 

0126 

0241 

0355 

0469 

0583 

0697 

0811 

381 

580Q25 

1039 

1153 

1267 

1381 

1495 

I6O8 

1722 

1836 

1950 

382 

2063 

2177 

2291 

2404 

2518 

2631 

2745 

2858 

2972 

3085 

383 

3199 

3312 

3426 

3539 

3652 

3765 

3879 

3992 

4105 

4218 

384 

4331 

4444 

4557 

4670 

4783 

4896 

5009 

5122 

5235 

5348 

385 

5461 

5574 

5686 

5799 

5912 

6024 

6137 

6250 

6362 

6475 

386 

6587 

6700 

6812 

6925 

7037 

7149 

7262 

7374 

7486 

7599 

387 

7711 

7823 

7935 

8047 

8I6O 

8272 

8384 

8496 

8608 

8720 

388 

8832 

8944 

9056 

9167 

9V9 

9391 

9503 

96^5 

9726 

9838 

389 

9950 

0061 

0173 

0284 

0396 

0507 

06 19 

0730 

0842 

0953 

390 

591065 

1176 

1287 

1399 

1510 

1621 

1732 

1843 

1955 

2066 

391 

2177 

2288 

2399 

2510 

2621 

2732 

2843 

2954 

3064 

3175 

392 

3286 

3397 

3508 

3618 

3729 

3840 

3950 

4061 

4171 

4282 

393 

4393 

4503 

4614 

4724 

4834 

4945 

5055 

5165 

5276 

5386 

394 

5496 

5606 

5717 

5827 

5937 

6047 

6157 

6267 

6377 

64  87 

^95 

6597 

6707 

68 17 

6927 

7037 

7146 

7256 

7366 

7476 

7586 

396 

7695 

7805 

7914 

8024 

8134 

8243 

8353 

8462 

8572 

8681 

397 

8791 

8900 

9009 

9119 

9228 

9337 

9446 

Q556 

9665 

9774. 

398 

9883 

9992 

0101 

0210 

0319 

0428 

0537 

0646 

0755 

0864, 

399 

600973 

1082 

1191 

1299 

1408  1517 1 

1625 

1734 

1843 

1Q51 

,.  Y.  iJ 

I^SO 


LOGARITHMS 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

400 

602060 

2169 

2277 

2386 

2494" 

2603 

271T 

2819 

"2928 

3036 

401 

3144 

3253 

3361 

3469 

3373 

3686 

3794. 

3902 

4010 

4118 

402 

4226 

4334 

4442 

4550 

4658 

4766 

4874 

4982 

5089 

5197 

403 

5305 

5413 

5521 

5028 

57  3(} 

5844 

5951 

6059 

6166 

6274 

404 

6381 

64Sf) 

65  q6 

0704 

6811 

6919 

7026 

7133 

7241 

7348 

405 

7455 

7562 

7Q^9 

7777 

7884 

799I 

8O98 

8205 

8312 

8419 

4oa 

8520 

8633 

8740 

8847 

8954 

9001 

9167 

9274 

9381 

9488 

407 

9594 

9701 

9808 

9914 

0021 

0128 

0234 

0341 

0447 

0554 

408 

610660 

0767 

0873 

0979 

1086 

1192 

1298 

1405 

1511 

1617 

409 

1723 

1 829 

1936 

2042 

2148 

2254 

2360 

2466 

2572 

2678 

410 

2734 

2800 

2996 

3102 

3207 

3313 

3419 

3525 

3630 

3736 

411 

3842 

3947 

4053 

4159 

4264 

4370 

4475 

4581 

4686 

4792 

412 

4897 

5003 

51(58 

52 1 3 

5319 

5424 

5529 

5634 

5740 

5845 

413 

'5950 

6055 

6160 

6265 

6370 

6476 

6581 

6686 

6790 

6895 

414 

700t) 

7105 

7210 

7315 

7420 

7525 

7629 

7/34 

7839 

7943 

415 

8048 

8153 

8257 

8362 

8466 

8,57  i 

8676 

8780 

8884 

8989 

416 

9093 

9198 

9302 

9406 

9511 

9615 

97J9 

9824 

9928 

0032 

417 

620136 

0240 

0344 

0448 

0552 

0656 

0700 

0864 

0968 

1072 

418 

1176 

1280 

1384 

1488 

1592 

1695 

^799 

1903 

2007 

2110 

419 

2214 

2318 

2421 

2525 

2628 

2732 

2835 

2939 

3042 

3146 

420 

3249 

3353 

3456 

3559 

3663 

3766 

3869 

3973 

4076 

4179 

421 

4282 

4385 

4488 

4591 

4695 

4798 

4Q01 

5004 

5107 

5210 

422 

5312 

5415 

5518 

5621 

5724 

5827 

5929 

6032 

6135 

6238 

423" 

6340 

6443 

6546 

6648 

6751 

6853 

6956 

7058 

7161 

7263 

424 

7366 

7468 

7571 

7673 

7775 

7878 

7980 

8082 

8185 

8287 

425 

8389 

8491 

8593 

8695 

S797 

8900 

9002 

9104 

9206 

9308 

426 

9410 

9512 

9613 

9715 

9817 

9919 

0021 

0123 

0224 

0326 

427 

630428 

0530 

0631 

0733 

0835 

0936 

1038 

1139 

1241 

1342 

428 

1444 

1545 

1647 

1748 

1849 

1951 

2052 

2153 

2255 

2356 

42C) 

2457 

2559 

2660 

2761 

2862 

2963 

3064 

3165 

3266 

3367 

430 

3468 

3569 

3670 

3771 

3872 

3973 

4074 

4175 

4276 

4376 

431 

4477 

4578 

4679 

4779 

4880 

4981 

5081 

5182 

5283 

5383 

432 

5484 

5584 

5685 

5785 

5886 

5986 

6087 

6187 

6287 

6388 

433 

6488 

6588 

6688 

6789 

6889 

6989 

7O89 

7I89 

7290 

7390 

434 

,  7490 

7590 

7690 

7790 

7890 

7990 

8O9O 

8I9O 

8290 

8389 

435 

8489 

8589 

8689 

8789 

8888 

8988 

9O88 

9I88 

9287 

9387 

436 

9486 

9586 

9686 

9785 

9885 

9984 

0084 

0183 

0283 

0382 

437 

640481 

0581 

0680 

0779 

0879 

0978 

1077 

1177 

1276 

1375 

438 

1474 

1573 

1672 

1771 

1871 

1970 

2069 

2168 

2267 

2366 

439 

2465 

2563 

2662 

2761 

2860 

2959 

3058 

3156 

3255 

3354 

440 

3453 

3551 

3650 

3749 

3847 

3946 

4044 

4143 

4242 

434a 

441 

4439 

4537 

4636 

4734 

4832 

4931 

5029 

5127 

5226 

5324 

442 

5422 

5521 

5619 

5717 

5815 

5913 

6011 

6110 

6208 

6306 

443 

6404 

6502 

6600 

66Q8 

6796 

6894 

G99'^ 

7O89 

7187 

7285 

444 

7383 

7481 

7579 

7070 

7774 

7872 

79(^9 

8O67 

8165 

8262 

445 

8360 

8458 

8555 

8653 

8750 

8848 

8945 

9043 

9140 

9237 

446 

9335 

9432 

9530 

9627 

9724 

9821 

99W 

0016 

0113 

0210 

447 

650308 

0405 

0502 

0599 

o6g6 

0793 

O890 

0987 

1084 

1181 

448 

1278 

1375 

1472  1569 

1666 

1762 

1859 

1956 

2053 

2150 

449 

2246 

2343 

2440  253j6 

2633 

2730 

2826 

2923 

3019 

3116 

OF  NUMBERS. 


3^1 


N 

450 
451 
452 
453 
454 
455 
456 
457 
458 
459 
460 
461 
462 
463 
464 
465 
466 
467 
468 
469 
470 
471 
472 
473 
474 
475 
476 
477 
478 

479 
480 

481 
482 
483 
484 
485 
486 
487 
488 
489 
490 
491 
492 
493 
494 
495 

497 
498 


653213 

4177 
5138 
6098 
7056 
8011 
8965 
9916 
660865 

is'is 

2758 
3701 
4642 
5581 
6518 
7453 
8386 
9317 
670246 
1173 
2098 
3021 
3942 
4861 
5778 

6694 
7607 

8518 
9428 

680336 
1241 
2145 
3047 
3947 
4845 
5742 
6636 
7529 
8420 
9309 

690196 
1081 
1965 
2847 
3727 
4605 
5482 
6356 
7229 
8101 


1 

3309~ 

4273 
5235 
6194 
7152 
8IO7 
9060 
0011 
0960 

1907 
2852 
3795 
4736 
5675 
6612 
7546 
8479 

9410 
0339 

1205 
2190 
3113 
4034 
4953 
5870 
6785 
7698 
8609 

9519 
0425 
1332 
2235 
3137 
4037 
4935 
5831 
6/26 
76 18 
8500 
9398 
0285 
1170 
2053 
2935 
3815 
4693 
5569 
6444 
7317 
8188 


3405 
4369 
5331 
6290 
7247 
8202 
9155 
0106 
1055 
2002 
2947 
3839 
4830 
5769 
6705 
7640 
8572 
9503 
0431 
1358 
2283 
3205 
4126 
5045 
5962 
6876 

7789 
8700 
9610 
0517 
1422 
2326 
3227 
4127 
5025 
5921 
6815 
7707 
8598 
9486 
0373 
J258 
2142 
3023 
3903 
478I 
5G.57 
6531 
7404 
4  8275 


3502 
4465 
5427 
6386 
7343 
8298 
9250 
0201 
1150 
2096 
3041 
3983 
4924 
5862 

6799 
7733 
8665 

9596 

0524 
1451 
2375 
3297 
4218 
5137 
6053 
6968 
7881 

8791 
9700 
0607 
1513 
2416 
3317 
4:^17 
5114 
6010 
690^1 

779Q 

8687 

9575 

0462 
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6927 

826 

698O 

7033 

7085 

7138 

7190 

7243 

7295 

7348 

7400 

7453 

827 

7506 

7558 

7611 

7663 

7710 

7768 

7820 

7873 

7925 

7978 

828 

8030 

8083 

8135 

8188 

8240 

8293 

8345 

8397 

8450 

8502 

829 

8555 

S607 

8659 

8712 

8764 

8816 

8869 

8921 

S973 

9026 

830 

9Q7S 

9130 

Q183 

9235 

9287 

9340 

9392 

9444 

9496 

9549 

831 

9601 

9653 

9706 

975s 

98IO 

9862 

9914 

99^7 

0019 

0071 

832 

920123 

0176 

0228 

0280 

0332 

0384 

0436 

0489 

0541 

0593 

833 

0645 

0697 

0749 

0801 

0853 

0906 

0958 

1010 

1062 

1114 

834 

11^6 

1218 

1270 

1322 

1374 

1426 

1478 

1530 

1582 

1634 

835 

1686 

1738 

1790 

1842 

I894 

1946 

I9O8 

2050 

2102 

2154 

836 

2206 

2258 

2310 

2362 

2414 

2466 

2518 

2570 

2622 

2674 

837 

2725 

2777 

2829 

2881 

2933 

2985 

3037 

3089 

3140 

3192 

•838 

3244 

3296 

•3348 

3399 

3451 

3503 

3555 

3607 

3658 

3710 

839 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

840 

4279 

4331 

4383 

4434 

4486 

4538 

4589 

4641 

4693 

4744 

941 

4796 

4848 

4S99 

4951 

5003 

5054 

5106 

5157 

5209 

5261 

842 

5312 

5364 

5415 

5467 

5518 

5570 

5621 

5673 

5725 

5770 

843 

5823 

58/9 

5931 

5982 

6034 

6085 

6137 

6188 

6240 

6291 

844 

6342 

6394 

6445 

6497 

6548 

6600 

6651 

6702 

6754 

6805 

845 

6857 

69O8 

6o5g 

7011 

7062 

7114 

7165 

7216 

7268 

7319 

846 

7370 

7422 

7473 

7524 

7570 

7627 

707^ 

7730 

7781 

7832 

S47 

7883 

7935 

7986 

8037 

808$ 

814(D 

8191 

8242 

8293 

8345 

848 

839G 

8447 

8498 

8549 

8601 

865^ 

8703 

8754 

8805 

8857 

849 

89O8 

8959 

9010 

QO61 

0112 

9163 

0215 

0266 

0317 

036s 

OF  NUMBERS. 


3^9 


N. 


o 


S50 
851 
852 
853 
854 
855 
850^ 
857 
858 
859 
8(50 
861 
862 
863 
864 
865 
866 
867 
868 
869 
870 

871 
872 
873 
874 
875 
876 
877 

878 

879 

880 

881 

882 

883 

884 

885 

886 

887 

888 

889 

890 

891 

892 

893 

894 

895 

896 

897 
898 

699 


929419 
99^0 

930440 
0949 
1458 
1966 
2474 
298 1 
3437 
3993 
4498 
5003 
5507 
6011 
6514 
7016 
7518 
8OI9 
8520 
9020 

9519 
94001 8 
0516 
1014 
1511 
2008 
2504 
3000 
3495 

3989 
4483 
4976 
5'i69 
.5961 
6452 
6943 
7434 
7924 
8413 
8902 
9390 
9878 

950365 

0851 
1338 
1823 
2308 
2792 
3276 
3760 


9470 
9981 
0491 
1000 
1509 

2017 

2524 

3031 

3538 

4044 

4549 

5054 

5558 

6O6I 

6564 

7066 

7568 

8O69 

8570 

9070 

95()g 

0068 

0566 

1064 

1561 

2058 

2554 

304-9 

3544 

4038 

4532 

5025 

5518 

6010 

6501 

6992 

7483 

7973 
8462 
8951 
9439 
9926 
0414 
0900 
1386 
I872 
2356 
2841 
3325 
3808 


2 


9521 
0032 
0542 
1051 
1560 
2068 
25/5 
3082 
3589 
4094 
4599 
5104 
5608 
6111 
6614 
7117 
761 8 
81 19 
8620 
9120 
9619 
0118 
0616 
1114 
1611 
2107 
2603 

^099 
3593 
4088 
4581 
5074 
5567 
6059 
6551 
7041 
7532 
8022 
8511 

8999 

9488 
9975 
0462 

0949 
1435 
1920 
2405 
2889 
3373 
3856 


9572 
0083 
0592 
1102 
1610 
2118 
2626 
3133 
3639 
4145 
4650 
5154 
5658 
6162 
0665 
7167 
7668 
8169 
8670 
9170 

0168 

0666 
1163 
1660 
2157 
2653 
3148 
3643 
4137 
4631 
5124 
5616 
61O8 
6600 
7090 
7581 
8O70 
8560 
9048 
9536 
0024 
0511 

0997 
1483 

19^9 
2453 
2938 
3421 
3905 


Vol.  II. 


9623 
0134 
0643 
1153 
1661 
2169 
2677 
3^83 
3690 
4195 
4700 
5205 
5709 
6212 
6715 
7217 

7718 

8219 
8720 
9220 

9719 
0218 

0716 
1213 
1710 
2207 
2702 
3198 
3692 
4186 
4680 
5173 
5665 
6157 
6649 
7140 
7630 
8U9 
8609 

9097 
9585 
0073 
0560 
1046 
1532 
2017 
2502 
2986 
3470 
3953 
'2D 


6 


9674 
0185 
0694 
1204 
1712 
2220 
2727 
3234 
3740 
4246 
4751 
5255 
5759 
6262 
6765 
7267 
7769 
8269 

8770 
9270 
9769 
0267 
0765 

1263 
1760 
2256 
2752 
3247 
3742 
4236 
4729 
5222 
5715 
6207 
6698 
7I89 

7679 
8168 
8657 
9146 
9634 
0121 
O6O8 
1095 
1580 
2066 
2550 
3034 
3518 
4001 


9725 
0236 
0745 
1254 
1763 
2271 
2778 
3285 

3791 
4296 
4801 
5306 
5809 
6313 
6815 
7317 
7819 
8320 
8820 
9320 

98I9 
0317 
0815 
1313 
I8O9 
2306 
2801 
3297 

3791 
4285 

4779 
5272 
5754 
6256 

6747 

7238 

7728 

8217 
8706 
9195 
9683 
0170 
0657 
1143 
1629 
2114 
2599 
3083 
3566 
4049 


9776 
0287 
0796 
1305 
1814; 
2322 
2829 
3335 
3841 
4347 
4852 
5356 
5860 
6363 
6865 
7367 
7869 
8370 
8870 
9369 
9869 
0367 
0865 
1362 
1859 
2355 
2851 
3346 
3841 
4335 
4828 
5321 
5813 
6305 
6796 
7287 

7777 
8266 
8755 
9244 
9731 
0219 
0706 
1192 

1677 
2163 
2647 
3131 
3615 
4098 


8 

9827 
0338 
0847 
1356 
1865 
2372 
2879 
3386 
3392 

4397 
4902 
5406 
5910 
6413 
6916 
7418 

7919 
8420 
8919 
9419 
991 8 
0417 

0915 

1412 
1909 
2405 
2901 
3396 
3890 
4384 
4877 

5370 

5862  1 

6354 

6845 

7336 

7826 

8315 

8804 

9292 

9780 

0267 

0754 

1240 
1726 
2211 
26()6 
3180 
3663 
4146 


9879 
0389 
O898 
1407 
1915 
2423 
2930 
3437 
3943 
4448 
4953 
5457 
5960 
6463 
6966 
7463 

79Q9 
8470 
8970 
9469 
9968 
0467 
0964 
1462 
1958 
2455 
2950 
3445 

3939 
4433 

4927 

15419 

5912 

6403 

6894 

7385 

7875 

8365 

8853 

9341 

9829 

0316 

0803 

1289 

1775 

2260 

2744 

3228 

3711 

4194 


SpO 


LOGARITHMS 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8  1  9 

900 

954243 

4291 

4339 

4387 

4435 

4484 

4532 

4580 

4628  j  4677 

901 

4725 

4773 

482] 

4869 

4Q18 

4966 

5014 

5062 

5110|5158 

902 

5207 

5255 

5303 

5351 

5399 

5447 

5495 

5543 

5592 

5640 

903 

5688 

5736 

5784 

5832 

5880 

5928 

5976 

6024 

6072 

6120 

904 

6168 

6216 

6265 

6313 

6361 

6409 

6457 

6505 

6553 

6601 

905 

6649 

6697 

6745 

6793 

6840 

6888 

6936 

6984 

7032 

7O8O 

906 

7128 

7176 

7224 

7272 

7320 

7368 

7416 

7464 

7512 

7559 

90; 

7607 

7655 

7703 

7751 

7799 

7847 

7894 

7942 

7990 

8038 

908 

8086 

8134 

8181 

8229 

8277 

8325 

83/3 

8421 

8468 

8516 

909 

8564 

8612 

S659 

8707 

8755 

8803 

8850 

8898 

8946 

8994 

910 

9041 

9089 

9137 

9185 

9232 

9280 

9328 

9375 

9423 

9471 

911 

9518 

9566 

9614 

966 1 

9709 

9757 

9804 

9852 

9900 

9947 

912 

9995 

0042 

oopo 

0138 

0185 

0233 

0280 

0328 

0376 

0423 

913 

960471 

0518 

0566 

0613 

0661 

0709 

0756 

0804 

0851 

O899 

914 

0946 

0994 

1041 

1089 

1136 

1184 

1231 

1279 

1326 

1374 

915 

1421 

1469 

1516 

1563 

1611 

1658 

1706' 

1753 

1801 

1848 

916 

18Q5 

1943 

1990 

2038 

2085 

2132 

2180 

2227 

2275 

2322 

917 

2369 

2417 

2464 

2511 

2559 

2606 

2653 

2701 

2748 

2795 

918 

2843 

2SQ0 

2937 

2985 

3032 

3079 

3126 

3174 

3221 

3268 

919 

3316 

3363 

3410 

3457 

3504 

3552 

3599 

3646 

3693 

3741 

920 

3788 

3835 

3882 

3929 

3977 

4024 

4071 

4118 

4 165 

4212 

921 

4260 

4307 

4354 

4^01 

4448 

4495 

4542 

4590 

4637 

4684 

922 

4731 

4778 

4825 

4872 

4919 

4966 

5013 

5061 

5J08 

5155 

923 

5202 

5249 

5296 

5343 

5390 

5437 

5484 

5531 

5578 

5625 

924 

5672 

5719 

5766 

5813 

5860 

5907 

59.'>4 

6001 

6048 

6095 

925 

6142 

61 89 

62S6 

6283 

6329 

6376 

6423 

6470 

6517 

6564 

926 

6611 

6658 

6705 

6752 

6799 

6S45 

6S92 

6939 

69S6 

7033 

927 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7408 

7454 

7501 

928 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922 

79G9 

929 

8016 

8062 

8 109 

8156 

8203 

8249 

8296 

8343 

8390 

8436 

930 

8483 

8530 

8576 

8623 

8670 

8716 

8763 

8810 

8856 

8903 

931 

8950 

8996 

9043 

6090 

9136 

9183 

9229 

9V6 

9323 

9369 

932 

9416 

9463 

9509 

9556 

9602 

9649 

9&95 

9742 

9789 

9835 

933 

9882 

9928 

9975 

0021 

0068 

0114 

0161 

0207 

0254 

0300 

934 

970347 

0393 

0440 

0486 

0533 

0579 

0626 

0672 

0719 

0765 

935 

0812 

0858 

0Q04 

0951 

0997 

1044 

1090 

1187 

1183 

1229 

936 

1276 

1322 

1369 

1415 

1461 

1508 

1554 

1601 

1647 

1693 

937 

1740 

1786 

1832 

1879 

1925 

1971 

2018 

2064 

2110 

2157 

938 

2203 

2249 

2295 

2342 

2388 

2434 

2481 

2527 

2573 

2619 

939 

2666 

2712 

2758 

2804 

2851 

2897 

2943 

2989 

3035 

3082 

940 

3128 

3174 

3220 

3266 

3313 

3359 

3405 

3451 

3497 

3543 

041 

3590 

3636 

3682 

3728 

3774 

3820 

3866 

3913 

3959 

4005 

942 

4051 

4097 

4143 

4189 

4235 

4281 

4327 

4374  4-120 

4466 

943 

4512 

4558 

4604 

4650 

46g6 

4742 

4788 

4834^  4880 

4926 

944 

4972 

5018 

5064 

5110 

5156 

5202 

5248 

5294  5340 

5386 

945 

5432 

5478 

5524 

5570 

5616 

5662 

5707 

5753 

5799 

5845 

946 

5891 

5937 

5983 

6029 

6075 

6121 

6167 

6212 

6258 

6304 

947 

6350 

6396 

6442 

6488 

6533 

6579 

6625 

6671 

6717 

6763 

948 

6808 

6854 

6900 

6946  6992  1 

7037 

7083 

7129 

7175 

7220 

949 

7266 

7312 

7358 

7403 

7449  1 

7495 

7541 

7586 

7632 

767s 

OF  NUMBERS. 


391 


N. 

0 

1 

2 

3 

4  ■ 

5 

0 

7 

t>   /  9 

" 

950 

977724 

7769 

7815 

"  7861 

7906 

7952 

7998 

8043 

8O89 

8135 

' 

t)51 

8181 

8226 

8272 

8317 

8363 

8409 

8454 

8500 

8546 

85.91 

952 

8637 

8683 

8728 

8774 

88I9 

8865 

8911 

8956 

9002 

9047  1 

953 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

9503 

954 

9548 

9594 

9639 

9685 

9730 

9776 

9821 

9867 

9912 

9958 

955 

980003 

0049 

0094 

0140 

0185 

0231 

0276 

0322 

0367 

0412 

956 

0458 

0503 

0549 

0594 

0640 

0685 

0730 

0776 

0821 

0867 

957 

0912 

0957 

1003 

1048 

1093 

1139 

1184 

1229 

1275 

1320 

958 

13Ci6 

1411 

1456 

1501 

1547 

1592 

1637 

1683 

1728 

1773 

959 

J8I9 

1864 

J  909 

1954 

2000 

2045 

2090 

2135 

2181 

2226 

960 

2271 

2316 

23(52 

2407 

2452 

2497 

2543 

2588 

2633 

2678 

901 

2723 

2769 

2314 

2859 

2904 

2949 

2994 

3040 

3085 

3130 

962 

3175 

3220 

3265 

3310 

3356 

3401 

3446 

3491 

3536 

3581 

963 

3626 

3071 

3716 

3762 

3807 

3852 

3897 

3942 

3987 

4032 

964 

4077 

4122 

4167 

4212 

4257 

4302 

4347 

4392 

4437 

4482 

965 

4527 

4572 

4617 

4662 

4707 

4752 

4797 

4842 

4887 

4932 

966 

^977 

5022 

5067 

5112 

5157 

5202 

5247 

5292 

5337 

5382 

967 

5420 

5471 

5516 

5561 

1,606 

505 1 

5699 

5741 

5736 

5830 

968 

58/5 

5920 

5965 

6010 

6055 

6100 

6144 

61 89 

6234 

6279 

969 

6324 

6369 

6413 

6458 

6503 

6548 

6593 

6637 

6682 

6727 

970 

6772 

68I7 

6861 

6906 

6951 

6996 

7040 

7085 

7130 

7175 

971 

7219 

7264 

7309 

7353 

739s 

7443 

7488 

7532 

7577 

7622 

972 

7666 

7711 

7756 

7800 

7845 

7890 

7934 

7979 

8024 

8068 

973 

8113 

8157 

8202 

8247 

8291 

8336 

8381 

8425 

8470 

8514 

97^i 

8559 

8604 

3618 

8693 

S737 

8782 

8826 

8871 

8916 

8960 

975 

9005 

9049 

9049 

9138 

9183 

9227 

9272 

9316 

9361 

9405 

976 

9450 

9494 

9539 

9583 

9628 

9672 

97i7 

9761 

98O6 

9850 

977 

9895 

9939 

9983 

0028 

0072 

0117 

0161 

0206 

0250 

0294 

978 

990339 

0383 

0428 

C472 

05l6 

0501 

0605 

0650 

0694 

0738 

979 

0783 

0827 

0871 

0916 

O96O 

1004 

1049 

1093 

1137 

1182 

9S0 

1220 

1270 

1315 

1359 

1403 

1448 

1492 

1536 

1580 

1625 

981 

1669 

1713 

1758 

1802 

1840 

I890 

1935 

^979 

2023 

2067 

982 

2111 

2156 

2200 

22^J4 

2288 

2333 

2377 

2421 

2465 

2509 

983 

2554 

25C8 

26^2 

26s6 

2730 

2774 

281Q 

2863 

2907 

2951 

984 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

985 

343  G 

34cO 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3833 

gS6 

3877 

3921 

3965 

4U09 

4053 

4097 

4141 

4185 

4229 

4273 

987 

43]  7 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

988 

4757 

4801 

4  84  5 

4889 

4933 

4977 

5021 

5065 

5108 

5152 

989 

5196 

5240 

5284 

5328 

5372 

5416 

5460 

5504 

5547 

5591 

990 

5(J35 

5679 

5723 

5767 

5811 

5854 

5898 

5942 

5986 

6030 

991 

6074 

6117 

6161 

6205 

6249 

6293 

6337 

6380 

6424 

6468 

99'^ 

6512 

6555 

6599 

6643 

6687 

6731 

6774 

6818 

6862 

6906 

993 

6949 

6993 

7037 

7O8O 

7124 

716s 

7212 

7255 

7299 

7343 

994 

7386 

7430 

7474 

7517 

7561 

7605 

7648 

7692 

7736 

7779 

995 

7823 

7867 

7910 

7954 

799^ 

8041 

S0S5 

812Q 

8172 

8216 

996 

8259 

8303 

8347 

8390 

8434 

8477 

8521 

8564 

8608 

8652 

997 

8695 

8739 

8782 

8826 

8869 

8913 

8956 

9(X)0 

9043 

9087 

998 

9131 

9174 

92 18 

9261 

9305  9348 1 

9392 

9435 

9479 

9522 

|999 

9565 

9609 

9652 

9696 

9739 

9783  1 

9S26 

9870 

9913 

9957 

2j)2 


392 


LOG.  SINES,  TANGENTS,  8cC, 


— 

O  Deg.          |i 

1  Deg.       _J 

-r 

Sine  I  Cosine 

Tang. 

Cotang.  1 

Sine  Cosine 

Tang. 

Cotang. 

60 

~0 

j  1 0-000000 

8-241855  9-999934 

S-241921 

11-758079 

1 

6-463726|  10-000000 

6-463726 

13-536274 

8-249033  9-999932 

3-249102 

1 )  -750898 

59 

2 

6-7647561 10-OOOOnO 

6-764756 

13-2352-14; 

S-256094 

9-999929 

8-256163 

11-743835 

58 

3  6-940847 1 10-000000 

6-940847 

13-059153; 

8-263042 

9-999927 

8-2631)5 

11-736883 

57 

4j7-063786i  10-000000 

7-065786 

12-934214 

8  269881 

9-999925 

S-269956 

11-7.30044 

36 

5.7-162696  10-000000 

7-162696 

12-837304  8-276614 
12-758122  |8-283243 

9-999922 

8-276691 

11-723309 

53 

6  7-241877  9.999999 

7-241878 

9-99P920 

8-283.323 

11-716677 

34 

7  7-308824 

9-999999 

7-.308825 

12-691175:8-289773 
12-633183  ls-296207 

9-999918 

8-289856 

11-710144 

33 

8  7-866816 

9*999999 

7-366817 

9-999915 

8-296292 

1 1  -703708 

52 

9  7-417968 

9-999999 

7-417970 

12-582030J 

8-302.546 

9-999913 

8-302634 

11-697366 

51 

10  7-463726 

9-999998 

7-463727 

l2-.536273i 

8 -.308  7  94 

9-999910 

8-308884 

11-691116 

50 

11 

7-505118 

9-999998 

7-505120 

12-494880| 

8-3149.54 

9-999907 

8-315046 

11-684954 

49 

12 

7-342906 

9-999997 

7-542909 

12-437091 

8-321027 

9-999903 

8-321122 

11-678878 

48 

13 

7-577668 

9-999997 

7-577672 

12-422328' 

8-327016 

9-999902 

8-.327n4 

11-672886 

47 

14 

7-609853 

9-999996 

7-609857 

12-.390143J 

8  332924 

9-999899 

8-333025 

11-666975 

46 

15 

7-639816 

9-999996 

7-639820 

12-360180 

8-338733 

9-99.9897 

8-338856 

11-661144 

43 

16 

7-667845 

9-999995 

7-667849 

12-33215 1| 

8-344504 

9-999894 

8-344610 

1 1  -655390 

44 

17 

7-694173 

9-999995 

7-694179 

12-305821; 

8-350181 

9-999891 

8-350289 

11-649711 

43 

;8 

7-718997 

9-999994 

7-7  1 9003 

I2-280997J 

8-355783 

9-999888 

8-355895 

11-644105 

42 

19 

7-742478 

9-999993 

7-742484 

1 2-25751 6i 

8-36I3I5 

9-999885 

8 -.36 1430 

11-638570 

41 

20 

7-764754 

9-999993 

7-764761 

12-235239; 

8-366777  9-999882 

8-366895 

11-633105 

30 

21 

7-785943 

9-999992 

7-785951 

12-214049, 

8-372171 

.9-999879 

8-372292 

11-627708 

39 

22 

7-806146 

9-999991 

7-806153 

12-19  ;843| 

8-377499 

9-999876 

8-377622 

11-622378 

38 

23 

7-825451 

9-9999S)0 

7-825460 

12-174.^401 

8-382762 

9-999873 

8-.382889 

11-617111 

37 

24 

7-843934 

9-999989 

7-843944 

12-156056J 

8-387962 

9-999870 

8-388092 

11-611908 

36 

25 

7-861662 

9-9999S9 

7-861674 

12-13F326' 

8-393101 

9-999867 

8-393234 

11-606766 

33 

26 

7-878695 

9-999988 

7-870V0H 

12-121292|i8-398179 

9-999864 

8-398313 

11-601685 

34 

27 

7-895085 

9-999987 

7-895O90 

1 2- 10490 1 1 

8-403199 

9-999861 

8-403338 

1 1-596662 

33 

28 

7-910879 

9-999986 

7-910894 

12-0891061 

8-408161 

9-999838 

S -408304 

11-591696 

32 

29 

7-926119 

9-999985 

7-9261.34 

12-0738661 

8-413068 

9-999834 

8-413213 

1 1-586787 

31 

30 

7-940842 

9.999983 

7-940858 

12-059142 

8-417919 

9-999831 

8-418068 

11-581932 

30 

31 

7-955082 

9-999982 

7-955100 

12-044900 

8-422717 

9-999848 

8-422869 

11-577131 

29 

32 

7-968870 

9-999981 

7-968889 

12-031111 

8-427462 

9-999845 

8-427618 

11-572382 

28 

33 

7-982233 

9-999980 

7-982253 

12-017747 

8-432156 

9-999841 

8-432315 

11-567685 

27 

34 

7-995198 

9-999979 

7-995219 

12-004881 

8-436800 

9-999838 

8  436962 

11 -.563038 

26 

35 

8-007787 

9-999977 

8-007809 

11-992191 

8-441394 

9-999834 

8-441560 

11 -.53  8440 

23 

36 

8-020021 

9-999976 

8-0ti0044 

11-979956 

8-445941 

'9-999831 

8-44C1I0 

11-553890 

24 

37 

8-031919 

9-999975 

8-031945 

11-9680.55 

8-45044o!9-999S27 

8-450613 

11-349387 

23 

38 

8-043501 

9-999973 

8-043527 

1 1  -936473 

3-454S93|9-999824 

8 -455070 

11-344930 

22 

39 

8-054781 

S-999972 

8-054809 

11-945191 

8-459301  ;9-999820 

8-459481 

11-540519 

21 

40 

8-065776 

9-99997 1 

8-065806!  11-934]  94 

8-463665,9-999816 

8-463849 

11-536131 

20 

41 

8'076500 

9-999969 

8-076531 

11-923469 

8-467985I9-999813 

8-468172 

11-331828 

19 

42 

8-086965 

9-999968 

8-086997 

11-91.3003 

8-472263|9-999809 

8-472454 

1 1  -327546 

18 

43 

3-097183 

9-999966 

8-097217 

11-902783 

18-476498 

9-999803 

8-476693 

11-523307 

17 

44 

8-107167 

9-99996  i 

S- 107203 

1 1  -892797 

8-480693 

9-999801 

3-480892 

11-519108 

16 

45 

8-116926 

9-999963 

8-116963 

11-883037 

8-484818 

9-999797 

8-485O50 

11-514950 

13 

46 

8-126471 

9-999961 

8-126510!  11-873490 

S  488963 

9-999794 

8-489170 

11-510830 

14 

47 

8-135810 

9-999959 

8-135851 

11-864149 

8-49.3040 

9-999790 

8-493250 

11-506750 

13 

48 

8-144953 

9-999958 

8-144996 

11-855004 

8-497078 

9-999786 

8-497295 

11-502707 

12 

49 

8-153907 

9-999956 

S-15.39.52' 11-846048 

8-501080 

9-999782 

8-501298 

11-498702 

11 

50 

8-162681 

9-999954 

8-1 62727!  11-837273 

S-505045 

9-999778 

8-505267 

11-494733 

10 

51 

8-171280 

9-999952 

8-171328 

11-828672 

8-508974 

9-999774 

8-509200 

11-490800 

9 

52 

8-179713 

9-999950 

8-179763 

11-820237 

8-512867 

9-999769 

8-513098 

1 1  -486902 

s 

53 

8-187985 

9.999948 

8-188036 

11-811964 

8-516726 

9-999765 

8-516961 

11-483039 

7 

54 

8-196102 

9-999946 

S'l96]56 

1 1-S03844 

8-520551 

9-999761 18 -32079( 

11-479210 

6, 

55 

8-204070 

9-999944 

8-204126 

11-765874 

8-524343 

9-999757 

8-524586 

11-475414 

3 

56 

3-211895 

9-992942 

8-211953 

11-788047 

8-528102 

9-999753 

8-.52834^ 

11-471651 

4 

57 

8-2 1958  J 

9-999940 

3-219641 

11-780359 

8-531828 

9 -99974b- 

8-53208C 

11-467920 

3 

58 

8-227134 

9-999938 

8-227195 

11-772805 

8-535523 

9-999844 

8-535779 

11-464221 

2 

59 

8-234557 

9-999936 

8-234621 

11-765379* 

8-539186 

9  9f)9740 

8-539447 

1 1  -460553 

1 

60 

8.241855 

9-999934 

8-241921 

11-758079 

8-542819 

9-999735|8-543084 

11-456916 

0 

Cosine 

Sine 

Cotan. 

Tang. 

Cosine 

Sine  1  Cotan, 

1  Tang. 

~ 

S9  Deg.          1 

S8  Deg.          1 

LOG.    SINES,   TANGENTS,  &C. 


393 


2  Deg. 


Sine   j  Cosine 


8-542819'9-999733 
8-546422:9-99973I 
8 -349995 19-9997'26 
8  •553339, 9 -999722 
8  •537034 19 -99971 
8-56()340|9-999713 
8-363999  9-999708 

8-56743119-999704 

S-370836'9-999699 

8-374214i9-999694 

8-377366:9-999689 

S  •380892:9-99968 

8-584l93'9-999680 

8 -587469  j9 -99967, 
8-590721  9-999670 
8-595948  9-999663 
8-597132i9-999660 
8-600332  9-999655 
8-603489  9-999650 


3  Deg. 


Sine 


Cotang. 


11  •456916^8-7 18800 


1 1  -433309 
1 1  •449732| 
11-446183; 
11-442664: 
11-439172: 
11 -4357091 
567727  11-432273! 
8 -57 11 37  11-428863! 
8-374320  11 '423480' 
8-377877  11-422123 
8-381208  11^418792 
8-384314  11  •415486 
11 


21204 
8-723393 

23972 
8-728337 
8-730688 


8-733027  9-999364 

8-733354 
8-737667 
8-739969 


8-606623 
8-609734 
8-612823 
8-615891 


9  999645 
9-999640 
9-999635 
9^999629 


8-618937  9-999624 
24|8-621962j9^999619 
2518-624965.9-999614 
26  8-627948'9-999608 


8-587795 
8-391031 
394283 
8-397492 
8-600677 
8-603839 
8-606978 
8-610094 
8-613189 
8-616262 
8-619313 
8-622343 

8-625352 
8-628340 


8-63091119-999603 


8-633854 
8-636776 
8-639680 
8-642563 
•645428 
8-648274 
8-651102 
8-653911 
636702 

8-659475 
8-662230 
8-664968 
8-667689 


9-999591 

9-999592 

9-999586 

9-999581 

9-999575 

9-999570;8-648704 

9-999364l8-6"51537 

9-999558i8-654352 


8-631308 
8-634256 
8-637184 
8-640093 
8-642982 
8-645853 


412205 
11-408949! 
11-4037171 
11-4025081 
11-399323 
11-396161 
11-393022 
11-389909 
11-386811 
11-383738 
U-3806S7 
11-377637 
11-374648 
11-371660 
11-368692 
1 1  -363744 
11-362816 
1 1  -339907 
11-337018 
11-334147 


Cosine 


9-999404 
9-999398 
9-999391 
9-999384 
9-999378 
9-999371 


Tang.  I  Cotang. 

4-719396  11-280604 
J-7218061 11-278194 
i-724204|l  1-273796 
8-726388!l  1-273412 
8-728939  11-271041 
11-268683 
1 1  -26633 


9-'J99553 
9-9995^1 
9-999341 
9-999535 
9-999529 
670393  9-999324 


8-657149 


8-742259 
744536 
8-746802 
8-749053 
8-731297 
8-733328 
8  733747 
8-757933 
8-760131 
8-762337 
8-764311 
8-766673 
8-768328 
8-770970 
8-773101 
8-773223 
8-777333 
8-779434 
8-781324 
8-783603 
83673 
8-787736 


11-331296 
11-348463 
1 1  '343648 
11-342831 


8-789787b-999174 
9-999166 
9-999138 


8 -673080 
8-675731 
8-678403 
8-681043 

683663 
8-686272 
8-688863 
8-691438 
8-693998 
8-696343 

699075 
8  ■701589 


9-999318 
9-999312 
9-999506 
9-999300i8-6S1544:i  I -318456 


9-999487  8-686784 
9-999481  8-689381 


I 
9-999475|8-691 963 
9 -999469|8 -694529 
9-999463i8-G9708I 


9-999456  8-699617 
9-999430  8-702139 


8-704090J9-999443  8-704640 


8-706377 
8-709049 
8-711507 
8-713952 
8-716383 
8-718800 


Cosine 


(07140 


8-791828 
8-793859 
8-795S81 
8-797894 
8-799897 
8-801892 
8-803876 
8-805852 
8-807819 
8-809777 
8-811726 
8-813667 
8-815599 
2 

ll-313216i|8-819436 
11-310619!!8-821343 


8-659928:11-340072 
8-662689J11 -337311 
8-663433;  U -334567 
8-668160,1  l-331S40i 
8-67087o'l  1-329130 
8-673563  11-326437 
8-676239jl  1-323761 
8-678900il  1-321 100 


9-99935 

9-999350 

9-999343 

9-999336 

9-999329 

9-999322 

8-99931 

9-999308 

9-999301 

9-999294 

9-999287 

9-999279 

9-9992 

9-999263 

9-99925 

9-999250 

9-999242 

9-999233 

9-999227 

9-999220 

9-999212 

9-999203 

9-999197 


731317 
733663 


8-735996  1 1  -264004 

8-738317111-261683 

11-239374 

11-237078 

11-254793 


8-740626 
8-742922 
8-745207 
8-747479 
8-749740 
8-731989 
8-75422' 
8-75645.^ 
8-758668 
8-760872 

8-763065 
8-765246 
8-767417 
8-769578 
8-771727 
8-773866 
8-773993 
8-7^8114 


1 1-232521148 


1 1  -250260 
11-248011 
11-243773 
11-243547 
11-241332 


11-239128  42 

ll-236933jil 
1 1  -234734j40 
1 1  -232583i39 
11-230422  38! 
1 1-228273137 
1 1-226134136 

11-224005:35 
11-221886  34 


9-999189  8-786486 


9-99918; 


9-999411  8- 
9-9994048- 


11-30803718-823240 
11  305471  ii8-825130 
11 -302919:18-8270 11 
11 -300383;  8-828884 
11 -297861:18-830749 
ll-295354i!8-832607 
11 -292860;  J8 -834456 
09618111-290382  18-336297 
8-838130 

.  I  1  .no  r.  ',  iJ^tMo  . 


9-9994378- 

9-999431  8- 

9-999424  8-71 2083' 1 1  -287917 

9-999418  8-714534i  1 1 -28J466il8-839956 


16972  11-283028 
•19396  11-280604 


Sine  I  Cotan. 
87  Deg. 


Tang. 


-841' 


9-999130 
999142 
999134 
9-999126 
9-999118 
9-999110 
9-999102 
9-999094 
9-999086 
9-999077 
9  999069 
9-999061 
9-999053 
9-999044 

9-999036 

9-999027 

9-999019 

9-999010 

9-99900 

9-998993 

9-998984 

9-998976 

9-99896 

9-99895B 

9-998930 


8-780222  11-219778  33 
8-782320  11-217680  32 
'84408  11 -2 13392' 31 
11-21 33 14j30 
8-788354  11-211446  29 
8-790613  11 -209387!  28 
8-792662  11-207338  27 
8-794701  11 -205299^26 
8-796731  11-203269  25 
8-798732  11-201248:24 
8-800763  11-199237'23 
•802763  1M97233  22 
8-804738111-195242:21 
8-806742  11  •193238120 
11-191283 
11-189317 


8-808717 
8-810683 
812641 
8-814589 
8-816329 
8-818461 
8-820384 
8-822298 
8-824203 
8-826103 
8-827992 
8-829874 
8-831748 
8 -{^3361 
8-833471 
8-837321 
8-839163 
8-840998 


8-843383i9-998941 


Cosine  Sine 


11-187339 

11-185411 

11-183471 

11-181539114 

Iri7y616'l3 

11-177702J12 

[1-175795 
11-17S897 
11-172008 
11-170126 
11-168252 
11-166387 


11-164529 
11-162679 
11-16083 
11-159002 
8-842823  11-157175 
3-844644  11-153356' 


Cotan. 


Tang. 


86JDeg. 


S94. 


LOG.  SINES,  TANGFNTS,  &C. 


4  Deg. 


!  I   Sine      Cosine  l_Tang.  I  Cotang.      Sine 


1 

3 
4 
5 
6 

8 

9 

10 

il 

I'i 

13 
14 
13 
16 
17 
18 
19 
20 
'21 
>o 

'23 
'24 
'2.5 
'26 
'27 
'28 
'29 
30 
31 
32 
33 
54 

36 
37 
38 
9 
40 
41 
42 

43 
44 
45 

46 
47 
48 

49 
.50 
51 
5'2 
53 
54 
55 


0  S-8435S5  '> 

1  ft-8A-,;^«T  q 


99S94I|8-844644jll -15535(1 
8-845387  9-998932i8-S46455|lM53545 
8-847183  9-998923'8-848260i  11-1 51 740 
8-848971  !9-998yi4'8'850057!l  1-149943 
8-850751  iy-998905'8-85 184611 1-148154 
8-85'25'23i9-998896|8-853628!  1 1  - 146372 
8-S54'291 19-998887(8-855403  1 1- 144597 


8-856049  9-998878  8-S571 71 


S-85780]  19-998869 
8-859546  9-998860 
8-S6I283|9-99S851 
8-86301 4'9-998841 
864738j9-998832 
8-S66455I9-998823 


8-858932 
860686 
8-86'2433 
8-864173 
8-865906 
S -867632 


8-868 165'9-99S8 13  8-869351 
8-869868,'9-998804 
1565  9-99S795 
8-8732.55  9-998785 
8-874938  9'998776 
8-876615  9-998766 
8-878285 '9-998757 
8-879949|9-998747 
8-881607  9-998738 
8-883258  9-998728 
8-884903  9-998718 


8-886542 
8-888174 

889801 
8-89 1421 
8-893035 

894643 
8-896246 
8-897842 
8-899432 
8-901017 
8-902596 
8-904169 


9-998708 
9-998699 
9-998689 
9-998679 
9-998669 
9-998659 


8-871064 

8-872770 

8-874469 

876162 

8-877849 
8-879529 

•881 '202 
8-882869 
8-884530 
8-886185 
8-887833 
8-889476 
8-89] 
8-892742 
8-89436tl 

895984 


8-905736 
8-907297 
8-908853 
8-910404 
8-911949 
8-91.-488 
8-9150'22 
8-916550 
8-918073 
8-919591 
8-921103 
8-922610 
8-9'24112 
8.925609 
8-927100 
S-9'28587 
8-930068 
8-931544 

8-933015 
56  8-934481 
8-935942 
•937398 


9-998649  8-897596 
9-998639j8-899203 
9-998629I8-900803 
9-998619  8-902398 
8-903987 
8-905570 

8-90'7147 
8-908719 
8-91028: 
8-911846 
8-913401 
8-914951 

8-916495 
918034 

8-919568 
921096 

8-922619 

8-924136 

8-925649 
8.9'27I56 


9'9'^JB3()6 
8-938850!9-993355 
8-940296  9-998344 


9-998609 
9-998599 
9-998589 
9-r.9857y 
9-99S56d 
9'90S55^ 
9-99S.54S 
9-998537 

9-998527 
9-99?>5\6 
9-998506 
9-995495 
9-998485 
9-993474 

.)-99S464 
9-99U53 

9-99844'2|8-928658 
9-99843118-9301.55 
9-99842118-931647 
9-998410,8-933134 
9-998399|8-9346l6 
9-998388'8-936093 
9-998377'8-937565 
8-939032 
8-940494 
8-941952 


11-142829 
11-141068 
11-139314 
11-137567 
11-1.35S27 
11-134094 
11-132368 
11-130649 
11-1289.36 
11-1 '272.30 
11-125531 
Il-r23838 
11-122151 
11-1 '20471 
11-118798 
11-117131 
11-115470 
11-113815 
11-112167 
n -110524 
li'108888 
11-107258 
11-105634 
11-104016 
11-102404 
11-100797 
11-099197 
1 1  -097602 
11-096013 
11-094430 
1 1  -092853 
11-091281 
11-089715 
11-088154 
11-086599 
11-085049 

11-083505 


5  Deg. 


8-940296 

8-941738 

8-943174 

8-944606 

|8- 946034 

8-947456 

8-948874 

8-950287 

8-951696 

8-9.53100 

8-954499 

8-9.55894 

957284 

8-958670 

8-960052 

8-961429 

8-962801 

8-964170 

965534 

8-966893 

8-968'249 

8-969600 

8-970947 

8-972289 

8-973628 

8-9749G2 

8-976293 

8-977619 

8-978941 

8-980'259 

8-981573 

■982883 

|S-984189 

lS-985491 

|8-986789 

18-988083 

18-989374 

8-990660 

18-991943 

|8-993222 

8-99449 

'8-995768 

8-997035 

i8-998299 


Co.sine  |  Tang. 


11-058048 
11-056596 


9-998344:8-941952 
9-998333  8-943404 
9-998322  8-94485'i'l  1-055148 
9-9983 1 1  8-946295 il  I  -053705 
9-998300  8-947734|l  1-052266 
9-998289  8-9491 68il  1-0.50832 


9-998277  8-950597 
9-998266  8-9.52021 
9-998255^8-953441 
9-998243|8-954856 
9-99823'2  8-956267 
9-998'220  8-957674 


11-081966  8-999560 
11  •080432!  9-000816 
11-078904 


11-077381 
11-075864 
1-074351 
11-072844 
11-071342 
11-069845 
11-06S.353 
11-066866 
11-065384 
11-063907 
1 1  -062435 
11-060968 
11-059506 
11-058048 


Cosine     Sine     Cotan. '   Tang. 
85  Deg. 


9-002069 

9-00331 

9-004563 

9-005805 

9-007044 

9-008278 

9-009510 

9-010737 

9-011962 

9-013182 

9-014400 

9-015613 

9-016824 

9-018031 

9-019235 


9*998209 

9-998197 
9-998186 
9-998174 
9-998163 
!)-998151 
9-998139 
9-998128 
9-998116 
9-998104 
9-998092 
9-998080 
9-998068 
9-998056 
9-998044 
9-998032 
9-998020 
9-998008 
9-997996 

9-997984 
9-997S^72 
9-997959 
9-997947 
9-997935 
9-997922 
9-997910 
9-997397 
9-997885 
9-997872 
9-997360 
9-997847 

9-9978.35 
9-997825 
9-997809 
9-997797 
9-997784 
9-997771 
9-997758 
9-997745 
9-997732 
9-997719 


8-959075 

8-9604 

•961866 

•963255 

•964639 

8-966019 

8-967394 

968766 

8.970133 

8-971496 

8-972855 

974209 

8-975560 

976906 

8-978248 

8-979586 

8-980921 

8-982251 

8-983577 

8-984899 

8-986217 

8-987532 

8*988842 

8-990149 

8-99145 

8-992750 

8-994045 

8-99.5.'337 

•996624 

997908 

8-999188 

9-000465 

9-001738 

9-003007 

9-004272 

9-005534 

9-006792 

9-008047 

9-009298 

9-010546 

9-011790 


9-997706  9-01.3031 
9-997693 


9-097680 
9-997667 
9-997654 
9-997641 
9-997628 
9-997614 


Cosine 


Sine 


9-014268 
9-015502 
9-016732 
9-017959 
9-019183 
9-020403 
9-021620 


Cotan. 


11-049403 

n -047979 
11-046559 
11-045144 
11-043733 
11-042326 
11-040925 
11-039527 
11-038134 
11-036745 
11-035361 
11-033981 
11-032606 
11-031234 
11-029867 
11-028504 
11-027145 
11-025791 
ll-0'24440 
11-023094 
11-021752 
n-0'20414 
11-019079 
11-017749 
11-016423 

11-015101 
11-013783 
11 -01 '2468 
11-011158 
11-009851 
11-008549 
ll-007'250 
11-005955 
1 1  -004663 
11-003376 
11-002092 
11-000812 

10-999505 
10-998262 
10-996993 
10-995728 
10-994466 
10-993'208 
10-991953 
10-990702 
10-989454 
10-988210 
10-986969 
10-985732 
10-984498 
10-983268 
10-98'2041 
10-980817 
10-979597 
10-978380 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36 

35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 
11 
10 

9 

8 

7 


Tang. 


84  Deg. 


LOG. 

SINES,  TANGENTS,  &C. 

395 

6  Deg.          j 

7  Deg.          1 

' 

Sine 

Cosine 

9-997614 

lang. 

Cotang. 

Sine 
9-085894 

Cosine 

9-996751 

Tang. 

9-089144 

Cotang. 

I_ 

0 

9-019235 

9-021620 

10-978380 

10-9l085(j 

:60 

1  {9-020435 

9-r'9760] 

9-022834 

10-977166 

9-086922 

9-996735 

9-090187 

10-909813|59 

2i9-0'2163'2 

9-997588 

9-024044 

10-975956 

9-087947 

9-99672019-091228 

10-908772  58 

3 

9-022825 

9-997574 

9-025251 

10-974749 

9-088970 

9-996704  9-092266 

10-907734  57 

4 

9-024016 

9-997561 

9-026455 

10-973545 

9-089990 

9-996688  9-093302 

10-906698  56 

5 

9-025203 

9-997547 

9-027655 

10-972345 

9-091 008 

9-996673:9-094336 

10-905664  55 

6 

9-026386 

9-997534 

9-028852 

10-971148 

9-092024 

9 -99665719 -095367 

10-904633  54 

7 

9-027567 

9-997520 

9-030046 

10-969954 

9-093037 

9-99664119-096395 

10.903605  53 

8 

9-023744 

9-997507 

9-031237 

10-968763 

9:094047 

9-996625  9-097422 

10-902578  52 

9 

9-029918 

9-997493 

9-032425 

10-967575 

9-095056 

9-996610  9-098446 

10-901 554151 

10 

9-031089 

9-997480 

9-035609 

10-96G391 

9-096062 

9-996594  9-099468 

10-900532 

50 

11 

9-032257 

9-997466 

9-034791 

10-965209 

9-097065 

9-996578  9-100487 

10-899513 

49 

12 

9-033421 

9-997452 

9-035969 

10-964031 

9-098066 

9-996562  9- 101 504 

10-898496 

48 

13 

9-034582 

9-997439 

9-037144 

10-962856 

9-099065 

9-996546  9-1  •'25 19 

10-897481 

47 

U 

9-035741 

9-997425 

9  0383 16 

10-961684 

9-100062 

9-996530  9-103532 

10-396468 

46 

i5 

9-036896 

9-997411 

9-039485 

10-960515 

9-101056 

9-996514 

9-104542 

10-895458 

45 

16 

9-038048  9997397 

9-040651 

10-959349 

9-102048 

9-996498 

9-105550 

10-894450 

44 

17 

9-039197 

9-997383 

9-041813 

iO-958187 

9-103037 

9-996482 

9-106556 

10-893444 

43 

18 

9-040342 

9-997369 

9-042973 

10-957027 

9-104025 

9-996i65 

9-107559 

10-892441 

42 

19 

9-041485 

9-997355 

9-044130 

10-955870 

9-105010 

9-996449 

9-108560 

10-891440 

41 

20 

9-042625 

9-997341 

9-045284 

10-954716 

9-105992 

9-996433 

9-109559 

10-890441 

40 

21 

9-043762 

9-997327 

9-046434 

10-953566 

9-106975 

9-996417 

9-110556 

10-889444 

39 

22 

9-044895 

9-997313 

9-047582 

10-952418 

9-107951 

9-996400 

9-111551 

10-888449 

38 

23 

9-046026 

9-997299 

9-048727 

10-951273 

9-108927 

9-996384 

9-112543 

10-887457 

37 

24 

9-047154 

9-997285 

9-049369 

10-950131 

9-109901 

9-996368 

9-113533 

!0-886467 

36 

25 

9-043277 

9-997271 

9-051008 

10-948992 

9-110873 

9-996351 

9-114521 

10-885479 

35 

26 

9-049400 

9-997257 

9-U52144 

10-947856 

9-111842 

9-996335 

9-115507 

10-884493 

54 

27 

9-050519 

9-997242 

9-053277 

10-946723 

9-112809 

9-996318 

9-116491 

10-883509 

33 

28 

9-051635 

9-997228 

9-0544O7 

10-945593 

9-113774 

9-996302 

9-117472 

10-882528 

32 

29 

9-052749 

9-997214 

9-055535 

10-944465 

9-114737 

9-996285 

9-118452 

10-881548 

31 

30 

9-053859 

9-997199 

9-056659 

10-943341 

9-115698 

9-996269 

9-119429 

10-880571 

30 

31 

9-054966 

9-997185 

9-057781 

10-942219 

9-116656 

9-996252 

9-120404 

10-879596 

29 

32 

9056071 

9-997170 

9-058900 

10-941100 

9-117613 

9-996235 

9-121377 

10-878623 

28 

33 

9-057172 

9-997J56 

9-060016 

10-939984 

9-118567 

9-996219 

9-122348 

10-877652 

27 

34 

9  058271 

9-997141 

9-061130 

10-938870 

9-119519 

9-996202 

9-123317 

10-876683 

26 

35 

9-059367 

9-997127 

9-062240 

10-957760 

9-120469 

9-996185 

9-124284 

10-875716 

25 

36 

9-060460 

9-997112 

9-063348 

10-936652 

9-121417 

9-996168 

9-125249 

10-874751 

24 

37 

9-061551 

9-997098 

9-064453 

10-935547 

9-122362 

9-996151 

9-126211 

10-873789 

23 

38 

9-062639 

9-997083 

9-065556 

10-934444 

9-123306 

9-996134 

9-127172 

10-872828 

22 

39  9-063724 

9-997068 

9-066655 

10-933345 

9-124248 

9-996117 

9-128130 

10-871870 

21 

40  9-064806 

9-997053 

9-067752 

10-932248 

9-125I87|9-996100 

9-129087 

10-870913 

2(3 

41  9-065885 

9-997039 

9-068846 

10-931154 

9-126125 

9-996083 

9-130041 

10-8C9959 

19 

42  9-066962 

9-997024 

9-069938 

10-930062 

9-127060 

9-996066 

9-130994 

1O-S690G6 

18 

43 

9-068036 

9-997009 

9-071027 

10-928973 

9-127993 

9-9960A^ 

9-131944 

I0-868O56 

17 

44 

9-069107 

9-996994 

9-072113 

10-927887 

9-128925 

9-996032 

9-132893 

10-867107 

16 

45 

9-070176 

9-996919 

9-073197 

10 -926803 

9-129854 

9-996015 

9-135839 

10-866161 

15 

46!9-071242 

9-99696i 

9-074278|  10-925722 

9-130781 

9-995998 

9-134784 

10-865216 

14 

4719-072306 

9-996949 

9-075356|  10-924644 

9-131706 

9-995980 

9- 135726 

10-864274 

13 

48 

9-0^3366 

9-996934 

9-076432  10-925568 

9  13'2630 

9-995963 

9-136667 

1 0-863333 

12 

49 

9-074424 

9-996919 

9-077505IIO-922495 

9-133551 

9-9959Uy 

9-137605 

10-862395 

11 

50 

9-O75480 

9-996904 

9-078576110-921424 

9-134470 

9-995928 

9-138542 

I0-86I45S 

10 

51 

9-076533 

9  996889 

9-079644  10-920356 

9-135387 

9-995911 

9-139476 

10-860524 

9 

52 

9-077583 

9-996874 

9-O8071O 

10-919290 

9-136303 

9-995894 

9-140409 

10-859591 

8 

53 

9-078631 

9-996858 

9-081773 

10-918227 

9-137216 

9-995876 

9-141340 

10  858660 

7 

54 

9-079676 

9-996843 

9-082833  10-917167 

9-138128 

9-995859 

9-142269 

10.85773] 

6 

55 

9-080719 

9-996828 

9-083891  10-916109 

9-139037 

9-995841 

9-143196 

10-856804 

5 

56 

9-081759 

9-996812 

9-084947,10-915053 

9-139944 

9-995823 

9-144121 

10-855879 

4 

57 

9-082797 

9-996797 

9 -086000 

10-9 14000 

9-14085(5 

9-995806 

9  145044 

10-854956 

3 

58 

9-083832 

9-996782 

9-087050 

10-912950 

9-141754 

9-995788 

9-145966 

iO-854034 

o 

59 

9-084864 

9-996766 

9-088098 

10-911902 

9-142655 

9-995771 

9-146885 

10-8531 15 

1 

60 

9-085894 

9-99675  1 

9-089144 
Cotan. 

10-910856 

Tang. 

9-143555 
Cosine 

9-995753 
"Sme" 

9-147805 
Cotan. 

10-852197 

0 

Cosine 

Sine 

Tang. 

83. Deg. 

82  Deg.          ^ 

no6 


LOG.  SINES,  TANGENTS,  Scc. 


8Deg. 


bine     Cosine 


9-14335.5  9-995'753 
9-l44433  9-99;)733 
9-145349  9-993717 
9-146'243'9-993699 
9-147136  9-995681 
9-148<y26'9-993664 
9-US915;9*995646 


Tang.    Cotang. 


9-147803  10-85'219 
9-J48718  10-S31'28'2 
9-149632  10-830368 


Sine   I  Cosine 


9-149802 
9-130686 
9-151369 
9-152431 
9-153330 
9-134208 


10 
11 

12 

1519-133083 
14  9-155937 


9-156S30 
9-137700 
9-138369 
9-139435 
9-160301 
9-161164 
9-162025 
9-16288. 
9-163743 


9-164600  9-995316 
9-165454!9-995297 


13 
16 
17 
18 

16 

20 

21 

22 

2 

24 

25 

26J9-16C307 

279-167159 

289-168008 

29  9-168856 

30  9-169702 
319-170547 
32'9-l  71389 
33  9-172230 

9-173070 

9-173908 

9-174744 

9-17557 

9-176411 

9-177242 

9-178072 

9-178900 

9-179726 

9-180551 
9-181374 
9-18219( 
9-183016 
9-183834 
9-184651 
9-185466 
50|9-186280 
51  9-137092 


9-995628 
9-995610 
9-995591 
9-995573 
9-995555 
9-995537 

9-995519 
9-995501 
9-995482 
9-995464 
9-995446 
9-995427 
9-995409 


9-150544 
9-151454 
9-152363 
,9-153269 
9-154174 


?Deg^ 
Tang. 


9-155077 
9-155978 
9-156877 
9-157775 
9-158671 

9-159565 
9-160457 
9-161347 
9-162236 
9-163123 
9-164008 
9-164892 
9-995390'9-l  65774 


9-993372 
9-995353 
9-995334 


9-174499  10-825501 
9-175362  10-824638 


52 


9-187903 
9-188712 
9-189519 
9-190325 
5619-191130 
57i9-191933 
58,9-192734 

59  9-193534 

60  9-194332 


'I 

Cos' 


9-995278 
9-995260 
9-995241 
9-995222 
9-995203 
9-995184 
9-995163 
9-995146 
9-995127 
9-995108 
9-995089 
9.995070 
9-995051 
9-995032 
9-995013 
9-994993 
9-994974 

9-994955 
9-994935 
9-994916 
9-994896 
9-994877 
9-994S57 
9-994838 
9-994818 
9-994798 
9-994779 
9-994759 
9-994739 
9-994720 
9-994700 
9-994680 
9-994660 
9-994640 
9-994620 


9-166634 
9-167332 
9-168409 
9-169284 

9-170137 
9-171029 
9-171899 
9-172767 
9-173634 


10-849436] 
10-848346 
10-847637 
10-846731 

10-845826 
10-844923 
10-844022 
10-843123 
10-842225 
10-841329 

10-840433 
10-839343 
10-838653 
10-837764 
10-836877 
10-833992 
10-835108 
10-834226 
10-833346 
10-832468 
10-831591 
10-830716 
10-829843 
10-828971 
10-828101 
10-827233 
10-826366 


9-19433219-994620 
9-19512919-994600 
9-195925,9-994580 
9-196719  9-994360 
9-19751 1;9-994340 
9-198302,9-994319 
9-199091  9-994499 

9-199879,9-994479 
9-200666:9-994439 
9-201431 ''9-99443S 
9-202234'9-99441H 
9-20301 7:9-994398 
9-203797  9-994377 
'9-204577  9-99433 


9-199713 
9-200529 
9-201343 
^202 139 
9-202971 
9-203782 
9*204592 


Cotang. 


10-800287 
10-799471 
10-798655 
10-797841 
10-797029 
10-796218 
10-795408 


9-205400  10-794400 
9-206207  10-793793 
9-207013110-792987 
9-2078I7|l0-792183 


9-205354,9-99433( 
9-2061 31 ''9-9943 16 
9-206906|9-994293 
9-207679  9-994274 
,9-208452|9-994254 
19.20922219-994233 
j9-209992'9-994212 
9-2l0760'9-994191 
19-21 1526'9-9941 71 
i9-21229l|9-99413(» 
(9-213055J9-994129 
[9-21 381 8j9-994 108 
9-214579  9-99408 


9-176224 
9-177084 
9-177942 
9-178799 
9-179653 
9-180508 
9-181360 
9-182211 
9-183059 
9-183907 
9-184752 

9-18559 


19-215338 
9-216097 
9-216854 
9-217609 
9-218363 


10-823776 

10-822916 

10*822058 

10-821201 

10-820345 

10-819492 

10-818640 

10-31 778ir' 

10-816941 i 

10  816093i 

10-815248 

10-814403 

9-186459  10-813561 

9-187280  10-8127291 

9-188120  10-811880 

9-188958  10-811042 


9-994066 
9-994045 
9-994024 
9-994003 
9-993982 


9-208619 
9-209420 
9-210220 
9-211018 
9-211815 
9-212611 
9-213405 
9-214198 
9-214989 
9-215780 
9-216568 
9-217356 
9-218142 
9-218926 

9-219710 
9-220492 
9-221272 
9-222052 
9-222830 
9-22360 


10-791381 

10-790580 

10-789780 

10-788982 

10-788185 

10-787389 

10-786595 

10-785802 

10-785011 

10-784220 

10-78345 

10-782644 

10-781838 

10-7810 

10-780290 

10-779508 

10-778728 

10-777948 

10-777170 

10-77639 


9-224382  10-773618 


ine 


Sine 


9-2191 16]9-993960 
9-2I9868i9-993939 
9-22061819-993918 
9-221367,9-993897 
9-222115  9-993875 

9-222861 '9-993834 
9-22360619-993832 
9-224349  9-993811 
9-223092  9-993789 
9 -223833|9 -993768 
9-226373'9-99374(: 
9-2273 11 19-993725 


9-189794 

9-190629 

9-191462 

9-192294 

193124 

1 93953 

194780 

195606 
196430 
197253 
198074 
198894 
199713 


Cotan. 


223136 

225929 

9-226700 

9-227471 
9-228239 

9-229007 
9-229773 
9-230539 
9-231302 
9-232065 
9-232826 


10-810206 
10-809371' 
10-8085381 
10-8077C6' 
10-806876 
10-806047 
10-805220 

10-804394 
10-803570 
10-802747 
10-801926 
10-801106 
10-80028 


9-228048 
9-228784 
9-229518 
9-230232 
9-230984 

9-231715 
9-232444 


Tang. 


81  Deg. 


10-774844 
10-774071 
10-773300 
10-772329 
10-771761 
10-770993 
10-770227 
10-769461 
10-768698 
10-767935 
10-767174 


9-993703 
9-993681 
9-993660 
9-993638 
9-993616 
9-993594 
9-993572 


•233172  9  •99353( 


9-33389^: 
9-234625 
9-235349 


9-993528 
9-993506 
9-993484 


9-233586110-766414 
9-234345|l  0-765655 
9-235103  10-764897 
9-235859  J 0-764141 
9-236614  10-763386 
9-237368!  10-762632 
9-238 120j  10-761 880 
9-238872' 10-761 128 
9-2396221 10-760378 
9-240371  10-759629 


9-236073  9-993462 
9-23679519-993440 
9-237515  9-99341 
9-238235  9-993396 
9-2389.53  9-993374 
9-23967019-993351 

Cosine 


Sine 


9-241  lis 
9-241865 
9-242610 
9-243354 
9-244097 
9-244839 
9-245579 
9-246319 


Cotan. 


10-758882 
10-758135 
10-757390 
10-756646 
10-753903 
10-755161 
10-754421 
10-753681 


Tang. 


80  Deg. 


LOG.  SINES,  TANGENTS,  Scc^ 


897 


i        «I>eg.           1 

9  Deg.          1 

~o 

Sine 
9'mI3555 

Cosine 

r^ng. 

Cotang. 

Sine 

9-194332 

Cosine  Tang. 

9-994620  9-199713 

C  r;Hrig. 

60 

9-995753  9-147803 

10-852197 

10-bOU2b7 

1 

9-144453  9-995735I9-148718 

10-851282 

9-195129 

9-994600  9-200529  10-799471 

59 

2 

9-145349  9-995717  9-149632 

10-850368 

9-195925 

9-994580  9-20134510-798655 

58 

3 

9-146243  9-995699  9-150544 

10-849456 

9-196719 

9-994560  9-202159  10-797841 

57 

4 

9-147136,9-995681  9-151454 

10-848546 

9-197511 

9-994540 

9-202971.10-797029 

56 

5 

9-148026  9-995664  9-152363 

10-847637 

9-198302 

9-994519 

9-203782' 10-796218 

55 

6  9-148913J9-995646j9-lj3269 

10-846731 

9-199091 

9-994499 

9-204592,10-795408 

54 

7  9-I49S0219-995628  9-154174 

10-845826 

9-199879 

9  994479 

9-205400' 10-794400 

53 

8,9-150686  9-995610!9'155077 

10-844923 

9-200666 

9-994459 

9-206207' 10-793793 

52 

99-151569 

9-995591  9-155978 

10-844022 

9-201451 

9-994438 

9-207013  10-792987 

51 

109-152451 

9-995573 

9-156877 

10-843123 

9-202234 

9-994418 

9-207817  10-792183 

50 

1119-153330 

9-995555 

9-157775 

10-842225 

9-203017 

9-994398 

9-208619  10-791381 

49 

12;9-1542G8 

9-995531 

9-158671 

10-841329 

9-203797 

9-9S4377 

9-209420  10-790580 

48 

13  9-155083 

9-995519 

9-159565 

10-840435 

9-204577 

9-994357 

9-21022o!lO-789780 

47 

14  9-155957 

9-995501 

9-160457 

10-839543 

9-205354 

9-994336 

9-211018|10-788982 

46 

15j9-156830 

9-995482 

9-161347 

10-838653 

9-206131 

9-994316 

9-211815  10-788185 

45 

16 

9-157700 

9-995464 

9-162236 

10-837764 

9-206906 

9-994295 

9-212611  10-787339 

44 

17 

9-158569 

9-995446 

9-163123 

10-83687': 

9-207679 

9-994274 

9-213405  10-786595 

43 

18 

9-159435 

9-995427 

9-164008 

10-835992 

9-208452 

9-994254 

9-214198  10-785802 

42 

199-160301 

9-995409 

9-164892 

10-835108 

9-209222 

9-994233 

9-214989 

10-785011 

41 

20  9-161164 

9-995390 

9-165774 

10-834226 

9-209992 

9-994212 

9-215780 

10-784220 

40 

21  9-162025 

9-995372 

9-166654 

10-833346 

9-210760 

9-994191 

9-216568 

10-783432 

39 

22 

9-162885 

9-995555 

9-167532 

10-832468 

9-211526 

9-994171 

9-2173561 10-782644'38| 

23 

9-163743 

9-995334 

9-168409 

10-831591 

9-212291 

9'994150 

9-218142 

10-781858137 

24 

9-164600 

9-995316 

9-169284 

10-830716 

9-213055 

9-l-;94129 

9-218926 

10-781074  36 

25 

9-165454 

9-995297 

9-170157 

10-829843 

9-215818 

9-994108 

9-219710 

10-780290  35 

26 

9-166307 

9-995278 

9-171029 

10-828971 

9-214579 

9-994087 

9-220492 

10-779508|34 

27 

9-167159 

V) -995260 

9-171899 

10-828101 

9-215338 

9-994066 

9-221272 

10-778728  33 

28 

9-168008 

9-995241 

9-172767 

10-827233 

9-216097 

9-994045 

9-222052 

10-777948132 

29 

9-168856 

9-995222 

9-173634 

10-826366 

9-216854  9-994024 

9-222830 

10-777I70|31 

30  9-169702 

9-995203 

9-174499 

10-825501 

9-217609  9-994003 

9-223607  10-776393 

30 

319-170547 

9-995184 

9-175362 

10-824638 

9-218363  9-993982 

9-224382  10-775618 

29 

32  9-171389 

9-995165 

9-176224 

10-823776 

9-219116 

9-993960 

9-225156|l0-774844 

28 

33|9- 172230 

9-995146 

9-177084 

10-822916 

9-219868 

9-993939 

9-225929 

10-774071 

27 

34|9-173070 

9-995127 

9-177942 

10-822058 

9-220618 

9-993918 

9-226700 

10-773300 

26 

35)9-173908 

9-995108 

9-178799 

10-821201 

9-221367 

9-993897 

9-227471 

10-772529 

25 

36|9- 174744 

9-995089 

9-179655 

10-820345 

9-222115 

9  993875 

9-228239 

10-771761 

24 

37,9-175578 

9-995070 

9-180508 

10-819492 

9-222861 

9-993854 

9-229007 

10-770993 

23 

38;9-l76411 

9-995051 

9-181360 

10-818640 

9-223606 

9-993832 

9-229773 

10-770227  22 

39 

9-177242 

9-995032 

9-182211 

10-817789 

9-224349 

9-993811 

9-230539 

10-769461  21 

40 

9-178072 

9-995013 

9-183059 

10-816941 

9-225092 

9-993789 

9-231302 

10-7^8698  20 

41 

9-178900 

9-994993 

9-183907 

10-816093 

9-225833 

9-993768 

9-232065 

10-767935 

19 

42 

9-179726 

9-994974 

9-184752 

10-815248 

9-226573 

9-993746 

9-232826 

10-767174 

18 

43 

9-180551 

9-994955 

9-185,37 

10-814403 

9-227311 

9-993725 

9-233586 

10-766414 

17 

44 

9-181374 

9-994935 

9-18&439 

10-813561 

9-228048 

9-993703 

9-234345 

10-765655 

16 

45 

9-182196 

9-994916 

9-187280 

10-812720 

9-228784 

9-993681 

9-235103 

10-764897 

1^ 

46 

9-183016!i'-994896 

9-188120 

10-811880 

9-229518 

9-993660 

9-235859 

10-764141 

14 

47 

9-183834 

9-994877 

9-188958 

10-811042 

9-230252 

9-993638 

9-236614 

10-763386 

13 

48 

9-184651 

9-994857 

9-189794 

10-810206 

9-230984 

9-993616 

9-237S68J10-762632 

12 

49 

9-185466 

9-994838 

9-190629 

10-809371 

9-231715 

9-99559A 

9-238120  10-761880 

11 

50 

9-186280 

9-99481 8!9- 191462 

10-808538 

9-232444 

9-993572 

9-238872|10-761128 

10 

51 

9-187092 

9-994798|9- 192294 

10-807706 

9-233172 

9-993550 

9-239622  10-760378 

9 

52 

9-187903,'9-994779  9-193124 

10-806876 

9-233899 

9-993528 

9-240371  10-7596S9 

8 

53 

9-18871219-994759  9-193953 

10-806047 

9-234625 

9-993506 

9-241118  10-758882 

r- 

54 

9-189519  9-994739  9-194780 

10-805220 

9-235349 

9-993484 

9'24ia65110-758135 

6 

55 

9-190325  9-994720 

9-195606 

10-804394 

'9-236073 

9-993A6^ 

9'942610|l0-757390 

5 

56 

9-191130  9-994700 

9-196430 

10-803570 

,9-236795 

9-993440 

9-243354;i  0-756646 

4 

57 

9-191933;9-994680 

9-197253 

10-802747 

9-237515 

9-993418 

9-244097.  lC-755903 

5 

58 

9-192734'9-994660 

9-198074 

10-801926 

9'238235 

9-993396 

9-244839  10-755161 

2 

59 

9-193534,9-994640 

9-198894 

10-801106 

'9-238953 

9  •99331 A 

9-245579,10-754421 

1 

60 

9-194332 
Cosine 

9-994620 

9-199713 
Cotan. 

10-800287 

9-239670 
Cosine 

9-993351 
Sine 

9-246319  10-753681 

0 
T 

Sine 

Tartg. 

Cotan.  1  Tang. 

^  .    .  81  Deg. 

80  Deg.          ] 

2E 


^^8 

LOG. 

SINES,  TANGENTS,  &C, 

10  De^, 

llDeir.          j 

' 

Sine 

Cosine 

1  ang. 

9-246319 

Cotang. 

Sine 

9-280599 

Cosine 

iang. 

Cotang. 

60 

~o 

9-239670 

9-993351 

10-753681 

9-991947 

9-288652 

10-71 134t. 

1 

9-240386 

9-993329 

9-247057 

10-752943 

9-2S1248 

9-991922 

9-289326 

10-710674 

5i; 

'2 

9-241101 

9-993307 

9-247794 

10-752206 

9-281897 

9-991897 

9-289999 

10-71000] 

58 

3 

9-241814 

9-993284 

9-248530 

10-751470 

9-282544 

9-991873 

9-290671 

10-709329 

57 

4 

9-242526 

9-993262 

9-249264 

10-750736 

9-283190 

9-991848 

9-291342 

I0-70865fc 

56 

5 

9-243237 

9-993240 

9-249998 

10-750002 

9-283836 

9-991823 

9-292013 

10-707987 

55 

G 

9-243947 

9-993217 

9-250730 

10-749270 

9-284480 

9-991799 

9  292682 

10-707318 

54 

7 

9-244656 

9-993195 

9-251461 

10-748539 

9-285124 

9-991774 

9-293350 

10-70665( 

53 

8 

9-245363 

9-993172 

9-252191 

10-747809 

9-285766 

9-991749 

9-294017 

10-705983 

52 

9 

9-246069 

9-993149 

9-252920 

10-747080 

9-286408 

9-991724 

9-294684 

10-705316 

51 

10 

9-246775 

9-993127 

9-253648 

10-746352 

9-287048 

9-991699 

9-295349 

10-704651 

50 

11 

9-247478 

9-993104 

9-254374 

10-745626 

9-287688 

9-991674 

9-296013 

10-703987 

49 

12 

9-248181 

9-993081 

9-255100 

10-744900 

9-288326 

9-991649 

9-296677 

10-703323 

48 

13 

9-248883 

9-993059 

9-255824 

10-744176 

9-288964 

9-991624 

9-297339 

10-702661 

47 

14 

9-249583 

9-993036 

9-256547 

10-743453 

9-289600 

9-991599 

9-298001 

10-701999 

46 

15 

9-250282 

9-993013 

9-257269 

10-742731 

9-290236 

9-991574 

9-298662 

10-701338 

45 

16 

9-250980 

9-992990 

9-257990 

10-742010 

9-290870 

9-991549 

9-299322 

10-700678 

44 

17 

9-251677 

9-992967 

9-258710  10-741290 

9-291504 

9-991524 

9-299980 

10-700020 

43 

18 

9-252373 

9-992944 

9-259429  10-740571 

9-292137 

9-991498 

9-300638 

10-^99362 

i2 

19 

9-253067 

9-992921 

9-260146  10-739854 

9-292768 

9-991473 

9-301295 

10-698705 

41 

20 

9-253761 

9-992398 

9-260863  10-739137 

9-293399 

9-991448 

9-301951 

10-698049 

40 

2l9-2544.')3 

9-992875 

9 -26 1 578i  10-738422 

9-294029 

9-991422 

9-302607 

10-697393 

39 

22  9-255U4;9-9928.y2 

9-262292  10-737708 

9-294658 

9-991397 

9-303261 

10-696739 

38 

23'9-25.5834 

9-992829 

9-263005  10-736995 

9-295286 

9-991372 

9-303914 

10-696086 

37 

24j9-2.56323 

9-992806 

9-263717jl0-736283 

9-295913 

9-991346 

9-304567 

10-695433 

36- 

'>5,9'257211 

9-992783 

9-264428:10-735572 

9-296539 

9-991321 

9-305218 

10-694782 

35 

26i9-25789a 

9-992759 

9-265138il0-734862 

9-297164 

9-991295 

9-305869 

10-694131 

34 

27 19 -258583 

9-992736 

9-265847^1 0-7341 53 

9-297788 

9-991270 

9-306519 

10-693481 

33 

28  9-259268 

9-992713 

9-266555:10-733445 

9-298412 

9-991244 

9-307168 

10-692832 

32 

29:9-259951 

9-992690 

9-267261  i  10-732739 

9-299034 

9-991218 

9-307816 

10-692184 

31 

30  9-260633 

9-992666 

9-267967,10-732033 

9-299655 

9-991193 

9-308463 

10-691537 

30 

319-261314 

9-992643 

9-268671,10-731329 

9-300276 

9-991167 

9-309109 

10-690891 

29 

32|9-261994 

9-992619 

9-269375,10-730625 

9-300895 

9-991141 

9-309754 

10-690246 

28 

339-262673 

9-99<2596 

9-270077,10-729923 

9-301514 

9-991115 

9-310399 

10-689601 

27 

34  9-263351 

9-992572 

9-270779  10-729221 

19-302132 

9-991090 

9-311042 

10-688958 

26 

359-264027 

9-992549 

9-271479110-728521 

j9 -302748 

9-991064 

9-311685 

10-688315 

25 

369-264703 

9-992525 

9-272178  10-727822 

[9-303364 

9-991038 

9-312327 

10-687673 

24 

37  9-265377 

9-992501 

9-272876  10-727124 

|9 -303979 

9-991012 

9-312968 

10-687032 

23 

38 

9-266051 

9-992478 

9-273573  10-726427 

,9-304593 

9-990986 

9-313608 

10-686392 

22 

39 

9-266723 

9-992454 

9-274269  10-725731 

19-305207 

9-990960 

9-314247 

10-685753 

21 

40 

9-267395  9-992430 

9-274964 

10-725036 

9-305819 

9-990934 

9-314885 

10-685115 

20 

41 

9-268065  9-992406 

9-275658 

10-724342 

|9 -306430 

9-990908 

9-3155^23 

10-684477 

19 

42 

9-268734 

9-992382 

9-276351 

10-723649 

{9-307041 

9-990882 

9-316159 

10-683841 

18 

43 

9-269402 

9-992359 

9-277043 

10-722957 

19-507650 

9-990855 

9-316795 

10-683205 

17 

44 

9-270069 

9-992335 

9-277734 

10-722266 

'9-308259 

9-990829 

9-317430 

10-682570 

16 

45 

9-270735 

9-99231 1 

9-278424 

10-721576 

:9 -308867 

9-990803 

9-318064 

10-681936 

15 

46 

9-271400 

9-992287  9-279113 

10-720887 

9-309474 

9-990777 

9-318697 

10-681303 

14 

47 

9-272064 

9-992263  9-279801 

10-720199 

'9-310080 

9-990750 

9-319330 

10-680670 

13 

48 

9-272726 

9-992-239 

9-280488 

10-719512 

9-310685 

9-990724 

9-319961 

10-680039 

12 

49 

9-273388 

9-992214 

9-281174 

10-718826 

9-311289 

9-99069'^ 

9-320592 

10-679408 

11 

50 

9-274049 

9-992190 

9-281858 

10-718142 

9-311893 

9-990671 

9-321222 

10-678778 

10 

51 

9-274708 

9-992166 

9-282542 

10-717458 

9-312495 

9-990645 

9-321851 

10-678149 

9 

52 

9-275367 

9-992142 

9-283225 

10-716775 

9-313097 

9-990618 

9-322479 

10-677521 

8 

53 

9-276025 

9-992118  9-283907 

10-716093 

9-313698 

9-99059  J 

9-323106 

10-676894 

7 

54 

9-276681 

9-992093 

9-284588 

10-715412 

9-314297 

9-990565 

9-323733 

10-676267 

6 

55 

9-277337 

9-992069 

9-285268 

10-714732 

9-314897 

9-990538 

9-324358 

10-675642 

5 

56 

9-277991 

9-992044 

9-285947 

10-714053 

9-315495 

9-990511 

9-324983 

10-675017 

4 

57 

9-278645 

9-992020 

9-2866Q4 

10-713376 

9-316092 

9-990485 

9-325607 

10-674393 

3 

58 

9-279297 

9-991996 

9-287301 

10-712699 

9-316689 

9-990458 

9-326231 

10-673769 

2 

599-279948 

9-991971 

9-287977 

10-712023 

9-317284 

9-990431 

9-326853 

10-673147 

1 

'"rO  9-280599 
J  Cosine 

9-991947 
Sine 

9-288652 

10-711348 

9-317879 

9-990404 
Sine 

9-327475 
Cotan. 

10-672525 

0 

Cotan. 

Tan^. 

Cosine 

Tane-. 

f 

.79iJeg.         1 

7a  Deg.          1 

LOG.  SINES,  TANGENTS,  ScC, 


.190 


T515; 


9 

10 

n 

12 

13 

u 

15 
16 
17 

18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 
31 
32 
33 


Sine 

y  •377879 
•)-31847:. 
9-319066 
9-31965fc 
9-320249 
9-32084(. 
9-32 1 43r. 

9-322019 
9-322607 
9-323194 
9-323780 
9-324366 
9-324950 

9-325534 
9-326117 
9-326700 
9-327281 
9-327862 
9-328442 
9-329021 
9-329599 
9-330176 
9-330753 
•33I3Q9 
9-331903 

9-332478 
9-333051 
9-333624 
9-33i\95 
9-334767 
9-335337 
9-335906 
9-336475 
-„  9-337043 
34  9-337610 


12  De^ 


Cosine 


^^•990404 

9*990378 

9-990351 

9-990324 

9-99029 

9-990270 

9-990243 

9-990215 

9-990188 

;) -9901 61 

9-990134 

9-990107 

9-990079 

9-990052 

9-990025 

9-989997 

9-989970 

9-989942 

9-989915 

9-98988 

9-989860 

9-989832 

9-989804  9-340948 


9-338176 
9-338742 
9'3393Q'; 
38*9-339871 
39I9-34O434 
40'9-340996 


9-98977 

9-989749 

9-989721 

9-989693 

9'9S9665 

9-989637 

9-989610 

9-989582 

9-989553 

9-989525 

9-989497 

9-989469 

9-989441 

9-989413 

9-989385 
9-989356 
9-989328 


1  9-341558 


9-342119 
9-342679 
9-343239 
9-343797 
9-344355 
9-344912 
9-345469 
9-346024 
9-346579 
9-347134 
9-347687 
9 -34^240 
9-348792 
9-349343 
9-349893 
9-350443 
9-350992 
9-351540 
9-352088 

Cosine 


9-327475 
9-328095 
[)-3287I5 
9-329334 
9-329953 
9-330570 
9-331187 

9-331803 
9-332418 
9-333033 
9-333646 
9-334259 
9-334871 

9-335482 
9-336093 
9-336702 
9-337311 
9-337919 
9-338527 
9-339133 
339739 


Cotang. 


10-672525 
10-671905 
10-671285 
10-670666 
10-670047 
10-669430 
10-668813 

10-668197 
10-667582 
10-666967) 
10-666354! 
10-665741 
10-665129 

10-664518 
10-663907 
10-663298 
10-662689 
10-662081 
10-661473 

10-660867 

^10-660261 

9-340344  10-659656 
10-659052 
10-658448 
10-657845 
10-657243 
10-656642 


9-345157 
9-345755 
9-346353 
9-346949 
9-347545 
9-348141 
9-348735 
9-349329 

9-349922 

9-350514 

9-35U06 

9-989300  9-351697 

9-989271  9-352287 


9-341552 
9-342155 
9-342757 

9-343358 .,,„,. 

9-343958|l0-656042 
9-344558' 10-655442 


9*989243 

9-989214 
9-989186 
9-989157 
9-989128 
9-989100 
9-989071 

9-989042 
9-989014 
9-988985 
9-988956 
9-988927 
9-988898 
9-988869 
9-988840 
9-988811 
9-988782 
9-988753 
9-988724 


Sine 
77  I3eg. 


•352876 
9-353465 
9-354053 
9-354640 
9-355227 
9-355813 
9-356398 
9-356982 
9-351566 
9-358149 
9-358731 
9-359313 
9-359893 

9-360474 
9-361053 
9-361632 
9-362210 
9-362787 
9-363364 

Cotan. 


10-654843 
10-654245 
10-653647 
10-653051 
10-652455 
10-651859 
10-651265 
10-650671 

10-650078 

10-649486 

10-648894 

10-648303 

10-647713 

10-647124 

10-646535 

10-64594 

10-645360 

10-644773 

10-644187 

10-643602 

10-643018 
10-642434 
10-641851 
10-641269 
10-640687 
10-640107 
10-639526 
10-638947 
10-638368 
10-637790 
10-637213 
10-636636 


Sine 

F352088 
9-352635 
353181 
353726 
9-354271 
9-354815 
9.355358 
9-555901 
9-356443 
9-35698-3 
9-357524 
9-358064 
9-358603 
9-359141 
9-359678 
9-360215 
9-360752 
9-361287 
9-361822 
9-362356 
9-362889 
9-363422 
9-363954 
9-364485 
9-365016 
9-3655U 


Cosine 


^ 


9-988724 
9-988695 
9-988666 
9-988636 
9:988607 
9-988578 
9-988548 
9-9^8519 
9-988489 
9-^88460 
9-988430 
9-988401 
9-988371 
9-988342 
9-988312 
9-988282 
9-988252 
9-988223 
9-988193 

9-988163 
9-988133 
9-988103 
9-988073 
9-988043 
9-988013 
9-987983 


Tang. 


9-366075  9-987953 

9-366604" 

9-367131 

9-367659 

9-368185 

9-368711 

9-369236 

9-369761 

9-370285 

9-370808 

9-371330 

9-371852 

9-372373 


9-372894 
9-373414 
9-373933 
9-374452 
9-374970 
9-375487 
9-376003 
9-376519 
9-377035 
9-377549 
9-37806 


9-987922 

9-987892 

987862 

9-987832 

9-987801 
9-987771 
987740 
9-987710 
9-987679 
9-987649 
9-987618 
9-987588 
9-987557  9-385337 


9-36336 

9-363940 

9-364515 

9-365090 

9-365664 

9-366237 

9-366810 

9-367382 

9-367953 

9-368524 

9-369094 

9-369663 

9-370232 

9-370799 
9-371367 
9-371933 
9-372499 
9-373064 
373629 
9-31  iJ  93 
9-374756 
9-375319 
9-375881 
9-376442 
9-377003 

9-3'r7563 
9-373122 
9-378681 
9-379239 
9-379797 
9-380354 
9-380910 
9-3;>,1466 
9-382020 
9-382575 
9-383129 
9-383682 
9-584234 
9-384786 


Cotang. 


9-987526 
9-987496 
9-987465 
9-987434 
9-987403 
9-987372 
9-987341 
9-987310 
9  987279 

19-987248 


9-378577  9-98721 
9-379089  9-987186 
9-379601  9-987155 
ti-3801 13  9-987124 
9-987092 
9-987061 
9-987030 
9-986998 
9-986967 
^■\:>86936 
■> -986904 

Sine 


9-385888 
9-386438 
^>-386987 

387536 
9-388084 
9-388631 
9-389178 

389724 
9-590270 
9-390815 
9391360 
9-391903 
9-392447 
9-392989 
9-393531 
9-594073 
9-394614 
9-395154 
9-395694 
9-396233 
9-396771 

Cotan. 


10-636636 
10-636060 
10-63548J 
10-63491( 
10-634336 
10-633763 
10-633190 
10-632618 
10-632047 
10-631476 
10-630906 
10-630337 
10-629768 
10-629201 
10-628633 
10-628067 
10-627501 
10-626936 
10-626371 

10-625807 
10-625244 
10-624681 
10-624119 
10-623558 
10-62299 

10-6G2437 
10-621878 
10-621319 
10-620761 
10-620203 
10-619646 
10-619090 
10-618534 
10-617980 
10-617425 
10-616871 
10-616318 
10-615766 
10-615214 
10-614663 
10-614112 
10-613562 
10-613013 

10-612464 

10-611916 

10-611369 

10-610822 

10-610276 

10-609730 

10-609185 

10-60S640 

10-60809 

10-607553 

10-607011 

10-606469 

10-605927 

10-605386 

10-604846 

10-604306 

10-603767 

10-603229 


2E2 


mSlE: 


60 
59 
56 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36^ 

35 

34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 
11 
10 

9 

8 

6 
5 
4 
3 

2 

1 
0 


Tting. 


4oa 

LOO.  %INES,  TAKGENTS,  &C-^ 

l¥Tfe^. 

i                      15Deg.                       , 

1 

^ 

9^3675 

"Cosuie 
9-986904 

iang. 
9 -396771 

Cotang. 

Sine 

9-412996 

Cosine 

9-984944 

Tang. 

9-428052 

^otang. 

60 

10-603229 

10-571948 

1 

9-384182 

9-986873 

9-397309 

10-602691 

9-413467 

9-984910 

9-428558 

10-571442 

59 

2 

9-38468'7 

9-986S4] 

9-397846 

10-602154 

;9 -4 13938 

9-984876 

9'4?9a62 

10-570958 

58 

3 

9-385192 

9-986809 

9-598583 

10-601617 

9-414408 

9-984842 

9-429566 

10-570434 

57 

4 

9-385G97 

9-986778 

9-598919 

10-601081 

9-414878 

9-984808 

9-430070 

10-569930 

b^ 

5 

9-386201 

9-986746 

9-399455 

10-600545 

9-415547 

9-984774 

9-430575 

10-569427 

55 

6 

9-386704 

9-986714 

9-399990 

10-600010 

9-415815 

9-984740 

9-431075 

10-568925 

54 

7 

9-387907 

9-986683 

9-400524 

10-599476 

9-416285 

9-984706 

9-431577 

10-568423 

53 

8 

9-587709 

9-986651 

9-401058 

10-598942 

9-416751 

9-984672 

9-432079 

10-567921 

52 

9 

9-3882]  0 

9-986619 

9-401591 

10-598409 

9-417217 

9-984658 

9-432580 

10-567420 

51 

10I9388711 

9-986587 

9-402124 

10-597876 

9-417684 

9-984603 

9-433080 

10-566920 

50 

119-389211 

^'%'6^b5b 

9-402656 

10-597344 

9-418150 

9-984569 

9-453580 

10-566420 

49 

12i9-38971] 

9-986523 

9-403187 

10-596815 

9-418615 

9-984535 

9-434080 

10-565920 

48 

IS 

9-390210 

9-986491 

9-403718 

10-596282 

9-419079 

9-984500 

9-434579 

10  565421 

47 

14 

9-390708 

9-986459 

9-404249 

10-595751 

9-419544 

9-984466 

9-435078 

10-5649?2 

46 

15 

9-391206 

9-986427 

9-404778 

10-595222 

9-420007 

9-984432 

9-435576 

10-564424  451 

J6j9-391703 

9-986395 

9-405308 

10-594692 

9-420470 

9-984397 

9-436073 

10-563927|44| 

179-592199 

':V'^%&2>%':}> 

9-405836 

10-594164 

9-420933 

9-984363 

9-436570 

10-563430 

43 

189-392695 

9-986331 

9-406364 

10-595656 

9-421395 

9-984328 

9-437067 

10-562935 

42 

19'9-393]91 

9-986299 

9-406892 

10-593108 

9-421857 

9-984294 

9-437563 

10-562457  41 1 

2G 

9-393685 

9-986266 

9-407419 

10-592581 

9-422318 

9-984259 

9-438059 

10-56194140 

21 

9-394179 

9-986234 

9-407945 

10-592055 

9-422778 

9-984224 

9-438554 

10-5614461391 

229-394673 

9-986202 

9-408471 

10-591529 

9-423238 

9-984190 

9-439048 

10-560952 

38 

23  9-395166 

9-986169 

9-408996 

10-591004 

9-423697 

9-984155 

9-439543 

10-560457 

37 

24 

9-395658 

9-986137 

9-409521 

10-590479 

9-424156 

9-984120 

9-440036 

10-559964 

"ie 

25 

9-396150 

9-986104 

9-410045 

10-589955 

9-42461 5|9-984085 

9-440529 

10-559471 

Q>b 

26:9-39664] 

9-986072 

9-410569 

10-589431 

9-425073{9-984050 

9-441022 

10-558978 

34 

27|9'397132 

9-986039 

9-411092 

10-588908 

9-42553o!9-98-i015 

9-441514 

10-558486133 

28J9-397621 

9-986007 

9-411615 

10-588385 

9-425987 

9-983981 

9-442006 

10 -557994132 

29 

9-398111 

9-985974 

9-412137 

10-587863 

9-426443 

9-983946  9-442497 

10-557503:31 

30 

9-398600 

9-9S5942 

9-412658 

10-587342 

9-426899 

9-98391  lj9-442988 

10-557012130 

31 

9-399088 

9-985909 

9-413179 

10-586821 

9-427354 

9-983875|9-443479 

10-556521|29 

32 

9-399575 

9-985876 

9-413699 

10-586301 

9-427809 

9-983840i9-445968 

10-55603228 

33i9-400062 

9-985843 

9-414219 

10-585781 

9-428263 

9-983805:9-444458 

10-555542127 

349-400549 

9985811 

9-414738 

10-585262 

9-428717 

9-985770i9-444947 

10-555053  26 

35;9-401035 

9-§85778 

9-415257 

10-584743 

9-429170 

9-985755;9-445435 

10-554565  25 

56.9-401520 

9-985745 

9-415775 

10-584225 

9-429623 

9-983700|9-445923 

10-554077  24 

37  9-402005 

9-985712 

9-416293 

10-583707 

9-430075 

9-983664  9-446411 

10-553589  25 

38I9-402489 

9-985679 

9-416810 

10-583190 

9-450527 

9 -983629J9 -446898 

10-553102  22 

39'9-402972 

9-985646 

9-417326 

10-582674 

9-430978 

9-983594  9-447384 
9-983558i9-447870 

10-552616  21 

40'9 -403455 

9-985613 

9-417842 

10-582158 

9-431429 

10-552130  20 

41 ',9-403938 

9-985580 

9-418358 

10-581642 

9-431879 

9-983523 

9-448356 

10-551644  19 

42.9-404420 

9-985547 

9-418873 

10-581127 

9-432329 

9-983487 

9-448841 

10-551159 

18 

43  9-404901 

9-985514 

9-419387 

10-580613 

9-432778 

9-983452 

9-449326 

10-550674 

17 

44;9 -405382 

9-985480 

9-419901 

10-580099 

9-433226 

9-983416 

9-449810 

10-550190 

16 

45;9-40586e 

9-985447 

9-420415 

10-579585 

9-433675 

9-983381 

9-450294 

10-549706 

15 

46;9-406341 

9-985414 

9-420927 

10-579073 

9-434122 

9-983345 

9-450777 

10-549223 

14 

47)9 -406820 

9-985381 

9-421440 

10-5785rH) 

9-434569 

9-983309 

9-451260 

10-548740 

13 

489-407299 

9-985347 

9-421952 

10-578048 

9-435016 

9-983273 

9-451743 

10-548257 

12 

499-407777 

9-985314 

9-422463 

10-577537 

9-435462 

9-983238 

9-452225 

10-547775 

11 

50  9-408254 

9-98528019-422974 

10-577026 

9-435908 

9-983202 

9-452706 

10-547294 

10 

51  9-408731 

9-985247  9-423484 

10-576516 

9-456353 

9-983166 

9-455187 

10-546813 

9 

52  ^-409207 

9-985213  9-423993 

10-576007 

9-436798 

9-983130 

9-455668 

10-546332 

8 

5319-409682 

9-9851 80j9-424503 

10-575497 

9-437242 

9-983094 

9-454148 

10-545852 

7 

549-4)0157 

9-985146 

9-425011 

10-574989 

9-437686 

9-985058 

9-454628 

10-545372 

6 

559-410632 

9-985113 

9-425519 

10-574481 

9-438129 

9-983022 

9-455107 

10-544893 

5 

5619-411106 

9-935079 

9-426027 

10-573973 

9-438572 

^■':^^'l^^ti 

9-455586 

10-544414 

4 

57 

9-411579 

9-985045 

9-426534 

10-573469 

9-439014 

9-982950 

9-456064 

10-543956 

3 

58 

9-412052 

9-985011 

9-427041 

10-572959 

9-439456 

9-982914 

9-456542 

10-543458 

2 

h'i' 

9-41252-'; 

9-984978 

9-427547 

10-572453 

9-439897 

9-982878 

9-457019 

10-542981 

1 

60 

9-412996 
Cosine 

9-984944 

9-428052 

10-571948 

9-440358 
Cosine 

9-982842 
Sine 

9-457496 
Cotan. 

10-542504 

0 
/ 

Sine 

Cotan. 

Tung. 

Tang. 

75  De^. 

74  Deg.                       1 

0 


Sine 


8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 

19 
20 
21 
2? 
23 
24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

^G 

4 

48 

49 
50 
51 
52 
53 
54 
6b 
56 
57 
58 
59 
60 


9-440338 
9-440778 
9-441218 
441658 
9-4420^6 
9-442535 
9-442975 

9-443410 
443847 
9-444284 
9-444720 
9-445155 
9-445590 
9-446025 
9  •446459 
446893 
9-447326 
9-447759 
9-448191 
9-448623 
9-449054 
9-449485 
9-449915 
9-450345 
9-450775 
9-451204 
9-451632 
9-452060 
9-452488 
452915 
9-453342 
9-453768 
9-454194 
9-454619 
9-455044 
9--^55^69 
455893 
9-i563l6 
9-456739 
9-457162 
457584 
9-458006 
9-458427 
9-458848 
9-459268 
9-459688 
460108 
9-460527 
460946 
9-461364 
9-461782 
462199 
9-462616 
9-463032 
9-463448 
9-463864 
9-464279 
9-464694 
9-465108 
9-465522 
■465935 


16  Peg, 


LOG.  SINES,  TANGENTS,  &€. 


401 


Cosine 


Cosine 


9-982842 
9-982805 
9-98276; 
y -982733 
9-93269f 
9-982660 
9-982624 
9-982587 
9-982551 
9-982514 
9-982477 
9-982441 
9-982404 

9-982367 

9-982331 

9-982294 

9-98225 

9-982220 

9-982183 

9-982146 
9-982109 
9-982072 
982035 
9-981998 
9-981961 

9-981924 

9-981886 

9-9SI849 

9-981812 

9-981774 

9-981737 

9-98 17O0 

9-981662 

981626 

9-981587 

9-981549 

9-981512 

981474 

981436 

9-981399 

9-981361 

981323 

981285 

98124 

981209 

9-981171 

981133 

981095 

9-98105 

9-981019 
9-980981 
9-980942 
9-980904 
980866 
9-980827 
9-980789 
9-980750 
9-980712 
9-980673 
9-980635 
9-980596 


9-45749f 
9-457973 
9-458449 
^•'i5892. 


45940r- 
9-459875 
9-46034!H 
9-46082 
9-461297 
461770 
9-462242 
462715 
9-463186 
9-463658 
9-464128 
464599 
9-465069 
9-465539 
9-466008 
9-466477 
466945 
467413 
9-467880 
9-468347 
9-468814 
9-469280 
9-469746 
9-470211 
9-470676 
9-471141 
471605 
472069 
9-472532 
472995 
9-473457 
9-473919 
9-474381 
9-474842 
9-475303 
9-475763 
9-476223 
476683 
'7142 
9-477601 
9-478059 
478517 
478975 
9-479432 
479889 

9-480345 
480801 
9 -.48 1257 
9-481712 
9-482167 
9-482621 

9-483075 
483529 
483932 


Cotang;. 


Q-AiT' 


10-542504 
10-542027 
10-541551 
10-541075 
10-540600 
10-540125 
10-539651 

10-539177 
10-538703 
0-538230 
10-537758 
10-537285 
10-536814 
10-536342 
10-535872 
0-535401 
10-534931 
10-534461 
10-533992 
0-533523 
10-533055 
10-532587 
10-532120 
10-531653 
10-531186 
10-530720 
10-530254 
10-529789 
10-529324 
10-528859 
10-528395 
10-527931 
10-527468 
10-527005 
10-526543 
10-526081 
10-525619 
10-525158 
10-524697 
10-524237 
10-523777 
10-523317 
10-522858 
10-522399 
10-521941 
10-521483 
10-521025 
10-520568 
10-520111 

10-519655 
10-519199 
10-518743 
10-518288 
10-517833 
10-517379 

10-516925 
10-516471 
10-516018 


me 


9-48488-; 
9-485339 

Cotan. 


I  Sine 

9^65935 
9-46634S 
9-466761 

:9 -467 176 

9-467585 

9-467996 

,9-46840 

,9-46881 

;9-469227 

19-46963'; 

|9-47004(" 

9-470455 

9-470863 

9-471271 

9-471679 

9-472086 

472492 

472898 

473304 

9-473710 

9-474115 

9-474519 

9-474923 

•47532 
9-475730 

9-4^6133 
9-476536 
9-476938 
9-477340 
9-477741 
9-478142 
9-478542 
9-478942 
9-479342 
9-479741 
9-480140 
9-480539 
9-480937 


17  Peg, 


Cosine  I  Tang. 


9-980596  9-485339 
9-980558  9-485791 
9-980519  9-486242 
980480  9-486693 
9-980442|9-487143 
9-980403 


9-980364 

960325 

98028< 

98024^ 
9-980208 
9-980169 

980130 
9-980091 
9-980052 
9-980012 
9-979973 

979934 

979895 
9-9't9S55 
9-979816 
9-979776  9-494743 


9-487593 
9-488043 
9-488492 
9-488941 
9-489390 
9-489S38 
9-490286 
9-490733 

9-491180 

9-491627 

9-4920 

9-492519 

9-492965 

9-495410 

9-493854 

9-494299 


Cotang, 


9-9' 


979737 
9-979697 

•979658 
9-979618 
9-979579 

979539 

9-979499 

'9459 

979420 
9-979380 

979340 
9-979300 
9-979260 

979220 
9-979180 
9-979140 


■484435  4^0-515565 
10-515113 

10^514661 


Tane:. 


Ue^'. 


•481334  9-979100 
9-979059 
9-979019 
9-9789 
9-978939 
9-978898 
9-978858 
978817 


9-481731 
9-482128 
9-482525 
9-482921 
9-483316 
9-483712 
9-484107 
9-484501 
9-484895 
9 


485289 
9-485682 
9-486075 
9-486467 
9-486860 
9-487251 
9-487643 
9-488034 
9-488424 
9-488S14 
9-489204 
9-489593 
9^489982 

Cosine  I  Sine 


10-514661J60 
10-514209I5& 
10-513758158 
10-513307'57 
10 -5 12857  56 
10 -5 12407 '55 
10-511 957  j54 
10-51 1508  53 
10-51 105952 
10-51061051 
10-510162'5(> 
10-509714'49 
10-509267  48 
10-50882047 
l0-508373'46 
10-507927'45 
10-507481^44 
10 -507035 '43 
10 -506590^42 


9-978' 

9-978737 

9-978696 

9-978655 

9-97861 

9-978574 

9-978533 

9-978493 

9-978452 

9-978411 

9-978370 

9-978329 

9-978288 

9-978247 

9-978206 


495186 
9-i95630 
9-496073 

9-496515 
9-':t9695^ 
9-497399 

497841 
9-498282 
9-498722 
9-499163 

49960 
9*500042 
9-500481 
9-500920 
9-501359 
9-501797 
9-502235 
9-502672 
9-503109 
9-503546 
9-503982 
9-504418 
9-504854 
9-505289 
9-505724 
9-506159 
9-506593 
9-507027 
9-507460 
9-507893 
9-508326 
9-508759 
9-509191 

509622 
9-510054 
9-51048 
9-510916 
9-511346 
9-511776 


10-506I46;41 
10-505701 '40 
10-505257:39 
10-504S14'38 
10-504370|37 
10-503927  36 

10-503485135 
10-503043134 
10 -502601133 
10-502159  32 
10-50171831 
10-501278  30 
10-5O0837i29 


Cotan. 


10-500397 
10-499958 
10-499519 
10-499080 
10-498641 
10-498203 
10-497765 
10-497328 
10-496891 
0-496454 
10-496018 
10-495582 
10-495146 
10-494711 
10-494276 
10-493841 
10-493407 
10-492973 
10-492540 
10-49210 
10-491674 
10-491241 
10-490809 

10-490378 
10-489946 
10-489515 
10-489084 
10-488654 
10-488224 


Tanp-. 


72  Pe^. 


402 


LOG.  SINES,  TANGENTS,  ScC. 


19  Peg. 


18  Peg. 


Sine 

948S98S 

9-490.371 

9-490759 

9-491 14-; 

9-49133.5 

9-491922 

9-492308 

9-499693 

9-493081 

9-493466 

9-493831 

9-494236 

9-494621 

9-495003 

9-493338 

9-49377': 

9-496154 

9-496337 

9-496919 

9-497301 

9-497682 

9-493064 

9-498444 

9-498823 

9-499204 

9-499584 

9-49996 

9-300342 

9-500721 


Cosine 


9-978206 
9-978165 
9-978124 
9-978083 
9-978042 
978001 
9-977959 


Tang. 

9-511776 
9-512206 
9-512655 
9-513064 
9-513493 
9-513921 
9 '5 14349 


9-977918 

9-514777 

9-977877 

9-515204 

9-97783519-515631 

9-977794 

9-516057 

9-977752 

9-516484 

9-977711 

9-516910 

9-977669 

9-517335 

9-977628 

9-517761 

9-977586 

9-518186 

9-977544 

9-518610 

5-977503  9-519034 
9-97746  lj9-3 19458 
9-9774I919-519882 
377i9 -520305 


Cofang. 


Sine  I  Cosine 


10-4882241 
10-487794 
10-487365 
10-486936 
10-486507 
10-486079 
10-485651 

10-485223 
10-484796 
10-484369 
10-483943 
10-483516 
10-483090 

10-482665 
10*482239 
10-481814 
10-481390 
10-4«0966 
10-480542 
10-48011S 
10-479693 


9-977335|9-52072a  10-479272 


9-977293 
9-977251 
9-977209 
9-977167 


9-521 151!  10-478849 


9-521575 
9-521995 
9-522417 


10-478427 
10-478005 
10-477583 


9-977125  9-522838  10-477162 


9-977083  9-323239 

9-9770419-523680 

2OJ9-501099J9-97699PJ9-5241O0 

30i9'501476|9-976957  9-524520 

524940 


9-976830 
9-97678 


9-976745  9  526615 
976702  9-527033 


9-976489 
9-976446 


31  9-50185419-976914 

3219-502231 '9-976872 

33|9'502607 

34  9-502984 

35;9-503360 

369-503735 

37  9-^04110 

389-504485 

39'9-504860 

40|9-505234 

4i;9-50560S 

429-505981 

439-506354 
44  9-506727 
45'9-307099 
469-507471 
47  9-507843 
48.9-508214 
49'9-508583 
30  9-508956 
51 '9 -509326 

52  9-509696 

53  9-510065 

54  9-510434 
55'9-5 10803 
36  9-511172 
57  9-5n54( 
59  9-51190- 

59  9-512273 

60  9-512642 


9-525360 
9-525778 
9-526197 


Q. 


9-976660  9-527451 
9-97661 7  9-527868 
9-976574  9-528285 
9-976532  9-528702 


Cosine 


976404 
976361 
976318 
9-976275 
9-976252 
9-976189 
9-976146 
9-976103 
9-976060 
9-97601 
9-97597 
9-975930 
9-97588 
9-975844 
9-975800 
9-97375- 
9-975714 
9-975670 

Sine 


9-529119 

9'52995\ 

9-530366 

530781 

9-551196 

551611 

532025 

532439 

9-532853 

9-553266 

9-535679 

9-534092 

9-534304 

9-554916 

9-535328 

9-535739 

•,5!56]30 

9-536561 

9-536972 

Cotan. 


10-476741 

10-476320 

10-475900 

10-475480 

10-475060 

10-474641 

10-474222 

10-473803 

10-473385 

10-472967 

10-472549 

10-472132 

10-471715 

10-471298 

10-470881 

10-470465 

10-470049 

10-469634 

10-469219, 

10-4688041 

10-468389' 

10-467975j 

10-467561: 

10-467147 

10-466734 

10-466521 

10-465908 

1 0-465496 

10-465084 

10-464672 

10-464261 

10-465850 

10-463439 

10-463028 


9-536972 
9-537382 
9-537792 
9-538202 
9-338611 
9-539020 
9-539429 
9-539837 
9-540245 
9-540653 
9-541061 
9-541468 
9-541875 
9-542281 
9-542688 
9-543094 
9-5434P9 
9-543905 
9-544310 

9-544715 
9-545119 
9-545524 
9-545928 
9  546331 
9-546735 
9-547138 
9-547540 
9-547945 
9-548345 
9-52313819-974391  i9-548747 
9-523495  9-97454719-549149 
9-525852i9-974502l9-549550 
9-97425719-549951 


512642 
19-513009 
9-513375 
9-513741 
9-514107 
9-514479 
9-514837 
•9-515202 
9-5)  5566 
9-515930 
9-516294 
9-516657 
9-517020 
19-517382 
9-517745 
9-518107 
9-518468 
9-518829 
9-519190 

9-519551 
9519911 
9-520271 
9-52065] 
9-520990 
9-521349 

9-521707 
9-522066 


9-975670 
9-975627 
9-975583 
9-975539 
9-975496 
9-975452 
9-975408 

9-975365 
9-975.321 
9-975277 
9-975233 
9-975189 
9-975145 
9-975101 
9-975057 
9-975013 
9-974969 
9-974925 
9-974880 

9-974836 

9-974792 

9-974748 

9-97470f: 

9-974659 

9-974614 

9-9745 

9-974525 


9-522424|9-974481 
9  522781  9-974436 


71  Deg. 


Tang. 


9-524208 
9-524564 
9-524920 
9  525275 
9-525630 

? -525984 
9-526539 


9-974212 

9-974167 

9-974122 

9-974077 

9-974032 

9-973987 

9 -52669319-97594219-552750 

9-527046  9-973897  9-553149 

9-527400;9-973852  9-553548 

9-533946 


9-550352 
9-350752 
9-551153 
9-551552 

9-551952 
9-552351 


Cotang. 


9-527755  9-973S07 
9-528105  9-973761 


9-528458  9-97371 6|9-554741 
9-528810  9-975671  9-555139 
9  -529 1 6 1  j  9  -973625 19  '555536 
9-529513;9-9755«0 
9-529864,9-973555 

'n.ni- 


9-556329 

9-530215:9-973489  9-556725 
9-53056519-973444  9-557121 
9-530915'9-973598  9-557517 
9-5512659-975552  9-557913 
9-5316l4'9-973507^-558508 
9-551963:9-973261  9-558703 
9 -5323 1 2;9-9732 1 5  9 -559097 
9-53266119-975169  9-559491 
9-535009,9-973l24!9-559883 
9-533557'9-973078l9-560279 
9-553704J9-973052J9 -560673 
9-534052  9-972986i9-56 1066 


10-463028 
10-4626  lb 
10-462208 
10-451798 
10-461389 
10-460980 
10-460571 
10  460165 
10-459755 
10-459347 
10-458939 
10-458532 
10-458125 
10-457719 
10-457312 
10-456906 
10-456501 
10-456095 
10-455690 

10-455285 
10-454881 
10-454476 
10-454072 
10-453669 
10-453265 
10-452862 
10-452460 
10-452057 
10-451655 
10-451253 
10-450851 
10-450430 
10-450049 
10-449648 
10-449248 
10-448847 
10-448448 

10-448048 
10-447649 
10-447250 
10-446851 
10-446452 
10-446054 
10-445656 
10-445259 
10-444861 
10-444464 
9-555933110-444067 
10-443671 


9-554344 


Cosine  I  Sine  I  Cotan. 
70  Deg. 


10-443275 
10-442879 
10-442483 
10-442087 
10-441692 
10-441297 
10-440903 
10-440509 
10-440115 
10-439721 
10-439527 
10-438934 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
30 
9 
48 

47 
46 
45 
44 
43 
i2 
41 
40 
39 
38 
37 
36 

35 

34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 
10 
9 
8 
7 
6 


Tang. 


;,0G.  SINES,  TANGENTS,  &C. 


40S 


20  Deg. 

i          21  De<r. 

t 

T 

Sine 

9-53405'. 

Cosine 

9'^7298t 

Tang. 
9-56r06( 

Cotang. 

Sine 
9-55432S 

Cosine  Tang. 

5  9-970152  9-58417' 

Cotang. 

)  10-438934 

1   10-41582.  iO 

1 

9-534391 

9-972y4( 

9-56145S 

^10-438541 

9-55465J 

>  9-970103  9-58455. 

)  10-41.544.'.  59 

2 

9-53474i 

9-97289H 

9-561851 

10-438149 

9-55498' 

"  9-970055  9-584932  10-41506^  58 

3 

9-53509'. 

9-97284i 

9-56224^ 

10-43775(3 

9-55531^ 

9-970006  9-585309  IO-41469i  'r, 

4 

9-53543? 

9-97280'. 

9'5Gib3i 

10-437364 

9-55564: 

9-96995' 

r  9-5856861 10 -41431456 

5 

9-53578r 

9-97275.' 

9-56302S 

10-436972 

9-55591\ 

9-96990i: 

9-5S606^, 

10-413938  55 

6 

9-53612& 

9-97270S 

9-56341 1, 

10-436581 

9-55629S 

9-96986t 

)  9-58643t 

10-41356154 

7 

9-536474 

9-97266C 

9-563811 

10-436189 

9-55662C 

9-969811 

9-5868I.S 

10-413185  53 

8 

9-5368U 

9 -97261- 

9-564202 

10-435798 

9-55695C 

9-96976'. 

9-5871 9C 

10-41281L52 

9 

9'531\62 

9-97257C 

9-564593 

10-435407 

9-55728C 

9-9691 1  Ji 

9-5S756C 

10-412434  51 

10 

9-537507 

9-972524 

9-564983 

10-435017 

9-557606 

9-969665 

9-587941 

10-412059  50 

11 

9-537851 

9-972478 

9-505313 

10-434627 

9-557932 

9-969616 

9-58831fc 

10-411684  49 

12 

9-538194 

9-972431 

9-565163 

10-434237 

9-558258 

9-969561 

9-5SS691 

10-411309  48 

13 

9-538538 

9-972385 

9-566153 

10-433847 

9-558583 

9-969518 

9-589066 

10-410934  47 

U 

9-538880 

9-972338 

9-56654^2 

10-433458 

9-558909 

9-969469 

9-589440 

10-410560  46 

15 

9-539223 

9-972291 

9-566932 

10-433068 

9-559234 

9-969420 

9-589814 

10-410186  45 

16 

9-53S565 

9-972245 

9-567320 

10-432680 

9-559558 

9-969370 

9-590188 

10-409812  44 

17 

9-b3990'; 

9-972198 

9-567709 

10-432291 

9-559883 

9-969321 

9-590562 

10-409438  43 

18 

9-540249 

9-972151 

9-568098 

10-431902 

9-560207 

9^969272 

9-590935 

10-409065  42 

19 

9-540590 

9-972105 

9-563486 

10-431514 

9-560531 

9-969223 

iP -591308110-4086921411 

20 

9-540931 

9-972058 

9-568873 

10-431127 

9-560855 

9-969173;9-59I681 

10  408319  40 

21 

9-541272 

9-972011 

9-569261 

10-430739 

9-561178 

9-969124  9-592054 

10-407946  39 

22 

9-541613 

9-971964 

9-569648 

10-430352 

9-561501 

9-969075  9-592426 

10-407574  38 

23 

9-541953 

9-971917 

9-570035 

10-429965 

9-561824 

9-96902519-592799 

10-407201  37 

24 

9-542293 

9-971870 

9-570422 

10-429578 

9-562146 

9-968976  9-593171 

10-406829  36 

25 

9-542632 

9-971823  9-570809 

10-429191 

9-562468 

9-968926  9-593542 

10-406458  35 

■26 

9-542971 

9-971776  9-571195 

10-428805 

9-562790 

9-968877:9-593914 

10-406086  34 

27 

9-543310 

9-971729  9-571581 

10-428419 

9-563112 

9-968827 

9-594285 

10-405715  33 

28 

9-543649 

9-971682  9-571967 

10-428033 

9-563433 

9-968777 

9-594656 

10-405344  32 

29 

9-543987 

9-971635 

9-572352 

10-427648 

9-563155 

9-968728 

9-595027 

10-404973  31 

30 

9-544325 

9-971588 

9-572738 

10-427262 

9-564075 

9-968678 

9-595398 

10-404602  30 

31 

9-544663 

9-971540 

9-573123 

10-426877 

9-56i396 

9-968628 

9-595768 

10-404232  29 

'32 

9-545000 

9-971493 

9-573507 

10-426493 

9-564716  9-968578 

9-596138 

10-403862  28 

33 

9-545338 

9-971446 

9-573892 

10-426108 

9-565036;9 -968528 

9-596508 

10-403492  27 

34 

9-545674 

9-971398 

9-574276 

10-425724 

9-565356|9-968479 

9-596878 

10-403122  26 

35 

9-546011 

9-971351 

9-574660 

10-425340 

9-565676J9-968429 

9-597247 

10-402753  25 

36 

9-546347 

9-971303 

9-575044 

10-4249561 

9-565995]9-96S319 

9-597616 

10-402384  24 

37 

9-546683 

9-971256 

9-575427 

10-424573! 

9-566314  9-968329 

9-597985 

10-402015  23 

38 

9-547019 

9-971208 

9-575810 

10-4241901 

9-566632 

9-968278 

9-598354 

10-401646  22 

39 

9-547354 

9-971161 

9-576193 

10-423807 

9-56695\ 

9-968228 

9-598722 

10-401278  21 

40 

9-547689 

9-971113 

9-576576 

10-423424 

9-567269 

9-968178 

9'599V,9l 

10-400909  20 

41 

9-548024 

9-971066 

9-576959 

10-423041 

9-567587 

9-968128 

9-599459 

10-400541  19 

42 

9-548359 

9-971018  9-577341 

10-422659 

9-567904 

9-968078 

9-599827 

10-400173  18 

43 

9-548695 

9-970970  9-577723 

10-422277I 

9-568222 

9-968027 

9-600194 

10-399806  17 

44 

9-549027 

9-970922  9-578104 

10-421896 

9-568539 

9-967977 

9-600562 

10-399438  16 

45 

9-549360 

9-970874 

9-578486 

10-421514( 

9-568856 

9-967927 

9-600929 

10-399071  15 

46 

9-549693 

9-970827 

9-578867 

10-4211331 

9-569172 

9-967876 

9-601296 

10-398704  14 

47 

9-550026 

9-970779 

9-57924S 

10-420752! 

9-569488 

9-967826 

9  "601 663 

10-398337  13 

48 

9-550359 

9-970731 

9-579629 

10-420371 

9-569804 

9-967775 

9-602029 

10-397971  12 

49 

9-550692 

9-970683 

9-580009 

10-419991 

9-570120 

9-967725 

9-602395 

10-397605  11 

50 

9-551024 

9-970635 

9-580389 

10-419611 

9-570435 

^-967674 

9-602761 

10-397239  10 

51 

9- 551356 

9-970586 

9-580769 

10-419231 

9-570751 

9-967624 

9-603127 

10-396873  9 

52 

9-551687 

9-970538 

9-581149 

10-418851 

9-571066 

9-967573 

9-603493 

10-396507  b 

53 

9:552018 

9-970490  9-581528 

10-418472; 

9-571380 

^-967522 

9-603858 

10-396142  7 

54 

9-552349 

9-970442  9-581907 

10-418093! 

9-571695 

9-967471 

9-604223 

10-395777  6 

55 

9-552680 

9-970394  9-582286 

10-417714! 

9-572009 

9-967421 

9-604588 

10-395412  5 

56 

9-553010 

9-970345 

9-582665 

10-417335' 

9-572323 

3-967370 

9-604953 

10-395047  4 

57 

9-553341 

9-970297 

9-583044 

10-416956; 

9-572636 

?'967319 

9-G05317 

10-394683  3 

58 

9-553670 

9-970249 

9-583422 

10-416578; 

9-572950 

5-96726S 

9-605682 

10-394318  2 

59 

>55400() 

9-970200 

9-583800 

10-416200 ! 

9-573263 

J-967217 

9-606046 

10-393954  1 

60 

9-554329 
C^^osine 

9-970152 

9-584177 

10-415823 

9-573575 

?-967166< 

9-606410 

lQ-393590  0 

Sine 

Cotan. 

Tang. 

Cosine 

Sine 

Cotan. 

Tang,  r 

"^                 69Deg.         II 

ii.H  Dee.         1 

404. 


LOG.  SINES,  TANGENTS,  &C. 


22  Deg-. 


23  Peg. 


6me 


Cosine 


cing. 


9-573.575  9-967166  9-606410 
9-373888  9-967113  9-606773  10-393"227 
9-574200  9-967064  9-607137  10-392863 
9-574312  9-967013  9-607500  10-392500 
9-574S24  9-966961  9-607863  10-39213 
9-575136  9-966910  9-608225  10-39177 
9-575447  9-966859  9-608588  10-391412 
9-57575S  9-966808  9-608950  10-39105o| 
9-576069  9-966'J5e  9-609312  10-390688| 
9-576379  9-966705  9-609674  10-390326 
9-576689  9'96665'3  9-610036  10-389964 
9-576999  9-966602  9-610397  10-389603 
9-577309  9-966550  9-610759  10-389241 
9-577618  9-966499S-611 120  10-388880 
9-577927  9-966447  9-611480  10-388520] 
9-578236  9-966595  9-61 1841  10-388159| 
9-578545  9-966344  9-612201  10-387799; 
9-578853  9-966292  9-61 2561  jlO-387439' 
9-579162  9-966240  9-61 292 1  jl0-387079| 

9-579470  9-966188  9-613281110-386719 

9-579777  9-9661 36,9-61 3641  |10-S86359 

9-580085  9-96608519-614000110-386000 

9-58039219-966033  9-614359,10-385641 

9-580699  9-965981  |9-61471SJ0-3852S2 

9-581005 

9-581312 

9-581618 

9-5^1924 

9-582229 

9-582535 

9-582840 


Cotang. 
10-393590 


9-583145 
9-583449 
9-583754 
9-584058 
9-584361 
9-584665 

9-584968 
9-585272 
9-585574 
9-58587 
9-586179 
9-586482 
9-586783 
9-587085 
9-587386 
9-587688 
9-587989 
9-588289 
49  9-588590 
509-588890 
51  9-5891^0 
5219-589489 
53|9-589789 
54|9 -590088 
55;9 -590387 
56|9-5906S6 
57  9-590984 


9-965929  9-615077  10-384923 

9  -965876|9  -6 1 5435!  1 0  -384565! 
9-965824  9 -6 15793!  10-384207] 
9-965772  9-61615l|l0-383849 
9-965720;9-616509:10-383491 
9-965668i9-61 6867  10-383133 
9-965615J9-617224  10-382776 

9-965563i9-6l7582'l0-382413 
-965511  9'6l7939jl0-382061 
9-965458|9-61 8295  10-381705 
9-965406l9-618652;10-381348 
9-965353  9-619008  10-380992 
9-965301  9-6 1 9364^  1 0-380636 
9 -965248'9 -6 197201 10 -380280 
9-965195:9-620076  10-3'r9924 
9-965 1 4319-620432;  1 0-379568 
9-965090  9-620787J10-379213 
9-965037  9-621 142|l0-378S58 
9-964984  9-621497.10-378503 

9-964931  9-62185210-378148 

9-964879  9-^:22207,10-377793 

9-964826 

9-964773 

9-964720 

9'96i666 

9-964613 

9-964560 

9-964507 

9-964454 

9-964400 


9-591282 
9-591580 
9-591878 

Cosine 


9-964347 
9-964294 
9-964240 
9-964187 
9-964133 
9-964080 


Sine 


9-627852 
9-628203 
9-628554 
9-628905 
9-629255 
9-629606 
9-629956 

9-630306 

9-630656 

9-631005 

9-631355 

9-631704 

9-632053 

9-632402 

9-632750 

9-633099 

9-633447 

9-633795 

9-634143 

9-634490 

9-6348 

9-635185 

9-635532 

9-635879 

9-636226 

9-636572 
9-636919 
9-637265 
9-637611 
9-637956 
9-638302 
9-63864 
9-601280,9-962288i9-638992 
9-601570,9-962233J9-639337 
9-601860  9-962178  9-639682 
9-602150  9-962123  9-640027 
J9-602439  9-962067  9-640371 
9-602728  9-962012  9-640716 
9-603017  9-961 957i9 -641 060 
9-603305  9-961902*9-641404 


9-598075  9-962890 
9-598368  9-962836 
9-598660,9-962781 
9-598952J9-962727 
9-599244  9-962672 
9-599536  9-962617 
9  •599827,9-962562 
9-600118  9-962508 
9-600409i9'962453 
9-600700:9-962398 
9-600990  9-962343 


9-622561,10-377439 
9-622915110-377085 
9-623269  10-376731 
9 -623623;  10-3  763 
9-623976!  10-376024 
9-624330 
9-624683 
9-625036 
9-625388 


9-625741 
9  •6^26093 
9-626445 
9-626797 
9-627149 
9-627501 


9-964026  9-627852 


Cotan. 


10-375670 
10-375317 
10-374964 
10 -3746 12 
10-374259 
10-373907 
10-373555 
10-373203 
10-372851 
10-372499 


9-603594 
9-603882 
9-604170 

9-6044 

9-604745 

9-605032 

9-605319 

9-605606 

9-605892 

9-606179 
9-606465 
9-606751 
9-607036 
9-607322 
9-607607 
9-607892 
9-608177 
9-608461 
9-608745 
9-609029 


9-961846i9-64174' 
9-96179l!9-642091 
9-961735,9-642434 
9-961680  9-642777 
9-961624  9-643120 
961569  9-643463 
9-961513  9-643806 
9-961458  9-644148 
9-961402  9-644490 

9-961346  9-644832 
9-961290  9-645174 
9-961235  9-645516 
9-961179 
9-961123 
9-961067 


,  67  Peg. 


10-372148  19-60931 3 
Tang. 


Cosine 


9-961011 
9-960955 
9-960899 
9-960843 
9-960786 
9-960730 


Sine 


9-64585 

9-646199 

9-646540 

9-646881 

9-647222 

9-647562 

9-647903 

9-648243 

9-64858: 

Cotan. 


Cotang. 

10-372148 
10-371797 
10-371446 
10-371095 
10-370745 
10-370394 
10-370044 
10-369694 
10-369344 
10-368995 
10-368645 
10-368296 
10-357947 

10-367598 

10-367250 

10-366901 

]  0-366553 

10-366205 

10-365857 

10-365510 

10-365162 

10-364815 

10-364468 

10-364121 

10-363774 

10-363428 

10-363081 

10-362735 

10-362389 

10-362044 

10-361698K30 

10-361353 

10-361008 

10-360663 

10-360318 

10-359973 

10-359629 

10-359284 

10-358940 

10-358596 

10-35825 

10-357909 

10-357566 

10-357223 

10-356880 

10-356537 

10-356194 

10-355852 

10-355510 

10-355168 
10-354826 
10-354484 
10-354143 
10-353801 
10-353460 

10-353119 
10-352778 
10-352438 
10-352097 
10-351757 
10-351417 


60 
59 
58 
57 
56 
55 
54 
5^: 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
3- 
36 

35 
34 
33 
32 
31 


Tang. 


g6  Peg. 


24  Peg. 


tOO»  SINES,  TANGENTS,  BcC. 


40j 


'  I  vSine 

1  {9-609397 
2i9'60988() 
3  9-610164 


'20 
21 
oq 
23 
■24 
25 
26 
27 
28 
20 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
4 

44 
45 
46 
47 
48 
49 
50 
5] 
52 
53 
54 


9-610447 
610729 
611012 

611294 

9-611576 

611858 

612140 

612421 

612702 

9-612983 

9-613264 

9-615545 


Cosine  I  Tang. 


613825 
9-614105 
9-614385 

9-61 A665 
9-614944 
9-615223 
9-615502 
9-615781 
9-616060 

9-61633S 
9-616616 
9-616894 
9-617172 
9-617450 
9-617727 

9-618004 
9-618281 
9-618558 
9-618834 
9-619110 
9-619386 

9-619938 
9-620213 
9-620488 
9-620763 
9-621038 
9-621313 
9-621587 
9-621861 
9-622135 
9-622409 
9-622682 

9-622956 
9-623229 
9-623502 
9-623774 
9-624047 
9-624319 

55  9-624591 

56  9-624863 

57  9-625135 
53  9-625406 
599-625677 
60|9-625948 

Cosine 


9 -96073019 -648583 
9-960674  9-648923 
9-960618  9-649263 
9-960361  9-649602 
9  960505  " 


Colang. 


10-35141 
10-351077 
1 0-35073 
10-350398 


^25  Deg. 


Tang. 

9-668673 
9-669002 


9-960448 
9-960392 

960335 
9-960279 
9-960222 
9  ■960165 
9-960109 
9-960052 

9-959995 
9-959938 
9-959882 
959825 
9-959768 
9-959711 

9-959654 

9-959596 

9-959539 

959482 


9-651297 
9-651636 
9-651974 


9  •6499421 1 0-350058 
9-650281  10-34«97I9 
9-650620  10-349380 

9-650959  10-349041 


10-348703 
10-348364 
10-348026 


9-652312  10-347688 
9'65Q650 

9-652988 


9'6533'-26 
9-653663 

9-654000| 


10-347350 
10-347012 
10-346674 
10-346337 
10-346000 


9-654337  10-345663 

9-654674  10-345326 

9-655011  10-344989 

9-655348;  10-344652 

9 -6556841 10 -3443 16 

9-656020  10-343980 

9-959Ao:y  9-656356  10-343644 

959368  9-656692  10-343308 

9-959310  9-657028  10-342972 

9-959253i9-657364!l0-342636 

10-342301 

10-341966 

10-341631 

10-341296 

9-659039|l0-34096I 

9-659373  10-340627 


Sine    I  Cosiii€ 

9T,''25948  9-957276 
|9-6262J9^9-957217 
9-626490'9-957I58|9-66933'> 
;9'626760,9-957099;9-669661 
;9-627030  9-957040:9-669991 
!9-627300,9-9569Sl  9-670320 
{9-627570  9-956921  9-670649 
i9'62784o'9-956862'9-670977 
■9-628109  9-956808;9-671306 
9-628378  9-956744  9-671 63-) 
^9-628647:9-956684  9-674963 
9-62891 6'9-956625'9-672291 
|9-629185J9-956566:9-672619 
,9-629453  9-956506,9-672947 
|9-629721;9-956447  9-673274 
,9-629989:9-956387  9-673602 
i9-630257;9-956327'9-673929 
|9-630524^9-956268!9-674257 
;9-630792'9-956208.9-674584 
j9 -63 1059' 9 -956 148  9 -6749 11 
;9-63I326'9-956089'9-675237 


•959195  9  •657'699 


9-959138 
9-959080 
9-959023 
9'95S965 
9-958908 
9-958850 
9-958792 
9-958734 
9586-^^ 

958619 
9-958561 
9-958503 
9-958445 
9-958387 
9-958329 

9-958271 
9-958213 
9-958154 
9-95S096 
958038 
957979 


9-957921 


9-658034 
9-658369 
9-^58704 


9-659708 
9-660042 
9-660376 
9-660710 

9-661043 
9-66)  311 


10-340292 
10-339958 
10-339624 
10-339290 

10-338957 
10-338623 


...,.10-324763 
9-631593,9-956029,9-675564l0-324'436 
9-631859  9-955969:9-675890  10-3"41 10 
9-632125:9-955909:9-676217  10-323783 
j9-632392;9-955849  9-676543  10-32345* 
9-632658|9-955789:9-676869 


Cptang. 


9-661710'l0-338290 
9-662043110-337957 
9 -6623761 10-337624- 
9-662709  10-337291 


9 -663042' 10 -336958 
9 


663375  10-336625 
9 -6637071  i  0-336293 
664039' 10-335961 
664371  j  10-335629 
664703  10-335297 
665035!l0-334965 


•957863  9-6653661 1 0-334634 
9-957804  9-665698  10-334302) 
9 -957746j9 -666029  10 -3539711 


9-957687|9-666360 
9-957628  9-666691 
9-957570  9-667021 
9-9575119-667352 
9-957452  9-667682 
9-957393  9-668013 


9-957335 
9-957276 

Sine 


9-668343 
9-668673 


Cotan. 


10-333640 
10-333309 
10  •332979' 
10-352648' 
1 0-3325 18l 
1 0-331 987| 
10-3316571 
10-331327 


65  De^. 


Tang. 


632923  9-955729i9-677l94 
9-6351 89|9-S\55669;9-677520 
9-655454J9 -955609  9 -677846 
9-633719:9-955548|9-678l71 
9-633984!9-955488  9-6784!:6 

9-634249;9-955428!9-678821 

9-654514 

9-634778 

9-635042 


9-955368i9-679146 
9-955507,9-67947 
9-955247  9-679795 
9-655506I9-955.1 86  9-680120 
9-635570  9-955 126!9-680444 


635854 
9-636097 


9-636360  9-954944 
9-656625 


636886 
9-637148 
9-657411 
9-657673 
9-637935 
9-65819 
9-658458 
9-658720 
9-658981 
9-65924^2 
9-659505 
9-659764 
9-640024 
9-640284 
9-Ci40544 
9-640804 
9-641064 
9-641524 
9-641583 
'^ -64 1842 


Cosine 


9-954883 

9-954823 

9-954762  9 -68238 
9-682710 
9-685055 
9-685556 
685679 
9-684001 
9-6843^24 


9-954701 
9-954640 
9-954579 
9-954518 
9-954457 
9-954396 
9-954555 
9-954274 
9,-954213 
9-954152 
9-954090 
9-954029 

9-955968 
9-955906 
9-955845 
9-955783  9-687540 


36 

10-325151  55 

10-522806  34 

10-522480  33 

10-522154  32 

10-321829  51 

10-521504  30 

10-321 179 '-39 

10-520854 

10-320529 

10-320205 

10-519880 

10-519556 

10-519230 

9  681092  10-318908 

9-681416  10-518584 

9-681740  10-318260 

9-682063  10-317937 

10^317613 

10-5172Q0 

10-516^67 

10-516644 

10-516521 

10-515999 

10-315676  12 

9-684646  10^315354  H 

"  "         '  2  10 


•955065J9-680768 
9-955005 


9-953722 
9*953660 

Sine 


9-684968  10-31503 

9-685290  10-314710 

9-685612  10-314588 

9-685934110-314066 

«'686255jl0-3l3745 

9-686577  10 '3 13425 

9-686898!  10-3 15 102 

Q-6Rrro|9  10-312781 

10-312460 

10-512139 

10-311818 


9-687861 
9-688182 


Cotan. 


10:331527 
10-33099- 
10  330668 
10 -33055  i. 
10-330009 
10-329680  55 
10-329551  54 

10-32902 
10 '328694 
10-328565 
10-32803. 
10-527706  49 
10-327381 

10-327053 
10-326726 
10-326398 
10-326071 
10-325743 
10-325416 
10-325089 


UP 


f)4  De^. 


Tang. 


i(S6                                 tOG,  StNES,  TANGEWTS,  &C. 

26  Beg. 

27  Deg.         , 

t 
1) 

Sine 

9^641842 

Cosine 

9-953660 

T;ing. 

Cotang. 

Sine 
9-657047 

CoiHne 

9-949881 

'lang. 

Cotang. 

60 

9-688182 

10-311818 

9-707166 

10-292834 

I 

9-64210] 

9-953591. 

9-688502 

10-311498 

9-657295 

9  949816 

9-707478 

10-292.522 

59 

•2 

9-642360 

9'95S5T, 

9 -688823 

10-311177, 

9-657542 

9-949752 

9-707790 

10-292210 

58 

3 

9-6426  U. 

9 -95347.  ■ 

9-689143 

10  310857 

9-657790 

9-949688 

9-708102 

10-291898 

57 

4 

9 -6428 7 ■ 

9-95.34].'- 

9-689463 

10-310.537 

9-658037 

9-949623 

9-708414 

10-291586 

56 

5 

9-643135 

9  95335'. 

9-689783 

10-310217 

9658284 

9-949558 

9-708726 

10-291274 

55 

6 

9-643393 

9-953290 

9-690103 

10-309897 

9-658531 

9-949494 

9-709037 

10-290963 

54 

7 

9 '643650 

9-953228 

9-690423 

10-309577 

9-658778 

9-949429 

9-709349 

10-290651 

53 

8 

9-643903 

9-953166 

9-690742 

10 -.309258 

9-659025 

9-949.364 

9-709660 

10-290340 

52 

9 

9-644165 

9-95310-1 

9-691062 

10-308938 

9-659271 

9-949300 

9-709971 

10-290029 

51 

10 

9-644423 

9-953042 

9-691381 

10-308619 

9-6.59517 

9-949235 

9-710282 

10-28971& 

50 

11 

9-644680 

9-952980 

9-691700 

10-308300 

9-659763 

9-949170 

9-710593 

10-289407 

49 

12 

9-644936 

9-952918 

9-692019 

10-307981 

9-660009 

9-949105 

9-710904 

10-289096 

48 

13 

9-645193 

9-952855 

9-692338 

10-307662 

9-660255 

9-949040 

9-711215 

10-288785 

47 

14 

9-645450 

9-952793 

9-69^1656 

10-307.344 

9-660501 

9-948975 

9-71 1525 

10-288475 

46 

1.519-645706 

9-952731 

9-692975 

10-307025 

9-660746 

9-948910 

9-711836 

10-288164 

45 

16 

9-645962 

9-952669 

9-693293 

10-306707 

9-660991 

9-948845 

9-712146 

10-287854 

44 

17 

9-646218 

9-952m6 

9-e936\'i 

10-306388 

9-661236 

9-948780 

9-712456 

10-287544 

43 

18 

9-546474 

9-952544 

9-693930 

10-306070 

9-661481 

9-948715 

9-712766 

10-287234 

42 

19  9-64672S> 

9-952481 

9-694248 

10-305752 

9-661726 

9-948650 

9-713076 

10-286924 

41 

20  9-646984 

9-952419 

9 -69^506 

10-305434 

9-661970 

9-948584 

9-713386 

10-286614 

40 

21 

9-647240 

9-952356 

9'694SS3 

10-305117 

9-662214 

9-948519 

9-713696 

10-286.304 

39 

22 

9-647494 

9 -.952294 

9 -695-20 1 

10-304799 

9-662459 

9-948454 

9-714005 

10-285995 

38 

23 

9-647749 

9-952231 

9-695518 

10-304482 

9-662703 

9-948388 

9-714314 

10-285686 

■37 

24 

9-648004 

9-95216^ 

9-695836 

10-304164 

9-662946 

9-948323 

9-714624 

10-285376 

36 

25  9-64S25S 

9-952106 

9-696!  53 

10-303847 

9-663190 

9-948257 

9-714933 

10-285067 

35 

26j9-648512 

9-952043 

9-696470 

10-30.3.530 

9-66.34.33 

9-948192 

9-715242 

10-284758 

34 

2719-648766 

9-951980 

9-696787  10-303213 

9-663611 

9-948126 

9-71.5.551 

10-284449 

33 

28,9-649020 

9-951917 

9-697103  10-302897 

9-663920 

9-948060 

9-715860 

10-284140 

32 

29.9  •649274 

9-951854 

9-697420  10-302580 

9-664163 

9-947995 

9'1161i68 

10-283832 

31 

30  9-649527 

9*95 1791 

9-697736  10  30226 i 

9-664406 

9 -947929' 

9-716477 

10-283523 

3i> 

Srt  9-649731 

9-951728 

9-693053  10-301947 

9-664648 

9  947863 

9-716785 

10-233215 

29 

32  9-650034 

9-951^5 

9-698369  10-301631 

9-664891 

9-947797 

9-717093 

10-282907 

28- 

33|9'^50?87 

9-951602 

9-698685  10-301315 

9-665133 

9-947731 

9-717401 

10-232599 

27 

34!9'65f)559 

9-951539 

9-699001  10-300999 

9-665375 

9-9il665 

9-717709 

10-282291 

2(? 

35|9 -650792 

9-f^51476 

9-699316  10-300684 

9 -6656 11 

9-947600 

9-718017 

10-281983 

25 

36,9-651044 

9'95I412 

9-699632  10-300368 

9-665S59 

9-947533 

9-718325 

10-281675 

24- 

37I9-65I297 

9-951349 

9 '699947  10-300053 

9-666100 

9-947467 

9-113633 

10-281.367 

23 

3819 -65 1 549 

9-951286 

9-700263 

10-299737 

9-666.342 

9-947401 

9-718940 

10-281060 

22 

39]9 -65 1 800 

9-95!  222 

9-700.'y78 

10-299422 

9-666583 

9-9473.35 

9-719248 

10-280752 

21 

40  9-652052 

9-951159 

9-700893 

rO-299107 

9-666824 

9-947269 

9-719555 

10-280445 

20, 

4 1|9 -652304 

9-951096 

9-701208 

10-298792 

9-667065 

9-947203 

9-719862 

10-280138 

19 

42-9 -652555 

9-951032 

9-781523 

10-298477 

9-667305 

9-947136 

9-720169 

10-279831 

18 

43< 

9-652806 

9-950968 

9-701837 

10-298163 

9-667546 

9-947070 

9-720476 

10-279524 

17 

44 

9-653057 

9-950905 

9 -7021 5  2 

10-297848 

9-667786 

9-947004 

9-720783 

10-279217 

16 

45 

9-653308 

9-950841 

9-702466 

10-297534 

9-668027 

9-946937 

9-721089 

10-278911 

15 

46 

9-(i5355% 

9-950778 

9-70278? 

10-297219 

9 -668261 

9-946871 

9-721396 

10-278604 

14 

47 

9-653808 

9-950714 

9-703095 

10-296905 

9-668506 

9-946804 

9-721702 

10-278298 

13 

48 

9-654059 

9-950650 

9-703409 

10-296591 

9-668746 

9-946738 

9-7'22009 

10-277991 

12 

49 

9-654309 

9-950586 

9-703722 

10-296278 

9-668986 

9-946671 

9-722315 

10-277685 

11 

50 

9-654558 

9-950522 

9-704036 

10-295964 

9-669'2'25 

9-946604 

9-722621 

10-277379 

10 

51 

9-654808 

9-950458 

9-704350 

10-295650 

9-669464 

9-946538 

9-722927 

10-277073 

9 

52 

9-655058 

9-950394 

9-704663 

10-295.337 

9-669703 

9-946471 

9-723232 

10-276768 

8 

53 

9-655307 

9-950330 

9-704976 

10-295024 

9-669942 

9-946404 

9-7235.38 

10-276462 

7 

54 

9-^55556 

9-950266 

9-705290 

10-294710 

9-670181 

9-946337 

9-723844 

rO-276156 

6 

55 

9-655805 

9-950202 

9-705603 

10-294397 

9 -6704^9 

9-946270 

9-724149 

10-275851 

,5 

56 

9-656054 

9-950138 

9-705916 

10-294084 

9-670658 

9-946203 

9-724454 

10-275546 

4 

57 

9*656302 

9-950074 

9-706228 

10-293772 

9-670896 

9-9^6136 

9-724760 

10-275240 

3 

58 

9-656551 

9-950010 

9-706.541 

r 0-293459 

9-671 1.34 

9-946069 

9-725065 

10-274955 

2 

59 

9-656799 

9-949945 

9-706854 

10-293146 

9-671372 

9-946002 

9-725370 

f  0-274630 

1 

60 

9-657047 
Cosine 

9-94988] 
Sine 

9-707166 
Cotan. 

10-292834 

9-671609 
Cosine 

9-945935 
Sine 

9-725674 
Cotan. 

1-0-274326 

0 

Tang. 

Tang. 

63  1) 

eor. .          \ 

aO    rk^rr                                                i 

^t>' 

«r 

\j^ 

^.^. 

V 

LOC. 

SINES,  TANGENTS,  ScC, 

407 

28Deg. 

'29  JJeg.          1 

1) 

Sine 

Cosine 

Tang. 

Cotang. 

Snie 

9-"68557'l 

Cosnie 
9-94 f819 

i'ang. 

Cotang. 

60 

9-671609 

9^45935 

9-725674 

10-274326 

9-743752 

10 -2..  6248 

1 

9-671847 

9-945868 

9-725979 

10-274021 

9-685799 

9-941749 

9-744050 

10-255950 

^9 

9 

9-672084 

9-945800 

9-726284 

10-273716 

9-686027 

9-941679 

9-744348 

10-255652 

58 

3 

9-672321 

9-945733 

9-726588 

10-273412 

9-686254 

9-941609 

9-7446  i  5 

10-255355 

57 

•4 

9-672558 

9-945666 

9-726892 

10-273108 

9-686482 

9-941539 

9-744943 

10-255057 

56 

5 

9-672795 

9-945598 

9-727197 

10-272803 

9-686709 

9-941469 

9-745240 

10-254760 

55 

6 

9-673032 

9-945531 

9 -72750 J 

10-272499 

9-686936 

9-941398 

9-745538 

10-254462 

54 

7 

9-673268 

9-945464 

9-727805 

10-272195 

9-687163 

9-941328 

9-745835 

10-2,54165 

53 

8 

9-673505 

9-945396 

9-728109 

10-271891 

9-687389 

9-941258 

9-746132 

10-253868 

52 

9 

9-673741 

9-945328 

9-728412 

10-271588 

9-687616 

9-941187 

9-746429 

10-253571 

51 

10 

9-673977 

9-945261 

9-728716 

10-271284 

9-687843 

9-941117 

9-746726 

10-253274 

50 

11 

9-674213 

9-945193 

9-729020 

10-270980 

9-688069 

9-941046 

9-747023 

10-252977 

49 

12 

9-674448 

9-945125 

9-729323 

10-270677 

9-688295 

9-940975 

9-747319 

10-252681 

48 

13 

9-674684 

9-945058 

9-729626 

10-270374 

9-688521 

9-940905 

9-747616 

10-25^384 

47 

14 

9-674919 

9-944990 

9-729929 

10-270071 

9-688747 

9-940834 

9-747913 

10' 252087 

46 

13 

9-675155 

9-944922 

9-730233 

10-269767 

9-688972 

9-940763 

9-748209 

10-251791 

45 

l^ 

9-675390 

9-944854 

9-730535 

10-269465 

9-689198 

9-940693 

9-748505 

10-251495 

44 

17 

9-675624  9-944786 

9-730838 

10-269162 

9-689423 

9-940622 

9-748801 

ia-251199 

43 

18 

9-675859  9-944718 

9-731141 

10-268859 

9-689648 

9-940551 

9-749097 

10-250903 

42 

19 

9-676094  9-944650 

9-731444 

10-268556 

9-689873 

9-940480 

9-749393 

10-250607 

41 

20 

9-676328  9-944582 

9-731746 

10-268254 

9-690098 

9-940409 

9-749689 

10-250311 

40 

21 

9-676562  9-944514 

9-732048 

10-267952 

9-690323 

9-940338 

9-74P985 

10-250015 

39 

22 

9-67679619-944446 

9-732351 

10-267649 

9-690548 

9-940267 

9-750281 

10-249719 

38 

23 

9-677030 

9-944377 

9-732653 

10-267347 

9-690772 

9-940196 

9-750576 

10-249424 

3  1 

24 

9-677264 

9-944309 

9-732955 

10-267045 

9-690996 

9  940125 

y'750S73 

10-249128 

36 

25 

9-677498 

9-944241 

9-733251 

10-266743 

9-691220 

9-940054 

9-751167 

10-248833 

35 

26 

27 

9-677731 

9-944172 

9-733558 

10-266442 

9-691444 

9-939982 

9-751462 

10-248538 

34 

9-677964 

9-944104 

9-733860 

10-266140 

9-691668 

9-939911 

9-751757 

10-248243 

33 

28 

9-678197 

9-944036 

9-734162 

10-265838 

9-691892 

9-939840 

9-752052 

10-247948 

32 

29 

9-678430 

9-943967 

9-734463 

10-265537 

9-692115 

9-939768 

9-752347 

10-247653 

31 

30 

9-678663 

9-943899 

9-734764 

10-265236 

9-692339 

9-939697 

9-752642 

10-247358 

30 

31 

9-678895J9-943830 

9-735066 

10-264934 

9-692562 

9-939625 

9-752937 

10-247063 

29 

32 

9-67912819-943761 

9-735367 

10-264633 

9-692785 

9-9':955i 

9-753231 

10-246769 

28 

33 

9-679360'9-943693 

9-735668 

10-264332 

9-693008 

9-939482 

9-753526 

10-246474 

27 

34 

9-679592  9-943624 

9-735969 

10-264031 

9-693231 

9-939410 

9-753820 

10-246180 

26 

35 

9-679824  9-943555 

9-736269 

10-263731 

9-6934!53 

9-939339 

9-754115 

10-245885 

25 

36 

9-680056  9-943486 

9-736570 

10-263430 

9-693676 

9-939267 

9-754409 

10-245591 

24 

37 

9-680288'9-9434l7 

9-736870 

10-263130 

9-693898 

9-939195 

9-754703 

10-245297 

2^ 

38 

9-680519  9-943348 

9-737171 

10-262829 

9-694120 

9-939123 

9-754997 

10-245003 

22 

39 

9-680750  9-943279 

9-737471 

10-262529 

9-694342 

9-939052 

9-755291 

10-244709 

21 

40 

9-680982j9-943210 

9-737771 

10-262229 

9-694564 

9-938980 

9-755585 

10-244415 

20 

41 

9-68I2i3il)-943i4l 

9-738071 

10-261929 

9-694786 

9-938908 

9-755878 

10-244122 

19 

42 

9-681443j9-943072 

9-738371 

10-261629 

9-695007 

9-938836 

9-756172 

10-243828 

18 

43 

9-681674  9-943003 

9-738671 

10-261329 

9-695229 

9-938763 

9 '756465 

10-243535 

17 

44 

9-681905  9-942934 

9-728971 

10-261029 

9-695450 

9-938691 

9-756759 

10-243241 

16 

45 

9-682135  9-942864 

9-739271 

10-260729 

9-69561} 

9-938619 

9-757052 

10-242948 

15 

46 

9-682365|9 -942795 

9-739570 

10-260430 

9-695892 

9-938547 

9-757345 

10-242655 

14 

47 

9-682595|9-942726 

9-739870 

10-260130 

9-696113 

9-938475 

9-757638 

10-242362 

13 

48 

9-682825  9-942656 

9-740169 

10-259831 

9-696334 

9-938402 

9-757931 

10-242069 

12 

49 

9-683055  9-942587 

9-740468 

10-259532 

9-69655A 

9-938330 

9-758224 

10-241776 

11 

50 

9-68328419-942517 

9-740767 

10-259233 

9-696775 

9-938258 

9-758517 

10-241483 

10 

51 

9-683514  9-942448 

9-741066 

10-258934 

9-696995 

9-938185 

9-758810 

10-241190 

9 

52 

9-683743  9-942378 

9-741365 

10-258635 

9-697215 

9-938113 

9-759102 

10-240898 

8 

53 

9 -683972j9 -942308 

9-741664 

10-258336 

9-697435 

9-938040 

9-759395 

10-240605 

7 

54 

9-684201j9-942239 

9-741962 

10-258038 

9-697654 

9-937967 

9-759687 

10-240313 

6 

55 

9-684430  9-942169 

9-742261 

10-257739 

9-697374 

9 '937895 

9-759979 

10-240021 

5 

56 

9  684658  9-942099 

9-742559 

10-257441 

9-698094 

9-937822 

9-760272  10-239728 

4 

57 

9-684887 

9-942029 

9-742858 

10-257142 

9-698313 

9-937749 

9-760564 

10-239436 

5 

5S 

9-685115 

9-941959 

9  ^743 15  r. 

10-256844 

9'69853'i 

9-937676 

9-760856 

10-239144 

2 

59 

9-685343 

9-941889 

9-743454 

10-256546 

9-698751 

9-937604 

9-761148 

10'238852 

1 

60 

9-685571 

9-941819 

9-743752 

10-256248 

9-698970 

9-937531 

9-761439 
Cotan. 

10-238561 

0 

Cosine 

Sine 

Cotan. 

Tang, 

Cosine 

Sine 

TanK. 

61   Deg.         1 

(DODeg.          \ 

2F^ 


408 


LOG.  SINES,  TANGENTS,  ScC. 


30  Deg.                        1 

31  Deg.                        , 

T) 

Sine 
9^69897(1 

Cosine 

9-937531 

Tang. 

9-76143^ 

Cotang. 

Sine 
9-711839 

Cosine 

:)'-933066 

Tang. 
9-778774 

Cotang. 

60 

10-238561 

10'221226 

1 

9-699189 

9-937458 

9-761731 

10-238269 

,9-712050 

9-932990 

9-779060 

10-220940 

59 

2 

9-699407 

9-937385 

9-7(52023 

10-237977 

9-712260 

9-932914 

9-7793-16 

10-220654 

58 

3 

9-699626 

9-937312 

9-762314 

10-237686 

,9-712469 

9-932838 

9-779632 

10-220368 

57 

4 

9-69984^ 

9-937238 

9-762606 

10-237394 

19-712679 

9-932762 

9-779918 

10-220082 

56 

5 

9-700062 

9-937165 

9-762897 

10-237103 

i9-712889 

9-932685 

9-780203 

10-219797 

55 

6 

9-700280 

9-937092 

9-763188 

10-236812 

|9-713098 

9-932609 

9-780489 

10-219511 

54 

7 

9-700498 

9-93701 9|9 -763479 

10-236521 

9-713308 

9-932533 

9-780775 

10-219225 

53 

8 

y-700716 

9-93694619-763770 

lO-2362.3( 

9-713517 

9-932457 

9-781060 

10-218940 

52 

9 

9-701,933 

9-936812 

9-764061 

10-2359:  9 

9-713726 

9-932380 

9-781.346 

10-218654 

51 

10 

9-701151 

9-936799 

9-764352 

10-235648 

9-713935 

9-932304 

9-781631 

10-218369 

50 

u 

9  70136h 

9-936725 

9-764643 

10-235357 

9-714144 

9-93222819-781916 

10-218084 

49 

12 

9-701585 

9-936652 

9-764933 

10-2.35067 

9-7 14352 

9-932151 

9-782201 

10-21779948 

13 

9-701802 

9-936578 

9-765224 

10-234776 

9-714561 

9-932075 

9-782486 

10-21751447 

U|9'7020I9 

9-936505 

9-765514 

10-234486 

9-714769 

9-931998 

9-782771 

10-217229  46 

l3  9-7022'36 

9-936431  ;9-765805 

10-234195 

9-714978 

9-931921 

9-783056 

10-21694445 

16i9-7024.V2 

9-936357  9-766095 

10-233905 

9-715186 

9-931845 

9-783341 

10-216659  44 

1719-702669 

9-936284|9 -766385 

10-23361.S 

9 -71 539-. 

9-931768 

9-783626 

10-216374 

43 

18  9-7()2S8.5 

9  •  9362 1 0|9  -766675|  1 0-233325 

9-715602 

9-931691 

9-783910 

10-216090 

42 

19b-70:5101 

9-93613h 

9 -766965*  10 -233035 

9-715809 

9-931614 

9-784195 

10-215805 

41 

20  9-703317 

9-936062 

9-767255 

10-232745 

9-716017 

9-931537 

9-784479 

10-21552; 

40 

219-703533 

9-935988 

9-767545 

10-232455 

9-716224 

9-931460 

9-784764 

10-215236,39 

22,9-703749 

9-935914 

9-767834 

10-232166 

9-716432 

9-931383 

9-785048 

10-21495238 

2319-703964 

9-935840 

9-768124 

10-231876 

9-716639 

9-933  306 

9-785332 

10-2146(;837 
10-214384  36 

24 

9-704179 

9-i>35766 

9-768414 

10-231586 

9-716846 

9-931229 

9-785616 

25 

9-704395 

9-935692 

9-768703 

10-231297 

9-717053 

9-931152 

9-785900 

10-214100  35 

26!9-704610 

9-935618 

9-768992 

10-231008 

9-717259 

9-931075 

9-786184 

10-21381634 

27|9 -704825 

9  93554319 -769281 

1 0-2307  iV 

9-717466 

9-9.30998 

9-786468 

10-213532 

33 

28:9-705040 

9-935469|9-769571 

10-230429 

9-717673 

9-93(.921 

9-786752 

10-213248 

32 

29|9 -705254 

9-935395 

9-769860 

10-230140 

9-717879 

9-930843 

9-787036 

10-212964 

31 

30|9 -705469 

9-935320 

9-770148 

10-229852 

9-718085 

9-930766 

9-787319 

10-212681 

30 

819-705683 

9-935246  9-770437 

10-229563 

9-718291 

9-930688 

9-787603 

10-212397  29 

32;9 -705898 

9-935171  9-770726jl0-229274 

9-718497 

9-930611 

9-787886 

10-212114128 

3319-706112 
34  9-706326 

9-935097  9-771015  10-228985 

9-718703 

9-930533 

9-788170 

10-21 1S30|27 

9-935022  9-771303  10-228697 

9-718P09 

9-930456 

9-788453 

10-211547 

26 

35,9-706539 

9-934948i9-771592  10-228408 

9-71911^1 

9-930378 

9-788736 

10-211264 

25 

36|9 -706753 

9-934873  9-771880  10-228120 

9-719320 

9-930300 

9-789019 

10-210981 

24 

37;9 -706967 

9-934798;9-77216S  10-2278.32 

9-719525 

9-930223 

9-7S9302 

10-210698 

23 

38  9-707180 

9-934723.9-772457  1 0-227543 

9-719730 

9-930145 

9-789585 

10-210415 

22 

39,9-707393 

9-934649!9'772745|l0-227255 

9-719935 

9-930067 

9-789868 

10-210132 

21 

40,9-707606 

9-934574 

9-773033  10-226967 

9-720140 

9-929989 

9-790151 

10-209849 

20 

4l'9-707819 

9-934499 

9-77352l|10-226679 

9-720345 

9-929911 

9-790434 

10-209566 

19 

42|9- 708032 

9-934424 

9-773608 

10-226392 

9-720519 

9-929833 

9-790716 

10-209284 

18 

43,9 '708245 

9-934349 

9-773896 

10-226104 

9-720754 

9-929755 

9-790999 

10-209001 

17 

44:9-708458 

9-934274 

9-774184 

10-225816 

9-720958 

9-929677 

9-791281 

10-208719 

16 

45  9 -,708670 

9-934199 

9-774971 

10-225529 

9-721162 

9-929599 

9-791563 

10-208437 

15 

469-708882 

9-934123 

9-774759 

10-225241 

19-721366 

9-929521 

9-791846 

10-208154 

14 

47:9-709094 

9-934048 

9-775046 

10-224954 

■9-721570 

9-929442 

9-792128 

10-207872 

13 

48.9-709306 

9-933973 

9-775333 

10-224667 

j9-721774 

9-9^29'36i 

9-792410 

10-207590 

12 

49;9-7095l8 

9-933898 

9-775621 

10-224379 

19-72197H 

9-929286 

9-792692 

10-207308 

11 

509-709730 

9-933322 

9-775908 

10-22409? 

'9-722181 

9-929207 

9-792974 

10-207026 

10 

5r9^709941 

9-933747 

9-776195 

10-223805 

19-722385 

9-929129 

9-793256 

10-206744 

9 

52  9-710153 

9-933671 

9-776482 

10-22  5518 

l9-722.58a 

9-929050 

9-793538 

10-206462 

8 

53;9-7 10364 

9  933596 

9-776769 

10-223232 

;9 -722791 

9-928972 

9-793819 

10-206181 

7 

54.9-710575 

9-933520 

9-777055 

10-222945 

19-722994 

9-928853  9-794101 

10-205899 

6 

5519-710786 

9-933445 

9-777342 

10-222658 

,9-723197 

9-928815  9-794383 

10-205617 

5 

56J9-710P97 

9'9'')o369 

9-777628 

10-222372 

!9 -723400 

9-928736  9 -79466 i 

10-205336 

4 

57i9-711208 

9  933293 

9-7^77915 

10-222085 

9-723603 

9-928657  9-794946 

10-205054 

3 

58l9;71l419 

9-933217 

9-778201 

10-221799 

,9-723805 

9-928578  9-795227 

10-204773 

o 

59  9-711629 

9-9.33141 

9-778488 

10-221512 

,9-724007 

9-928499  9-795508 

10-204492 

1 

60  9-711839 
Cosine 

9-933066 
Sine 

9-778774 

10-221226 

.9-724210 

9-938420  9:795789 

10-204211 

0 

Cotan. 

Tang. 

Cosine 

Sine     Cotan. 

tang. 

^9Deg;                        1 

58  Deg,                       j 

LOG.  SIKES,  TANGENTS,  See. 


Sine 

9 -7^441 '2 

9-72461 

9;724816 

9-725017 

9-72.5219 

9-725420 

9-725622 

9-725823 

9  •726024 

10  9-726225 

11 


32  Deg^ 


409 


9-726426 
9-726626 
9-726827 
9-727027 
9-727228 
:  9-727428 
17  9-727628 
18:9-727823 

19;9-728027 
209-728227 
21  9-728427 
22J9-728626 
2319-728825 
24J9-729024 
25:9-729223 
26,'9-729422 
27  9 -729)621 
28:9-729820 
299-730018 
!0  9-730217 

31  9-730415 

32  9 


Cosine    Tang. 

9-928420  9^95789 
9-928342  9-796070 
9-928263  9 •796351 
9-928183  9-796632 
9^925 104  9-796913 
9-928025  9-79719.1 
9-927946  9-79747H 
9-92786719 -79775: 
9-927787:9-798036 
9-927708!9-7983l6 
9 -927629|9 -798596 
9-927549;9-79887'y 
9-927470|9-79915'/ 

9-927390  9-799437 

9-927310  9-799717 

9-92723 1  i9-7999y7 

9-927151 

9-927i:71 

9-926991 

9-926911 

9-926831 19 -80 1396|10-1986U4 

9-926751  !9-801675l0-]98325 


Co  tang. 

10^04217 
10-203930 
10-203649 
10-203368 
10-203087' 
10-202806 
10-202526 

10-202245 
10-201964 
iO-201684 
10-201404 
10-201123 
10-200843 

10-200563 
10-200283 
10 •200003 
10-199723 
10-11)9443 
10-199164 


33  Deir. 


6  me 


9-8002 

9-800557 

9-800836 

9-8011  U-JlO-198S84 


9-926671 
9-926591 
9-926511 


9  801955  10-198045 
9-802234  10-197766 
9-802513  10-19748' 


9-926431  9-802792  10-197208 


33  9-730811 

34  9-731009 
35,9 -73 1206 
3619-731404 


9-926351  j9-803072 
9-926270  9-803351 
9-9261 90'9-803630 
9-9261 10|9-80:i909 
9  •92602919-8041 

9-925949i9-804466 
:06I3  9-925868!9-804745 


37  9-731 60219-925465 
!8!9 -73  I799i9 -925384 
39  j9 -73 1996|9 -925303 
40,9-732193  9-925222 
4l!9-732390  9-92514] 
42  9-732587  9-925060 


9-925788  9-805023 
9-925707|9-805302 
9-925626|9-805580 
9-925545;9-S05859 
9-806137 


9-806415 
9-80669;i 
9-8()697J 
9-807249 
9-807527 

•732784  9-924979  9-807805 

•7329S0  9-924897  9-808083 

•733177  9-924816  9-808361 

9-733373  9-924735  9-808638 

9^733569  9-9246.5'4  9-80891  ( 

9-73376.'; -■ 


9-736109 
■36303 
9-736498 
9-736692 
9-736886 
9-737080 
9-737274 

9-737467 
9-'i3166l 
9^757855 

19-738048 
9-738241 

'9-738434 

'9-738627 
,9-736820 
9-739013 
:  9 -739206 
;9 -739398 
j9-739590 

9-739783 
9-139915 
9-74016 


Cosme 

9-923m 
9-923509 
9-9234'27 


9-812517 
9-812794 
9-813070 
9-923345  9-813347 


C)l  w'U: 


9-922263 
9-923181 
9-923098 
9-923016 
9-922933 
9-922851 
9-922768 
9-922686 


9-813623 
9-813899 


9-814170  10-185824 


9-814452 
9-814728 
9-815004 
9-81528(, 
9-815555 


9-922603J9-S15831 

9-92252019-816107 
9-92243819-816382 
9-922355  9-816658 
9-922272  9-816933 
9-922189  9-81720!- 
9-922106  9-817484 


10-I874h3 
10-1872.6 
10-186930 
10-186653 
10-186377 
10-186101 


9-922023 
9-921940 
9-921857 


i9-740359!9-921774 


733961 
9-734157 

-3435 
9-734549 
9-734744 
9 -734939 

33135 
9-73533( 
9-735525 
9-735719 
9-7359/4 
9-736109 


Cosine 


9-924572  9-809193 

9-92449 119 -8094 

9-924409 

9-924328 

9-9-24246 

9-924164 

^•924083 

9-92400} 

9:923919 

9-923837 

9-923755 

9-923673 

9-923591 


Sine 


1 

9-809748 
9-810025 
9-810302 
9-810580 
9-810857 
9-811134 
9-811410 
9-811687 
9-811964 
9 '8 12241 
9-812517 


Cotan. 


10-196928 
10- 196649 
10-196370 
10-196091 
10-195813, 

10-195534 
10-195255 
10-194977 
10-194698 
10-194420 
10-194141 
10-193863 
10-193585 
10-193307 
10-193029 
10- 192751 
10-192473 
10-192195 
10-191917 
10-191639 
10-191562 
10-191084 
10-19080 

10-190529 
10-190252 
10-189975 
10-189698 
10-189420 
10rl89143 

10-188866 
10-188590 
10' 1 883 13 
10-188036 
10-187759 
10-187483 

Tane. 


;9 -740550 
'9-740742 
'9-740934 
|9-741125 
19-741316 


9-921691 
9-921607 


,9-741508 
9-741699 


9-81775!r- 
9-818035 
9-818310 
9-818585 
9-818860 
9-819135 
9-819410 
9-819684 
9-819959 
9-820234 


9-921524 

9-921441 

9-921357 

9-921274-  ^ -....,-. 

,      9-921 190'9 -820508 

j9-74l889  9-921 10719-820783 
9-742080  9-921023^9-821057 
9-742271 19-9209^919-821 332 
9-742462|9-920856;9-821 606 
9-742652;9-920772l9-821 880 
9-74'2842j9-920688:9-822154 
9-743033{9-920604'9-822429 


9-743223  9-920520*9  822703 
9-74341 3  9-920436:9-822977 
9-743602  9-920352  9-823251 
9-743792  9-92026819-823524 
9-743982  9 -9201 84;9-823798 
9-744171  9-920099  9-8240 


9-74436119-920015 
9-744550|9-9I9931 
9-744739 


9-824345 
9-8'246I9 


'7  P^^'. 


44928 
9-745117 
-745306 
9-745494 
9-745683 
9-745871 
9-746060 
9-746248 
9-746436 
9-746624 
9-746812 
9*746999 
9-747187 
9-747374 
9-747562 


9-919846  9-824893 
9-91976219-825166 
9-9 19677*9 -825439 
9-91 9593j9  825713 

9-919508  9-825986 
9-919424  9-826259 
9-91933919-826532 
9-919254J9-826805 
9-919169  9-827078 
f -9 19085  9-827351 
9-919000  9-827624 


Cosine 


9-918915 
9-918830 
9 -9 1^745 
9-918659 
9-918574 

Sine 


9-8276 
9-828170 
9-828442 
9 '8287 15 
9-828987 

Cotan. 


10-185548 
10-185272 
10-184996 
10-184720 
10-184445 
10-184169 

10-183895 
10-183618 
10-183342 
10-183067 
10-182791 
10-182516 
10-182241 
10-181965 
10-181690 
10-181415 
10-181140 
10-180865 
10-180590 
10-180316 
10-180041 
10-179766 
10-179492 
10-179217 
10-178943 
10-178668 
10-178394 
10-178120 
10-177846 
10-177571 

10-177297 
10-177023 
10-176749 
10-176476 
10-176202 
10-175928 

10-175655 
10-175381 
10-175107 
10-174834 
10-174561 
10-1742 

10-174014 
10-173741 
10-173468 
10-173195 
10-172922 
10-172649 
10-172376 
10-172103 
10-171830 
10-171558 
10-171285 
10-171013 


56  Be 


Tang. 


S: 


60 

59 

58 

57 

56 

55 

54 

53 

52 

51 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 


♦  TO 


LOG.  SINES,  TANGENTS,  Scc, 


i54  Deg. 


38 
39 

40 
41 

.42 
43 
4.4 
45 
40 
,47 
48 

^' 
{5(! 

51 

52  9 

53 

54 

55 

56 

5T 

58 

r>9 

60 


Sine 


9 -747562 
9-747749 
'J -747936 
y -7481  ^23 
9-748310 
9-748497 
9-748683 
9-748870 
9-749056 
9-749243 
-749429 
9-749615 
9-749801 


Cosine 

9¥l8574 

9-91848!- 

9-918404 

9-918318 

9-91823 

9-91814 

9-918062 

9-917976 
9-917891 
9-917805 
9-917719 
9-917634 
9-917548 


9-749987  9-917462 
9-750172  9-917376 
9-750358'9-9J7290 
9-750543  9-917204 
9-750729,9-917118 
9-750914  9-917032 

9-751099  9-916946 
9-751284,9-916859 
9-751469  9-916773 
9-751654  9-916687 
9-751839:9-916600 
9-752023,9-916514 
9-752208  9-916427 
52392,9-916341 
9-752576  9-916254 
9-752760'9-916l67 
9-752944J9-916081 
9-753128  9-915994 
9-753312  9-915907 
9-753495'9-915820 
9-755679^9-915733 
9-753862  9-915646 
9-754046  9-915559 
36^-754229'9-915472 

9-754412  9-915385 
9-754595  9-91529" 
9-7.54778,9-915210 
9-754960  9-915123 
9-755143,9-915035 
9-755326  9 -9  J  4948 
9-755508'9-9l4860 

75569(;  9-914773 

9  •755872,9-9 1 4685 

56054,9-914598 

9-756236;9-9l45l0 

'^ -75641819 -9 14422 

75660l)»9-914534 
9-756782"9-914?46 
9-75696319-914158 


9-828987 

9-82926( 

9-829532 

9-82980 

9-83007 

9-830349 

9-830621 

9-830893 

9'83U65 

9-831437 

9-831709 

9-831981 

9-832253 

9-83252 

9-852796 

9-833068 

9-8333.39 

9-833611 

9-833882 

9-834154 

9-834425 


157144:9-9140 
757326 


o 


'50^ 


9-757688 
9-757S69 
9-758050 


9-758411 
9-75859; 


Cosine 


9-913982 
9-913894 
9-913806 
9-913718 
9-913630 


■.8230  9-913541 


9-913453  9-844958 


9-913365 
Sine 


Cotang. 


10-171013 

I017074( 

10-170468 

10-170195 

10-169923 

10-169651 

10-169379 

10-16910 

10-168835 

10-168563 

10-16829 

10-168019 

10-167747 

10-167475 

10-167204 

10-166932 

10-166661 

10-166389 

10-166118 

10-165846 

10-165575 


9-834696  10-165304 
9 -8.349671 10- 165033 
9-835238!  10-164762 
9-835509 

9-8.-35780 
9-836051 
9-836322 
)-S36593 

9-83(«64 
9-837134 


10-164491 
10-16422( 
10-163949 
10-163678 
10-163407 
10-1*13136 
10-162866 


9-837405110-162595 
9-837675110-162325 
9-837946110-162054 


9  •8382 16 
9-838487 
838757 
9-839027 
9-839297 
9-839568 
9-8.:;9838 
q 


10-161784 
10-161513 
10-161243 
10-160973 
10-160703 
10-160432 
10-160162 
840108  10-159892 
9-84C37SJ10-159622 
9-S4064S10-159352 


9-840917 
9-841187 

841457 
9-841727 
9-841996 
9-84^266 
9-842535 
9-84'^805 
9-843074 
9-843343 
9-843612 
9-843882 
9-844151 
9-844420 

S44r8t' 


^ 845 227 

Cotan. 


1  a- 15908.'"; 
10-158813 
10-15854.'; 
10-158273 
10-158004 
10-157734 
10-157465 
10-157195 
10-156926 
10-156657 
10-156388 
10-156118 
10-155849 
IC- 155580 
10  155311 
10-155042 
10-154775 


Tang, 


35  Deg. 


Snie 


Cosine 


9-913.365  9-845227 
9-913276  9-845496 
9-913187  9-845764 
9-913099  9-846033 
9-913010  9-846302 
9-912922  9-846570 
9-912833  9-846839 

9-912744  9-847108 
9-912655  9-847376 
9-912566  9-847644 
9-912477  9-847913 
9-912388  9-848181 
9-912299  9-848449 
9-76092719-912210  9-848717 
9-761 106  9-912] 21  9-848986 
9-761285  9'912031  9-849254 
9-76146|!9-91 1942  9-849522 
9-761642  9-91 1853  9-849790 
9-761821,9-911763  9-850057 

9-761999  9-91 1674  9-850325 
9-762177  9-91 1584  9-850593 
9-762356  9-91 1495  9-850861 
9-762534  9-911405  9-851129 
9-762712  9-91 1315  9-851396 
9-762889  9-911226  9-851664 
9-763067  9-91113619-851931 
Q-'r63245  9-911046j9'852199 


Tang. 


Cotang. 


10-154773 

10-154504 

10-154236 

10-15396 

10-153698 

10-153430 

10-153161 

10-152892 

10-152624 

10-152356 

10-15208 

10-151819 

10-151551 

10-151283 

10-151014 

10-150746 

10-150478 

10-150210 

10-149943 

10-149675 
10-149407 
10-U9139 
10-148871 
10-148604 
10-148336 
10-148069 
10-147801 
10-147534 


9-763422  9'9l0956j9-852-:  66 
9-763600  9-91086619-852733  10-147267 
9-763777,9-91077619-853001110-146999 
9-763954  9-9106S6  9-853268!l0-146732 


9-764131 '9-910596  9-853535 
9-764308  9-910506  9-853802 
'0-764485  9-910415  9-854069 
9-764662  9-91 0325  9 '854336 
9-764838'9-9l0235  9-854603 
9-765015;9-9i0l44  9-854870 

9-76519l!9  910054  9-855137 
.^765367  9-909965!9-85540- 


10-146465 
10-146198 
10-145931 
10-145664 
10-145397 
10-145130 
10-144863 
10-144.596 


9-765544!9-909873i9-855671  10-144329 
9-765720j9-909782!9-855938'lO-l44062 


9-765 
9-765896!9-90969l 
19-766072:9-909601 
9-76624719-909510 
9-766  V23i9-909419 
9-909328 
9-909237 
9-909146 
9-91)9055 


65  Df'j. 


9-856204il0-143796 
9-85647r 


9-856737 

9-857004 

9-S57270 

9-857537 

9-857803 

9-8580G9 

9-858336 

858602 

858868 

859134 

859400 

859666 

859932 

860198 

860464 

860730 

9-860995 

9-861261 


Cot; 


54<  Deg. 


m. 


10-143529 

10-143263 
10-142996 
10-142730 
10-142463 
10-142197 
10-141931 

10-141664 
10-141398 
10-141132 
10-140866 
10-140600 
lO- 140334 
10-l4006o 
10-1.39802 
10-139536 
10-139270 
10-139005 
10-138739 


Tang. 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39; 
38- 
37 

36; 

35' 
34 
33 
32 
31 
30 
29 
28 
27 
16 
25 
24 
23 
22 
21 
20 
19 
11 

17 

16 

15 

4 

13 

12 

II 

0 

9 

8 


"'36  Deg. 


LOG.  SINES,  TANGENTS,  Scc. 


411' 


Sine     Cosine   Tang. 


9-769219 
9-769393 
9-1G9566 
9-769740 


9-907958  9-861'261 


9-907866 
9-907774 
9-907682 


9-769913  9-907590 
9-770087  9-907498 
9 '770260  9-907406 


9-770433 
9-770606 
9-770779 
9-770952 
9-771125 
9-771298 
9-771470 
9-771643 
9-771815 
9-771987 
9-772159 
9-772331 


9-86152 

9'861792 

9-862058 

9-862323 

9-862589 

9-862854 

9-863119 
9-863385 
9-863650 
9-863915 
9-864180 
9-864445 
9-864710 


9-773190  9  905832 


9-773361 

9-773533 
■73704 
9-773875 
9-774046 
9-774217 
9-774388 
9-774558 


32,9-774729 


9-905739 
9-905645 
9-905552 
9-905459 
9-905366 
9-905272 
9-905179 
9-905085 
9-904992 


9-9073U 
9-907222 
9-907129 
9-907037 
9-906945 
9-906852 
9-9067()0, 
9-906667  9-864975 
9-906575  9-865240 
9-906482  9-865505 
9-906389  9-865770 
9-906296j9-866035 
9-772503l9-906204i9-866300 
9061119-866564 
9-772847j9-906018  9-866829 
9-77301 8!9-905925  9-867094 
9-867358 
9-867623 

9-867887 
9-868152 
9-868416 
9-868680 
868945 
9-869209 
9-869473 
9-869737 
9-870001 
9-870265 
9-870529 
9-870793 

9-871057 
9-871321 
9-871585 
9-871849 
9-872112 
9-872376 
9-872640 
9-872903 
9-873167 
9-873430 
9-873694 
9-873957 
9-874220 
9-874484 
9-874747 
9-875010 
9-875273 
9-875537 
9-875800 
9-876063 
9-876326 
9-8765S9 
9-876852 
9-877114 


Cotang. 


33  9-774899  9-904898 
3419-775070  9-904804 
359-775240  9-904711 
36j9 -77541 0  9-904617 
37j9-775580  9-904523 
38:9-775759  9-904429 
39 J9- 775920  9-904335 
40j9-776090y"90424I 

41  9-776259  9-904147 

42  9-776429  9-90405 

43  9-776598  9-903959 


449-776768 


9-776937 
9-777106 
9-777275 

9-777444 


9 -903864 
9-903770 
9-903676 
9-903581 
9-903487 
9-7776 13  j9-903392 
9-777781  9-903298 
9-777950  9-903203 
9-778119  9-903108 
9-778287|9-903014 
9  •77845519 -9029 19 
9-778624  9-902824 
9-778792  9-902729 
9-778960,9-902634 
9-779128  9-902539 
9-779295'9-902444 
9-779463'9-902349 

Sine 


Cosine 


10- 138739 

10-138473 

10-138208 

10-137942 

10-137677 

10-137411: 

10-137146 

10-136881 

10-1366151 

10-136350', 

10-136085 

10-135820' 

10-135555! 

10-135290; 

10-1350251 

10-1347601 

!  0-1 34495 

10-134230 

10-133965 

10-1337001 

10-133436 

10-133J71 

10-1329061 

10-132642 

10-132377 

10-132113 

10-131848 

10-131584 

10-131320 

10-131055 

10-130791 

10-130527 

10-130263 

10-129999 

10-129735 

10-12947 

10-129207 

10-128943 

10-128679 

10-128415 

10-128151 

10-127888 

10-12762 

10-127360 
10-127097 
10-126833 
10-126570 
10-126306 
10-126045 
10-125780 
10-125516 
10-125253 
10-124990 
10-124727 
10-124463 
10-124200 
10-125937 
10-123674 
10-123411 
10-123148 
10-1^2886 


yy  Deg. 


Cosine 


Fang,  i  Cotang. 


9-781134  9-901394  9-879741U0-I20259 
9-781301  9-901298  9-880003  10-119997 
-781468  9-901202  9-880265  10-119735 


Cotan.  1  Tang. 


5S  Deg. 


Sine 

9^9463  9^02349  9-877 1T4  Upm^ 
9-779631  9-902253:9-877377  10-122623 
9-779798  9-902158'9-877640,10-122360 
9-779966  9-90206319-877903  10-122097 
9-780133  9-901967'9-878165  10-121835 
9-780300  9-901 872'9-S78428  10-121572 
9-780467  9-901776  9-878691  10-121309 

9-78063419-901681 '9-878953' 10. 121047 
9-780801  9-901585'9-879216  10-120784 
780968  9-901490i9-879478'10-120522 


81468 
9-781634 
9-781800 
9-781966 
9-782132 
9-782298 
9-782464 
9-782630 
9-7S2796 
9-782961 
9-783127 
9-783292 
•783458 
9-783623 
9-783788 
9-783953 
9-784118 
9-784282 
9-784447 
9-78461 
9-784776 
9-784941 
9-785105 
9-785269 
9 -7^5433 

9  785597 
9-785761 
9-785925 
9-786089 
9-786252 
9-7S6416 
9-786579 
9-786742 
9-786906 
9-787069 
9-787232 
9-787395 

9-787557 
9-787720 
9-787883 
9-788045 
9-788208 
9-788370 
9-788532 
^788694 
9-788856 
9-789018 
9-789180 
9-789342 

Cosine 


9-901 106;9-880528  10-119472 
9-9010]0|9-880790;iO-119210 
9-900914  9-881052!lO-l  18948 
9-900818j9-881314[10-l  18686 
9-90072?|9-881577il0-l  18423 
9-900626  9-88I839I10-1 18161 

9-900529  9-882I0rl0-l  17899 
9-9(X)433^9-a82363  10-117637 
9-900337  9-882625  iO-1 17375 
9-900240  9-882887  10-117113 
9-900144i9-883148  10-116852 
9 -90004719 -8834 10 
9-899951  9-883672 


9-899S54|9-88393 
9-899757iy'884i96 
9-899660j9-884457 
9-S99564'9'8847I9 
9 '89946719-884980 
9 -899370I9 -885242 
9-899273'9-8S5504 
9-899176  9-885765 
9 -899078,9 -886026 
9-398981(9-886288 
9-898S84'9-886549 
9-898787  9-8B6811 
9-898689'9-887072 
9 -898592:9 -387333 
9-898i94j9'887594 
9^S98397|9-887855 
■898299,9-888116 
9-898202'9-888378 
9-898104:9-888639 
9-898006:9-838900 


9-897908  9-889161 
9-897810;9-8H9421 
9-8977]  2'9 -889682 
9-897614,9-889943 
9- 89 75 1 6  9-890204 
9-S9741Si9-890465 
9 -897320|9 -890725 
9-897222 
9-897123 

9-897025 
9-896926 
9-896828 


10-116590 

10-116328 
10-116066 
10-115804 
10-115543 
10-115281 
10-115020 

10-114758 
10-11449f 
10-114235 
10-113974 
10-113712 
10-113451 

10-113189 
10-112928 
0-112667 
I0-H2406 
10-112145 
10-111884 

10-111622 
10-111361 
10-111100 


10-110839 

10-110579 

10-110318 

10-110057 

10-109796 

10-109535 

10-109275 

9-890986|l0-109014 

9-891247  10-108753 

9-891507110-108493 

9-891768  10-108232 

9-892028  10-107972 

9-896729|9-892289;iO-107711 

9-896631  j9-S92549'l()-107451 

9-896532|9-8928I0J10-107190 


60 
59 
58 
5' 
56 
55 
54 

53 
52 
51 
50 
49 
48 

47' 
46 
45 
44 
43 
42 

iO 
39 
28 
J7 
J6 

35 
34 
33 
32 
31 
30 

29 

28 

27 

26 

2/ 

24 

23 

22 

21 

20 

19 

18 

V 

16 

15 

14 

13 

12 

11 

10 


Sine    I  Cotan.  |  Tang. 


412 


LOG.  SI^-ES,  TANGENTS,  ScC, 


38  Peg. 


Sine 

9- 789349 
9  •789304 
9-789663 
9*7898'27 
9-789988 
9-79(^149 
9-79()31() 

9-79047 

9-790632 

9-790793 

9-7909.54 

9-791113 

9-791275 

9-791436 

9-791396 

9-79173 

9-79191 

9-792077 

9-792237 

9-79239 

9-79233 

21 19-79271 6 

22 

23 

24 


9-792376 
9-79303.) 
9-79319.-) 
9-793334 
9-793514 
9-793673 
9-7938.32 
9-793991 
9-794150 
9-794308 
9-794467 
9-794626 
9-794784 
9-794942 
9-793101 

9-793239 

9-79341 

9-793373 

9-793733 

9-793891 

9-796049 

9-796206 

9-796364 

9-796521 

9-796679 


Cosine 

?'^"965T2 
9-896433 
9-896333 
9-89623(i 
9-896137 
9-896038 
9  895939 
9-895840 
9-895741 
9-895641 
9-895542 
^89544: 
9-89534: 
9-895244 
9-895145 
9-895045 
9-8941^45 
9-894846 
9-89474( 
9-894646 
9-894546 
9-894446 
9-894346 
9-894246 
9-894146 
9-894046 
9-893946 
9-893846 
9-893745 
9-893645 
9-893544 
9-89.3444 
^893343 
9-893243 
9-893142 


Cotang. 


rang 

9-892810 
9-893070 
9-893.331 
9-893391 
9-893851 
9-894111 
9-894372 
9 -894632 
9-894892 
9-895132 
9-895412 
9-895672 
9-895932 

9-896192  10-103808 
9-896452  10-103.548 


39  DejT. 


time 


10-107190 
10-106930 
10-106669: 
10-106409^ 
10-106149 
10-105889 
10-105628 
10-105368 
10-105108 
10-104848 
10-104588 
10-104328 
10-104068 


9-896712 
9-896971 
9-897231 
9-897491 
9-897751 
9-898010 
9-898270 
9-898530 
9-898789 
9-899049 
9-899308 
9-899568 
9-899827 
9-900087 
9-900346 
9-900605 
9-900864 
9-901124 
9-9011383 
9-901642 


47  9-796836 

48  9-796993 

49  9-797150 
5o9-797507 
51  9-797464 
52|9-79762l 
5;3|9-797777 
.54!9-797934 

55*9 -798091 
56;  9 -798247 
57, 9 -79840: 
58;9-79856( 
3919-798716 
60l9-798S' 


10-103288 
10-10.3029 
10-102769 
10-102509' 
10-102249 
10-101990 
10-1017.30 
10-101470 
10-101211 
10-100951 
10-100692 
10-100432 

10-10017.3 

10-09991319-803 


Uosme 


798872 
799028 
799184 
799339 
9-799493 
9-799651 
9-799806 
9-799962 
9-800117 
? -800272 
9-800427 
9-800582 
9-800737 
9-800892 
9-801047 
9-80] 201 
9-801.336 
9-801511 
9-801665 
9-801819 
9-80197.' 
9-802128 
9-802282 
9-802436 
9-802589 
9-802743 
9-802897 
9-S03050 
04 


) -890503 
9-890400 
9-890298 
9-890195 
9-890093 
9-889990 
9-88988.8 
9-889785 
9-889682 
9-889579 
9-88947 
•889374 
•889271 
9-889168 
9  •889064 


9-893041  9-901901 
9 -89294019 -902 160 
9-892839  9-902420 
9-892739  9-902679 
9-892638  9-902S}38 
9-892536|9-90319 
9-892435:9-903456 
9-892334j9-90371 

9-89223.3  9-903973 
9-8921.32  9-9042.32 
9-892030  9-904491 
9-891929;9-904750 
9-891827:9-905008 
9-891726,9-905267 
9-891624i9-905526 
9-891523  9-905783 
9-89142l|9-906043 
9-891319,9-906.302 
9-S91217!9-906560 
9-891115  9-906819 
9-89101.3  9-907077 
9-8909!  l|9-907.336 
9-890809,9-907594 
9-890707,9*907853 
9-89060.5,9-908111 
9'B9050.3!9-908369 

Cosine  I    Sine     Cotan. 


10-099654] 
10-099395 
10-099136 
10-098876 
10-098617 
10-098338 
10-098099 
10-097840 
10-097580 
10-097321 
10-097062 
10-096803 
10-096544 
10-096286 

;i  0-096027 
10-095768 
10-095509 
10-095250 
10-094992 
10-094733 

10-094474 
1 0-09421 5| 
10-093957 
10-093698 
10-093440 
10-093181 
10-092923 
10-092664] 
10-092406 
10-092147 
10-091889 
10-091631 

Tang. 


I'ang. 


9-908369 
9-908628 
9-908886 
9-909144 
9-909402 
9-909660 
9-909918 
9-910177 
9-910435 
9-910693 
9-910951 
9-911209 
9-911467 

9-911723 
9-911982 


Cotang. 


60 


9-888961  9-912240 
9-888858  9-912498 
9-8887.55'9-912756 
9-8886519-91301 

9-SS8548I9-91.3271 

9  ■888444:9 -9 1.3529 

9-8883419-913787 

9-888237  9-914044 

9-888134:9-914302 

9-88S030  9-'914560 

9-887926^9-914817 

9-887822'9-9l.5075|lO-084925'.34 

9-887718!9-915332!lO-084668'33 

9-8876U'9-915590'l0-084410'32 

9-8875 10'9-9]  5847  10-084153131 


10-091631 
10-091372  3 
10-091114  5H 
10-090856!57 
10-090598i56 
10-090340  55 
10-090082 

10-089823 

10-089565 

10-089307151 

i  0-089049 

10-088791' 

10-088533 

10-088275 

10-088018 

10-087760:43 

10-08730244 

10-087244143 

10-0869S6|42 

10-086729141 

10-086471  ;40| 

10-0^6213:39 

iO-085956'38 

10-085698.37 

10-085440.36 

10-08518335 


9-887406  9-916104  10-083896j30 
9-8S7302'9-916362ho  083638  29 


9-887198  9-916619 
9-8S7093|9-916S77 
9-886989,9-9171.34 
9-886885|9-917391 
9-S86780'9-917648 
9-886676  9-917906 
9'88657i;9'-91S163 
9-886466|9-918420 
9-886362  9-918677 
9-886257  9-9189.34110-081066119 


9-803357 
9-803511 
9-803664 
9-803817 
9-80.3970 
9-804,23 
9-804276 
9-804428 
9-804581 
9-804734 
9-804886 
9-805039 
9-805191 
9-805343 

9-805495 
9-805647 
9-805799  9-8858 
9-8059519-883732 
9-8061 05i9-885627 
9-806254  9-885522 
9-88.5416 
9-883311 
9-883205 
9-883100 
9-884994 
9-884889 
9-884783 
9-8846 
9-884372 
9-884466 
9-884360 
9-884254 

STne 


10'08.3381  28 
10-08312327 
10-08286626 
10  •082609:23 
10-082352j24 
10-082094!23 
10  081837122 
10-081580  21 
10-081323  20 


^1  ^<^g' 


9-8861.V2J9-919191 

9-886047  9-919448 
9-88594219 -91 9705 
9-919962 
9-920219 
920476 
9-920733 
9-920990 
9-92124 
9-921503 
9-921760 
9-922017 
9-922274 
9-922530 
9-922787 
9-923044 
9-923.300 
9-92.3537 
9-923814 

Cotan. 


10-0S0S0918 
10-08055211 
10-080295  16 
10-080038  13 


10079781 
10-079324 
10  079267 

10-079010 
10-078733 
10-078497 
10-078240 
10-077983 
10-077726 
10-077470 
10-077213 
10-076956 
10-076700 
10-076443 
10-076186 


Tang. 


5{J  Deg. 


LOG.  SINES,  TANGENTS,  &C. 


415 


40  Deg. 


25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 

49 
50 
51 

52j9 
539 
549 
d.9 
569 
9 


bme 

■80S067 

•808218 

•808368 

•808519 

•808669 

•808819 

■808969 

•809119 

■809269 

■809419 

■809569 

809718 

■809868 

■810017  9 

■8]0167|9 

•810316  9 

■81046519 

■81061419 

■810763  9 

•8109129 
•811061 9 
•8112109 
■811358!^ 
■811507  9 
■811655  y 

•811804 

•811952  9 

•812100 

•812248 

•812396 

•812544 

•812692 

■812840 

•8129H8 

•813135 

•813283 

•813430 

•813578 

■813725 

■813872 

•814019 

■814166 

•814313 

•814460 

■814607 

•814753 

•814900 

■815046 

■815193 


Cosine 


815339 
815485 
815632 
815778 
815924 
816069 


816215 

816361' 

8.16507 

816652 

816798|9 

816943  9 


884254 
884148 
884042 
833936 
883829 
883723 
883617 
■883510 
883404 
•883297 
•883191 
883084 
882977 
882871 
•882764 
2657 
882550 
882443 
882336 

882229' 
882121 
882014 
881907 
881799 
881692 

881554 
881477 
881369 
881261 


Tang._ 

9-923814 
9-924070 
9-924327 
9-924583 
9-924840 
9-925096 
9-925352 

925609 
92.5i565 
926122 
926378 
926634 
926890 


Cotang. 


•881153|9 
881046;9 

880938  j9 
8808309 
880722:9 
880613  9 
9 
9 


880505 

■880397 
8802899 


927147 
927403 
927659 
927915 
928171 
928427 

928684 
928940 
•929196 
929452 
•929708 
929964 
•930220 
930475 
930731 
930987 
931243 
•931499 

■931755 
932010 

'932266 
•932522 
•932778 
•933033 


933289 
•8S0180|9-933545 
933800 
934056 
934311 
934567 


880072 
879963 
879855 
879746 
879637 
879529 
879420 
9311 
•879202 
879093 
878984 
878875 
878766 
878656 
878547 
878438 
878328 
878219 
878109 
877999 
877890 
877780 


Cosine  .  Sine  Cotan 


934822 
93507.^ 
935333 
935589 
^35844 
936100 
936355 
•936611 
936866 
937121 
937377 
937632 


9 
9' 
9 
9 
9' 
9' 
9' 
9' 

9-937887 
9-938142 
9-938398 
9 '93^6653 
9-938908 
9-939163 


10-076186 
10-075930 
10-075673 
1 0-0754 17i 
10-075160: 
10-074904 
10-074648 

10-074391 
1 0-0741 35 
I0-073878j 
10-073622: 
10-073366; 
10-0731  lOj 
10-0728531 
10-0725971 
10-07234l| 
10-072085 
10-071829 
10-071573 
10-071316 
10-071060 
10-070804 
10-070548 
10-070292 
10-070036 
10-069780 
10-069525 
10-069269 
10-069013 
10068757 
10068501 

10-068245 
10-067990 
10-067734 
10-06747h 
10-067222 
10-066967 
10-066711 
10-066455 
10-066200 
10-065944 
10  065689 
10-065433 

10-065178 
10-064922 
10-064667 
10-064411 
10-064156 
10-063900 

10-063645 
10-063389 
10-063134 
10-062879 
10-062623 
10-062368 
10-062113 
10-061858 
10.-061602 
10-061347 
10-061092 
10.' 060837 


Tang. 


49  Deg. 


41  r>td^. 


fc)ine    I  Cosine  j  I'ang. 

816943,9-877780:9-939163 
817088,9^877670  9-939418 
81723319-877560  9-939763 
817379!9-877450  9-939928 
817524'9-877340  9-940183 
817668  9-877230:9-940439 


81 


r958  9-877010'9-940949 


818103i9-876899:9-94l204 
9-941459 
818392|9-876678^9-941713 
81853619-876568 
818681  9-876457 
818825  9-876347 


9-876236 
9-876125 
9-876014 
9-875904 
9-875793 

9-875682 
819832  9-875571 
8I9976i9-875459 
8i30 120  9-875348 


818969 
819113 
{^19257 
819401 
819545 
819689 


820263 
820406 
820550 
820693 
820836 
820979 


9-875237 
9- 

9- 
9 
9 
9 


9-941968 
9-942223 

9-942478 
9-942733 
9-942988 
9-945243 
9-943498 
9-943752 

9-944007 
9-944262 
9-944517 
9-944771 
9-945026 
875126^-945281 

875014 


Cotang. 


10-060837  60 
10060582  59 
10-060327  58 
1 0-060072  57 
10-059817  56 
10-059561155 
10059306  54 


■874903 
•874791 
-874680 


821122j9-8'7,456S 

82 126519 -874456 

821407  9-874344 

82I550i9-874232 

821693:9-874121 

82 183519 -874009 

821977|9-873S96 

822120  9-873784 

829262 

82240+ 

822546 

822688 

822830 

822972 

823114 
823255 
823397 


9-873672 


9-945535 
9-945790 
9-946045 
9-946299 
9-946554 
9-946808 

9-947063 
9-94731 
9-947572 
9-947827 
9-948081 
9-948335 
9-948590 
-873560|9-948844 
-873448  9-949099 


9-873335 
9-873223 
9-873110 

9-872998 
9-872885 
9-872772 
823539  9-872659 
823680'9 -872547 


9-949353 
9-949608 
9-949862 
9-950116 
9-950371 
9-950625 
9-950879 
9-951133 


823821  9-872434  9-951388 


825963 
824104 
824245 
824386 
824527 
824668 
824808 
824949 
825090 
825330 
825371 
825511 

Cosine 


872391 
872208 
872095 
871981 
871868 
871755 


9-951642 
9-951896 
9-952150 
9-952405 
9-952659 
9-952913 


87161-1  9-95316 

87152SJ9-953421 

871414I9-953675 

87130119-953929 

8711879-954183 

871073  9-954437 


Sine  Cotan. 


10-059051 
10058796 
10-058541 
10  058287 
10-058032 
10-057777 
10-057522 
10  057267 
10-057012 
10-056757 
10-056502 
10-056248 
10  055993 
10-055738 
10-055483 
10-055229 
10-054974 
10  054719 
i  0-054465 
10-054210 
iO-053955 
10-053701 
10-053446 
10-053192 
10-052937 
10-052682 
10-052428 
10-052173 
10-051919 
Iid-Q51Q65 

10-051410 
10-051156 
10-050901 
10-050647 
10-050393 
10-0501 

10-049884 
10-049629 
10-049375 
10-049121 
I0'048867 
10-048612 
10-048358 
10-048104 
10-047850 
10-047595 
10-047341 
10-0i'>087 
10-046833 
10-046579 
10-046325 
10-046071 
10-045817 
10-045563 

Tan^ 


48  Dq^, 


2  0 


414 


LOG.  SINES,  TANGENTS,  &C. 


42  Deg. 


43  Peg. 


Sine     Cosine    Tang.   Cotang. 


9-868209  9-960784-!l0'039216 
26;9-82913l|9-868093;9-961038!l003896'2| 
27i9'829260;9-8679789-961292:i0-038708 
28'9-829407i9'867862'9-96ir)45  10-038435 
29'9-829.545j9-867747  9-961799  10-038201 
30i9*829683|9-86763I  j9-962052  10-037948 

31  9-829821  9-867515  9-962306 

32  9-829959  9-867399'9-962560 

33  9-830097  9-867283  9-962813 

34  9-830234  9-867167  9-963067 

35  9-830372|9-86705I '9-963320 


10-037694 
10-037440 
10-037187 
10-036933 
10-036680 
10-036426 

37  9-830646  9-866819  9-963828  10-036172 

38  9-830784  9-866703  9-964081 110-035919 
39'9-830921  9-866586  9-964335  10-035665 

9-866470  9-964588  10-035412 
9-866353  9-964842  10-035158 


36;9-830509i9-866935,9-963574 


40,9-831058 
4l;9-831195 
42  9-831332 


9-831469 
9-831606 
9-831742 
9-831879 
9-832015 
9-832152 
9-832288 
9-832425 
9-83256] 
9-832697 
9-832833 
9-832969 
9-833105 
9-833241 
9-833377 
9-833512 
9-833648 
9-83378 


t 


866237  9-965095 
9-86612o'9-965349 
9-866004l9'965602 
9-865887  9-965855 
9-865770  9-966109 
9-865653,9-966362 
9-865536,9-966616 

9-865419,9-966869 
9-865302  9 -9G7 123 


Cosine 


9-865185 
9-865068 
9-864950 
9-864833 
9-864716 
9-864598 
9-864481 
9-864363 
9-864245 
9-864127 

"Sine 


9-967376 

9-967629 

9-967883 

968136 

9-968389 
9-968643 
9-968896 
9-969149 
9-969403 
9-969656 


Cotan. 


10-034905 
10-034651 
10-034398 
10-034145 
10-033891 
10-033638 
10-033384 
10-033131 
10-032877 
10-032624 
10-032371 
10-032117 
10-031864 

10-031611 
10-031357 
10-031104 
10-030851 
10-030597 
10-030344 


10-030344  60 
10-030091  59 
10-029838  58 
10-029584  57 
10-029331  56 
10-029078  55 
10-028825  54 


Cotang. 


Sine  Cosine  1'ang. 

^78C  9^64127  9^9656 

■833919  9-864010  9-969909 

■834054  9-863892  9-970162 

•834189  9-863774  9^970416 

•834325  9-B63656  9-970669 
9-834460  9-863538  9-970922 

834595  9-8634J9  9-971 175 
9-834730  9.863301  9-971429 
9-834865  9-863183  9-971682 
834999  9-863064  9-971935 
9-835134  9-862946  9-972188 
835269  9-862827  9-972441 
9-835403  9-862709  9-912695 
9-8n5558  9-862590  9-972948 
9-835672  9-862471  9-973201 
835807  9-862353  9-973454 
9-835941  9-862234  9-973707 
9-836075  9-862115 
9-836209  9-861996  9'974213 
9-836343  9-861877  9'974466 
9-836477  9-861758  9-974720 
9-83661 1  9 -861638  9-97497-3 
9-836745  9-861519  9-975226  10-024774  38 
9-836878  9-861400  9-975479  10-024521  37 
9-837012  9-861280  9-975732  10-024268 


10-028571 
10-028318 
10-028065 
10-027812 
10-027559 
10-027305 
10-027052 
10-026799 
10-026546 
10-026293 


9-97396010-026040 


10-025787 
10-025534  41 
10-025280  40 
10-025027  39 


9-975985 


9-838742 
9-S38S75 
9-839007 
9-839140 
9-839272 
9-839404 
9-839536 
9-839668 
9-839800 
839932 
840064 
9-840196 
9-840328 
9-840459 
840591 
9-840722 
9-840854 
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9-84137: 


977250 
977503 


9-978262 
9-978515 
9-978768 
9-979021 
9-979274 


9-837146  9-861161 
9-837279  9  861041  9-976238 
9-837412  9-860922  9-976491 
9-837546  9-860802  9-976744 
9-837679  9-860682  9-976997 
9-837812  9-860562 

9-837945  9-860442 
9-838078  9-860322 
838211  9-860202 
9-838344  9-860082 
9-838477  9-859962 
9-838610  9-859842 
159721 

9-859601 

9-859480 
859360 
859239 

9-859119 

9-858998 

9-858877 

9-858756 

9-858635 

9-858514 

9-858393 

9-858272 

9-858151 

9-858029 

9-857908 

9-857786 


34 


10-024015 

10-023762 

10-023509!33 

10-023256|32 

10-023003  31 

10-02275030 

. „  10-022497  29 

977756110-022244  28 

978009  10-021991:27 

10-021738  26 


10-021485 
10-021232 

10-020979 
10-020726 


9-979527  10-020473 


9-840985  9-857665 
9-841116  9-857543 
9-841247  9-8574^2 


9-857500 


9-841509  9-857178 
9-841640  9-857056 
9-841771  9-856934 

Cosine 


9-979780 
9-980033 
9-980286 
9-980538 
9-980791 
9-981044 
9-981297 
9-981550 
9-981803 
9-982056 
9-982309 
9-982562 
9-982814 
9-983067 
y -983320 
9-983573 
9-983826 
9-984079 
9-984532 


Sine 


25 
24 
23 
22 
21 

10-020220  20 
0-019967 
10-019714 
10'019462 
10-019209 
10-018956 
10-018703 
10-018450 
10-018197 

10-017944 
10-017691 
10'017438 
10-017186 
10-016933 
10-016680 
10-016427 
10^016174 
10-015921 
10-015668 


9-984837 
Cotan 


9-984584  10-015416 


10-015163 


Tang. 
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LOG.  SINES,  TANGENTS,  &C. 


44,Deg.           1 

f 

Sine 

Cosine 

Tang. 

Corang. 

*0 

9-841771 

9-856934 

9-984837 

10-015163  60 

1 

9-841902 

9-856812 

9-985090 

10-014910  59 

2 

9-842033 

9-856690 

9-985343 

10-014657  58 

3 

9-842163 

9-856568 

9-985596 

10.014404  57 

4 

9-842294 

9-856446 

9-985848 

10-014152  56 

5 

9-842424 

9-856323 

9-986101 

10-013899  55 

6 

9-842555 

9-85620] 

9-986354 

10-013646  54 

7 

9-842685 

9-856078 

9-986607 

10-013393  53 

8 

9-842815 

^'^55956 

9-986860 

10-013140  52 

9 

9-842946 

9-855833 

9-987112 

10-01288851 

10 

9-843076 

9-85571 1 

9-98736.5 

10-012635  50 

11 

9-843206 

9-855588 

9-987618 

10-012582  49 

12 

9-843336 

9-855465 

9-987871 

10-012129  48 

13 

9-843466 

9'855342 

9-988123 

10-011877  47 

u 

9'2>^3b95 

9-855219 

9*988376 

10-011624  46 

15 

9-843725 

9-855096 

9-988629 

10-011371  45= 

U 

9-843855 

9-854973 

9-988882 

10-01111844 

i7 

9-843984 

9-854850 

9-989134 

10-010866  43= 

18 

9-844114 

9-854727 

9-989387 

10-010613  42 

!9 

9-844243 

9-854603 

9-989640 

10-010360  41 

^0 

9-844372 

9-854480 

9-989893 

10-010107  40 

21 

9-844502 

9-854356 

9-990145 

10-009855  39 

.22 

9-844631 

9-854233 

9-990398 

10-009602  38 

23 

9-844760 

9-854109 

9-990651 

10-009349  37 

24 

9-844889 

9-853986 

9-990903 

10,009097  36, 

25 

9-845018 

9-853862 

9-991156 

10-008844  35- 

26 

9-845147 

9-853738 

9-991409 

10-008591  34 

27 

9-845276 

9-853614 

9-991662 

10-008338  33 

-28 

9-845405 

9-853490 

9-991914 

10-008086  32. 

29 

9-845533 

9-853366 

9-992167 

10-007833  31 

30 

9-845662 

9-853242 

9-992420 

10-007580  30 

31 

9-845790 

9-853118 

9-992672 

10-007328  29 

32 

9-845919 

9-852994 

9-992925 

10-007075  28 

33 

9-846047 

9-852869 

9-993178 

10-006822  27 

34 

9-846175 

9-852745 

9-993431 

10-006569  26 

25 

9-846304 

9-852620 

9-993683 

10-006317  25 

36 

9-846432 

9-852496 

9-993936 

10-006064  24 

37 

9-846560 

9-852371 

9-994189 

10-005811  23 

38 

9-846688  9-852247 

9-994441 

10-005559  22 

29 

9-846816 

9-852122 

9-994694 

10^005366  21 

40 

9-846944 

9-851997 

9-994947 

10-005053  20 

'41 

9-847071 

9-851872 

9-995199 

10-004801  19 

42 

9-847199 

9-851747 

9-995^52 

10-004548  18 

.43 

9-847327 

9-851622 

9-995705 

10-004295  17 

44 

9-847454 

9-851497 

9-99595n 

10-004043  16 

45 

9-847582 

9-851372 

9-996210 

10-003790  15^ 

■46 

9-847709 

9-851246 

9-996463 

10-003537  14 

47 

9-847836 

9-851121 

9-996715 

10-003285  13 

;48 

9-847964 

9-850996 

9-99&962, 

10-003032  12 

49 

9-848091 

9-8r)0870 

9-997221 

10-C02779  11 

50 

9-848218 

9-850745 

9-997473 

10-002527  10 

51 

9-848345 

9-850619 

9-997726 

10-002274  9 

52 

9-848472 

9-850493 

9-997979 

10-002021  8" 

Us 

9-848599 

9-850368 

9-993231 

10 -001 '769  7 

54 

9-848726 

9-850242 

9-998484 

10-001516  6 

^5 

9-848852 

9-850116 

9-998737 

10-001263  5 

56:9-848979 

9-849990 

9-998989 

10-001011  4 

579-849106 

9-849864 

9-999242 

10-000758  3 

58'9'849232 

9-84973^ 

9-999495 

10-000505  2 

59,9-849359 

9-849611 

9-999747 

10-000253  1 

60|9-849485 

9-849485 

1  -000000 

10-000000  0 

1  Cosine 

Sine 

Cotan. 

Tane.  ^ 

45Uee.          "I 

THfi 

SNO. 

415 


-^ 


I  rimed  byS.  HamiHon,  STioe-Luiie,  i-let;t-Strc*|. 
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